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Modular cell biology: retroactivity and insulation
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component is connected to its output channel. This issue, the
effect of Oloadsd on the output of a system, is well understood in
many Pelds of engineering, for example in electrical circuit
design. It has often been pointed out that similar issues arise for
biological systems. Alon states that O®modules in engineering, and
presumably also in biology, have special features that make them
easily embedded in almost any system. For example, output
nodes should have Olow impedance0, so that adding on additional
downstream clients should not drain the output to existing clients
(up to some limit) O An extensive review on problems of loads and
modularity in signaling networks can be found in Sauro (2004),
Sauro and Kholodenko (2004) and Sauro and Ingalls (2007),
where the authors propose concrete analogies with similar
problems arising in electrical circuits.

These questions are even more delicate irsyntheticbiology.
For example, suppose that we have built a timing device, a
clock made up of a network of activation and/or repression
interactions among certain genes and proteins, such as the one
of Atkinson et al (2003). Next, we want to employ this clock
(upstream system) to drive one or more components (down-
stream systems), by using as itsoutput signal the oscillating
concentration A(t) of one of the proteins A involved in its
implementation. Typically, Awill be an activator or a repressor
of a gene involved in the network constituting a downstream
system. From a systems/signals point of view,A(t) becomes an
input to the second system. The terms Oupstream® and
OdownstreamO reRect the direction in which we think of signals
as traveling, from the clock to the systems being synchronized.
However, this is only an idealization, because the binding and
unbinding of A to promoter sites in a downstream system
competes with the biochemical interactions that constitute the
upstream block (retroactivity) and may therefore disrupt the
operation of the clock itself. One possible approach to avoid
disrupting the behavior of the clock, motivated by the
approach used with reporters such as GFP, is to introduce a
gene coding for a new protein X, placed under the control of
the same promoter as the gene for A, and using the
concentration of X, which presumably mirrors that of A, to
drive the downstream system. This approach, however, has
still the problem that the behavior of the X concentration in
time may be altered and even disrupted by the addition of
downstream systems that drain X. The net result s still that the
downstream systems are not properly timed.

The above considerations strongly motivate the need for a
novel theoretical framework to formally dePne and quantify
retroactivity effects in biological systems, such as cell signaling
or gene transcriptional networks. In this paper, we brst present
such a formalism, and then study a general approach to the
reduction of retroactivity by means of feedback. Our work
complements, but is different from, questions of optimally
partitioning large networks into OmodulesO for which retro-
activity-like effects are minimized and the identibcation of
possible functional modules from co-expression and other
data, which typically employ graph, information theoretic, and
statistical approaches (Snekt al, 2002; Papinet al, 2004; Saez-
Rodriguez et al, 2005; Andrianantoandro et al, 2006; Mason
and Verwoerd, 2006; Kremling and Saez-Rodriguez, 2007).
In contrast, and closer to the work in Sauro (2004), we are
less concerned with network topology and more with the
understanding of dynamical behavior. Our ultimate goal is
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not topPdown partitioning, nor necessarily to ignore, or even to
necessarily minimize, retroactivity, but to formally debne and
characterize these effects, thus making the problem amenable
to theoretical analysis and concretein vivo solutions, and in
particular, in the context of gene transcriptional networks. One
of our theoretical contributions is a new paradigm for inputb
output systems analysis that allows us to characterize the
equivalents of Oimpedance®, which we call retroactivity, for
biochemical networks. The standard model, used in virtually
every control and systems theory mathematical and engineering
textbooks since the 1950s, e.g. Sontag (1998), is based on the
view of devices described solely in terms of input channels,
output channels, and state (internal, non-shared) variables.
This view is also prevalent in biology; for example, Alon (2003,
2007) debPnes modules as sets of nodes, each representing a
protein or some other type of chemical species, that have strong
interactions and a common function, specifying that a module
should have Odebned input nodes and output nodes that control
the interactions with the rest of the network® as well as Ointernal
nodes that do not signibcantly interact with nodes outside the
module O A notable exception to this standard model is found in
the work of Polderman and Willems (2007), which blurs the
distinction between inputs, states, and outputs; in our work, in
contrast, we keep these three distinct entities, and augment the
model with two additional signals, namely the retroactivities to
inputs and outputs, respectively. In our formalism, achieving
low output impedance becomes the problem of attenuating
retroactivity to the output. Accordingly, insulators can be
designed and inserted between two systems that one wishes
to interconnect. Insulators are devices that have low retro-
activity to the input (thus they do not affect the upstream system
from which they receive the signal) and are capable of
attenuating the retroactivity to the output (thus they can keep
the same output independently of the downstream systems
connected to such an output).

In this paper, we analyze and quantify retroactivity in
transcriptional components using tools from singular pertur-
bation theory. This leads to the identibcation of a key
retroactivity measure, which can be interpreted as the
sensitivity of the quasi-steady-state dynamics of the concen-
tration of a protein, with respect to its dynamics if the
downstream system were not present. Retroactivity is large
when the amount of transcription factor is comparable to or
smaller than the amount of promoter-binding sites or when the
afPnity of such binding sites is high. To attain modularity in the
general case in which one cannot alter the hardware features of
the downstream systems, the upstream system must be
designed so as to attenuate the retroactivity to its output. We
thus suggest a mechanism similar to that used to design
non-inverting amplipers employing operational amplibers
(OPAMPs; Schilling and Belove, 1968) to attenuate retro-
activity. This simple mechanism employs a large input gain
and a similarly large negative feedback. We then propose and
analyze two biological instances of this mechanism, for gene
and protein networks. The brst one involves a strong, non-
leaky promoter to implement a large input gain, combined
with an abundant protease that degrades the protein product
and hence implements a high-gain negative feedback. The
second one involves a post-translational modibcation mechan-
ism through a phosphorylationBdephosphorylation cycle,
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concentration of the binding sites protis known, and the range
of operation of the signal X(t) that travels across the
interconnection is also known.

Note that the quantibcation of the effects of the retroactivity
to the input r on the dynamics of Z can be obtained in exactly
the same way as it has been obtained fors:

R Z L 8
1 1 ZKkg“ potor Kd

in which kg k /k (here, k and k are the binding and
dissociation rates of Z to the promoter sites p) and 1/ky is the
afbnity of Z to its target sites p (with total concentration
Po,Tor) On the promoter controlling gene x. Therefore, for a
large-scale gene transcriptional network, one does not need to
re-perform the above theoretical analysis for the larger system
to obtain the measure of the retroactivity R at an interconnec-
tion. In fact, the algebraic expression of R in terms of the
biochemical parameters at each individual interconnection is
the same independently of the size of the network. One only
needs to evaluate such an expression at all interconnections to
measure the amount of the retroactivity effect on the dynamics
of an upstream module. In this respect, the proposed approach
for the quantibcation of the effect of the retroactivity at
interconnections is scalable.

For simplifying notation, we will omit in the sequel the bar
from the variables as X(t)E X(t) after a fast initial transient
when A is small. In the case in which X binds to a numberN of
different downstream binding sites, the analysis that we have
proposed holds unchanged. In particular, equations (6) and (5)
should be replaced by

dX N gy
FL L S v
i 0
dy N
at kt dy gy
i 0
respectively, in which one can still show that

dg;y dyo 1.

io

Electrical analogy The analysis that we have performed holds
generally for non-steady-state situations, in which protein
concentrations change with time even in the permanent
behavior. To point out a nice analogy between the biochemical
retroactivity and the electrical retroactivity, consider the case
of a voltage source, which could be A/C (alternate current) or
D/C (direct current), powering a load. For simplicity, consider
the D/C case, in which a voltage generator has a constant
voltage Vgen and output impedance R,. Apply a downstream
load resistance R to the voltage generator. The voltage
resulting at the load will not be Vge, because of the internal
resistance, but it will be given by V. Vgen 1 R, R. The
fact that Vgera V is a typical example of retroactivity in
electrical circuits: the effective voltage applied to the load
depends on the downstream load applied to the generator and
on the output resistance of the generator component. Let us
consider now the simpliPed case in which protein X is very
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stable so that its total concentration Xyo7 is conserved. Upon
addition of a downstream binding site p with concentration p,
one can compute the amount of free concentration of protein
X.ThisisgivenbyX Xror 1 p kg anditisdifferent from
Xtom Which would be the free protein concentration without
downstream binding sites. Then we can say that the retro-
activity decreases asp/ kq decreases. In the case in whichRis
very large, the input current | Vge/(R R;) to the down-
stream load is very small. As a consequence, the voltage drop
across the internal impedance R, is small and VgenE V.
Similarly, a small number of binding sites p causes a small
ORrowO of protein X to the downstream sites. Therefore, we can
say that p in the biochemical example plays a role similar to
1/Rin the electrical example: if both are small, the ORowO (of
charged particles or of proteins) toward the downstream
system is small and retroactivity decreases. Furthermore, even
if p, or /R, is large, the retroactivity can be decreased by
having 1/ kq (the afpnity of the binding), or R,, small enough.
Hence, the afpnity of protein X to the sites in the downstream
component plays a role similar to the output resistance of the
voltage generator in the electrical system.

Attenuation of the retroactivity

Consider a systemSas the one shown in Figure 1 that takesu
as input and givesy as output. We would like to design it in
such away that (a) the retroactivity r to the input is very small;
(b) the effect of the retroactivity sto the output on the internal
dynamics of the system is very small independently ofsitself;
and (c) its inputboutput relationship is about linear. Such a
system is said to enjoy theinsulation property and will be
called an insulation component or insulation device (the
meaning that we consider for Oinsulator0 is different from the
meaning that such a word is attributed in eukaryotic transcrip-
tion). Indeed, such a system will not affect an upstream system
becauserE 0 and it will keep the same output y independently of
any connected downstream system. In electronics, amplibers
enjoy the insulation property by virtue of the features of the
OPAMP that they employ (Schilling and Belove, 1968). The
concept of ampliber in the context of a biochemical network has
been considered before in relation to its robustness and
insulation property from external disturbances (Sauro and
Kholodenko, 2004; Sauro and Ingalls, 2007). In this paper, we
revisit the ampliper mechanism in the context of gene transcrip-
tional networks with the objective of mathematically and
computationally proving how suitable biochemical realizations
of such a mechanism can attain properties (a), (b), and (c).

Retroactivity to the input

In electronic amplibers, r is very small because the input stage
of an OPAMP absorbs almost zero current. This way, there is
no voltage drop across the output impedance of an upstream
voltage source. Equation (8) quantibes the effect of retro-
activity on the dynamics of Z as a function of biochemical

parameters that characterize the interconnection mechanism.
These parameters are the afbnity of the binding site 1ky, the

total concentration of such binding site po ro and the level of

the signal Z(t). Therefore, to reduce the effect ofr on Z, we can
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choose parameters such that (8) is small. A sufbcient condition
is to choose kq large (low afbnity) and Po,tor small, for
example. Having small value of potor and/or low afPnity
implies that there is a small OBowO of protein Z toward its target
sites. Thus, we can say that a low retroactivity to the input is
obtained when the Oinput RBowO to the system is small. This
interpretation establishes a nice analogy to the electrical case,
in which low retroactivity to the input is obtained, as explained
above, by a low input current. Such an interpretation can be
further carried to the hydraulic example. In such an example, if
the input Bow to the downstream tank is small compared, for
example, to the output Bow of the downstream tank, the
output pressure of the upstream tank will not be affected by
the connection. Therefore, the retroactivity to the input of the
downstream tank will be small.

Retroactivity to the output

In electronic amplibers, the effect of the retroactivity to the
output son the ampliber behavior is reduced to almost zero by
virtue of a large (theoretically inPnite) amplibcation gain of
the OPAMP and an equally large negative feedback mechanism
that regulates the output voltage. Genetic realization of
amplibers has been previously proposed (see for example,
Rubertis and Davies, 2003). However, such realizations focus
mainly on trying to reproduce the layout of the device instead
of implementing the fundamental mechanism that allows it to
properly work as an insulator. Such a mechanism can be
illustrated in its simplest form by Figure 4a, which is very well
known to control engineers. For simplicity, we have assumed
in such a diagram that the retroactivity s is just an additive
disturbance. The reason why for large gainsGthe effect of the
retroactivity s to the output is negligible can be veribed
through the following simple computation. The output y is
given by

y Gu Ky s

which leads to

uG S
Y UYT7%¢ 1 ko

As G grows, y tends to u/K, which is independent of the
retroactivity s.

We employ this general mechanism to attenuate the effect of
the retroactivity to the output. A successful attenuation implies
that the signal X(t) generated by the connected system will be
very close to the signal X(t) generated by the isolated system.
Consider the equivalent representation of the ampliber
mechanism shown in Figure 4B. Such a representation allows

Figure 4 (A) The basic feedback—ampli cation mechanism by which ampli ers attenuate the effect of the retroactiity fotakeragite representation

us to decouple the design of a large amplibcation gair from

the design of a similarly large negative feedback gairG. In the

sequel, we consider the approximated dynamics of equation
(6) for X. Let us thus assume that we can apply a gairGto the

input k(t) and a negative feedback gainG to X with G KG

This leads to the new differential equation for the connected
system (6) given by

dx Gkt G dX 1 dt 9
dt
in which we have debned dt dgy dy , where
y(t) is given by the reduced system dy dt
Gkt G dy gy .Itcan be shown (see Supplemen-

tary information for the mathematical details) that as G and
thus as G grow, the signal X(t) generated by the connected
system (9) becomes close to the solutionX(t) of the isolated
system

dX

dt

that is, the presence of the disturbance termd(t) will not

signibcantly affect the time behavior of X(t). Since d(t) is a
measure of the retroactivity effect on the dynamics ofX, such
an effect is thus attenuated by employing large gaindGand G.
How can we obtain a large amplibcation gain G and a large
negative feedbackG in a biological insulation component?
This question is addressed in the following section, in which
two different realizations are presented and compared with
each other.

Gkt G dX 10

Biological realizations of an insulation component

In the previous section, we have proposed a general mechan-
ism to create an insulation component. In particular, we have
specibed how one can alter the biological features of the
interconnection mechanism to have low retroactivity to the
input r and we have shown a general method to attenuate
the retroactivity to the output s. Such a method consists of a
large amplibcation of the input and a large negative output
feedback. The insulation component will be inserted in place
of the transcriptional component of Figure 2. This will
guarantee that the system generating Z, an oscillator, for
example, will maintain the same behavior as in isolation and
also that the downstream system that accept as its input will
not alter the behavior of X. The net result of this is that the
oscillator generating signal Z will be able to time downstream
systems with the desired phase and amplitude independently
of the number and the features of downstream systems. In this
section, we determine two possible biological mechanisms

of the same mechanism of (A), which will be employed to design biological insulation devices.
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Figure 7 The dashed box contains the insulation device. The blue parts highlight the mechanism that provides negative feedback and amplification. Negative feedback
occurs through a phosphatase Y that converts the active form X, back to its inactive form X. Amplification occurs through Z activating the phosphorylation of X.

have small retroactivity to the input, we require that

Xtot
g

1 d35p

In conclusion, for having attenuation of the effect of the
retroactivity to the output s, we require that the timescale of
the phosphorylation—dephosphorylation reactions is much
faster than the production and decay processes of Z (the input
to the insulation device) and that Xtor proT, that is, the total
amount of protein X is in abundance compared to the
downstream binding sites p. To obtain also a small effect of
the retroactivity to the input, we require that g Xtor as
established by relation (35). This is satisfied if, for example,
kinase Z has low affinity to bind with X. To keep the input—
output gain between Z and X close to one (from equation
(34)), one can choose Xyor%Ytor, and equal co-
efficients for the phosphorylation and dephosphorylation
reactions, that is, g¥g and ki%k..

Simulation results. System in equations (25-29) was
simulated with and without the downstream binding sites p,
that is, with and without, respectively, the terms in the small
box of equation (25) and in the boxes in equations (26) and
(28). This is performed to highlight the effect of the retro-
activity to the output s on the dynamics of X,. The simulations
validate our theoretical study that indicates that when
Xtor Pror and the timescales of phosphorylation—dephospho-
rylation are much faster than the timescale of decay and
production of the protein Z, the retroactivity to the output s is
very well attenuated (Figure 8A). Similarly, the time behavior
of Z was simulated with and without the terms in the large box
in equation (25), that is, with and without X to which Z binds,
to verify whether the insulation component exhibits retro-
activity to the input r. In particular, the accordance of the
behaviors of Z(t) with and without its downstream binding
sites on X (Figure 8B) indicates that there is no substantial
retroactivity to the input r generated by the insulation device.
This is obtained because Xior g as indicated in equation
(35), in which 1/g can be interpreted as the affinity of the
binding of X to Z. Our simulation study also indicates that a
faster timescale of the phosphorylation—dephosphorylation
reactions is necessary, even for high values of Xtorand Yo, to
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maintain perfect attenuation of the retroactivity to the output s
and small retroactivity to the output r. In fact, on slowing down
the timescale of phosphorylation and dephosphorylation, the
system looses its insulation property (Figure 9). In particular,
the attenuation of the effect of the retroactivity to the output s
is lost because there is not enough separation of timescales
between the Z dynamics and the internal device dynamics.
The device also displays a non-negligible amount of retro-
activity to the input because the condition g Xyor IS not
satisfied anymore.

Discussion

The notion of retroactivity has generally been defined as a
signal traveling back from a downstream system to its
upstream system(s) upon interconnection. Retroactivity is
the quantity that changes the behavior of an upstream system
when its output is connected to downstream clients. ‘Down-
stream’ and ‘upstream’ refer to the direction in which we
imagine a signal traveling, i.e. from its source to its clients.
This retroactivity definition models all the effects that may
change the input—output behavior of a module when it is
input-output connected to other modules. The definition is
general, and can be formulated as a type of disturbance
rejection problem in control theory (see Supplementary
Information). More specifically, we suggest a concrete
approach to the quantification of the amounts of retroactivity
(section Quantification of the effect of the retroactivity to the
output), which applies to all systems in which the dynamics
internal to a module and in particular the dynamics of the
output of a module evolves on a slower timescale when
compared to the dynamics of the interconnection process.
Thatis, it applies whenever the dynamics of the output stage of
a module is much slower than the dynamics of the input stage
of a downstream module. This property is satisfied in a
number of systems, and in particular in gene transcriptional
networks. In fact, the internal dynamics of a module involves
protein production and decay processes (generally with a
timescale of minutes; Alon, 2007), which are slow when
compared to the dynamics of protein—protein binding/un-
binding (often with a subsecond timescale; Shen-Orr et al,
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2002) and to the dynamics of protein promoter binding/
unbinding (with a timescale of a second; Alon, 2007). Using
this approach for transcriptional networks, we have provided a
formula (expression (7)), which is a measure of retroactivity
and holds at the steady state, during the transient, and during
permanent non-constant behavior, such as oscillatory beha-
vior. Such a formula is operationally useful because it can be
evaluated just on the basis of measurable biochemical
parameters such as association and dissociation rates,
concentration of binding sites, and dynamic range of the (time
varying) concentration of the protein interconnecting two
modules. For large-scale transcriptional networks, such a
formula does not need to be re-derived from scratch for each
interconnection. In fact, expression (7) is the same for every
interconnection in the network: one only needs to evaluate it
for every interconnection, once the biochemical parameters
and signal values characterizing the interconnection under
consideration are known. In section Quantification of the
effect of the retroactivity to the output, the quantification of the
retroactivity effect has been obtained for transcriptional
networks in which module interaction occurs at the transcrip-
tional level. This procedure can be applied to obtain a formula
similar to equation (7) also for the case of signal transduction
networks, in which interconnection between modules occurs
through protein—protein interaction. While we have left the
general derivation of the retroactivity effect for signal
transduction networks to future work, we have shown how
to derive it in the example of insulation device involving
phosphorylation cycles.

For transcriptional networks, sufficient conditions for a
small retroactivity are low affinity of the regulatory protein to
its binding sites in the downstream system and/or having a
small number of binding sites in the downstream system
compared to the amount of protein. These two conditions
imply, using the electrical analogy, a small flow (or current)
through the interconnection from an upstream system to a
downstream one. Numerous natural genetic systems, how-
ever, utilize small numbers of regulatory molecules, such that
the concentration of the binding sites, relative to the number of
regulatory protein molecules, is not negligible (Reitzer and
Magasanik, 1983; Yildirim and Mackey, 2003). It is thus often
the case that retroactivity is not negligible, and hence modular
analysis of the behavior of the interconnection is not possible.
Instead of considering the interconnection of the two
components as a larger module or considering a different
input—output partitioning of the network to minimize retro-
activity of the interconnection as proposed by several
researchers (see for example, Bruggeman et al, 2002; Saez-
Rodriguez et al, 2005), we have proposed (from a synthetic
biology perspective) to place suitable insulation devices
between components so that the behavior of the components
is not altered upon interconnection. This allows modular
analysis. In general, for the correct (according to some
criterion) functioning of a natural system, it is not necessary
that the retroactivity at each interconnection is small, because
parts of the system may have been finely tuned to work well
with each other in a specific interconnection configuration.
From the point of view of understanding a large natural system
or from the point of view of building one from small modules,
it is desirable to have low retroactivity at the interconnections
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or to have some way to attenuate its effect (especially for the
synthetic case). Whether there are naturally occurring systems
that have been designed so that retroactivity at the inter-
connections is small (or has a small effect) and whether this
insulation feature is necessary for the functioning of that
specific system are challenging questions, which we plan to
explore in the future.

We have illustrated a general solution to the problem of
attenuating retroactivity upon interconnection of modules.
This general solution, inspired by the design of electronic non-
inverting amplifiers, relies on large input signal amplification
and on a similarly large output negative feedback. It has been
considered before in the context of signaling networks by
Sauro and Kholodenko (2004) and Sauro and Ingalls (2007). In
this paper, we have proposed two concrete realizations of such
a general solution for gene transcriptional components and
have mathematically and computationally shown the proper-
ties of these realizations with respect to retroactivity. The first
solution (design 1), relies on a strong, non-leaky, promoter for
input amplification and on an enhanced protein degradation
through a protease as a negative feedback mechanism. The
second solution (design 2) relies on protein phosphorylation
as amplification mechanism and on protein dephosphoryla-
tion as a negative feedback mechanism. From the point of view
of synthetic biology, the analysis performed for both designs
provides a number of conditions on the biochemical para-
meters of the proposed device, which have to be satisfied for
obtaining an insulator. Such conditions can be checked in
practice once the biochemical parameters are known and thus
they provide a design guideline for fabrication.

The remarkable ability of the phosphorylation—-dephos-
phorylation cycle (design 2) to provide insulation relies on
the relatively rapid timescale of these reactions in comparison
to the protein production and decay processes. This was
mathematically shown by the employment of singular
perturbation analysis and confirmed by simulation study
(Figures 8 and 9). By comparison, the relatively slower rates of
protein synthesis and decay in design 1 limit the insulation
capacity, unless the gain of the system is so large that it may be
hardly realizable in vivo (Figure 6). It is not surprising that
protein phosphorylation and dephosphorylation constitutes
the most common type in signal transduction systems in
nature. It has long been realized that the metabolic cost of
phosphoryl groups is low, relative to the cost of protein
synthesis and degradation and to other types of covalent
protein modification, that the rates of protein phosphorylation
and dephosphorylation can be very rapid (Kholodenko et al,
2000), and that the chemical stabilities of several types of
phosphorylated amino acids are suitable for in vivo signaling
functions (Voet and Voet, 2004). Here, we argue that another
beneficial feature of covalent modification as a signal
transduction system is an inherent capacity to provide
insulation and thus to increase the modularity of the system
in which it is placed.

Materials and methods

All simulations are performed in MATLAB (Simulink), Version 7.0.1,
with variable step ODE solver ODE23s. Simulink models are available
upon request.
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Supplementary Information

1 Stability of the slow manifold and derivation of the expresion of R(X)

Consider the system in standard singular perturbation form

Y k- sy-©)

dt
= aCs %(pm _o)y-0). 1)

For a variablex involved in system (1), we denote bythe value of the variable once we have set= 0 in
system (1). Leg(C,y) := —6C + %(pTOT — C)(y - C) and letC = y(y) be the smallest root af(y(y),y) = O.
Then,C = y(y) defines the slow manifold. Model (1) reduced to the slow riadehieads to the reduced model
dy _
2 = KO - 65~ YG). @
Lett = t/e and letec = C — C be the error betwee@ and its approximation:_, the dynamics of such an error,
called the boundary layer system, is given by
d =~ 0 - =
== = —5(ec + ) + 1 (Pror - &c - C)(y - &c - C), ®)
dr Kg
and describe the dynamics of the errooivith respect taC, in which y and thusC are considered frozen at

the initial condition. Since we desif@ to tend toC, we study the stability of the equilibrium poiat = 0 of
equation (3).

Proposition 1. The equilibrium g = 0 of the boundary layer system (3) is asymptotically stabiéotmly in
y andag/dCley 51y has real part smaller than a fixed negative number.

Proof. One can easily verify thalg/dClcy yin < —6 and thatde: = —K(y)ec + kde% in which K(y) > Ko
with Kg independent of. Therefore, the local asymptotic stablllty is uniformyin O

This proposition implies that the slow manifold is stablgraptotically, that is, after a fast transiepis
well approximated by andC is well approximated by.. More formally, it follows that (Theorem 3.1 [5])
if ec(0) is in the region of attraction of the equilibriusg = 0, then for a fixedl' > 0 we have thay(t) =
y(t) + O(e), for all t € [0, T] and for each fixed, > t; > 0 we have thaC(t) = C(t) +O(e), forall t € [tg, to].
As a consequence, we also have tKé) = X(t) + O(e), forall t € [t1,t]. SinceX(t) = y(t) — C(t), the
differential equation thaX satisfies is given b}g— dﬁtt) d(yj(y% dfj(tt), which finally leads to

dy(y) ) @

dx
= (K(t) - 6X) (1— &

dt

After a fast transienX(t) will follow )?(t) solution of equation (4).

Since when‘@ = 0, the dynamics of equation (4) is the same as the dynamiteaolated system, we

determine a more useful expression ?ﬁ% as follows.



Proposition 2.

dy(y) _ 1 PV
dy g4 @eXpkg? R ®)
“prov/ke

andR(X) < 1.

Proof. We remove the bar from the variables to simplify notationp@se tha(y) satisfies thag(y(y),y) =
0, whereg(C,y) =6 [—C + %(pTOT -C)(y- c)]. We want to calculately/dy.

1
49/ (pror-C)
dy/dy = — 9/%y _ . 2 a
99/0C 1+ =(pror —C) + 1 (y - C)
S0 substituting
1 C
—(v-C)= ——
Kd v=0) pror-C
this equals
1 1
14+ _kipror

2
(pror-C 1 t Bror ProT (1+ ProT— C)

and now substitutin% = %(y — C) we conclude that this equals

1
da (14 Ey-C)

1+

in whichy - C = X.

2 Attenuation of the retroactivity to the output by feedback

Lemma 1. Consider the system
& = Gl - KX

d
in which Gt) > Go > O and|U’(t)| < V uniformly in t. Then,
u(o \%
X0 - 921 < expi-1GoK)X(0) - S +

GoK?’

Proof. Lete = X—u/K. The error dynamics is given /= —G(t)Ke— % The solution of such a fierential
equation is provided by

e(t) = e0) expt f KG(r)dr) + f expl f KG(o-)da-)u(t)

Since|U/ ()] < V andG(t) > Gg > 0 for all t, we have that

u(t) ()

IX(1) = <1 < expEHGOK)IX(0) - = =1 + (1 - exp(- tGoK))V/(GoK?).

Hence, we obtain the desired result. m|

Then, we can give the following simple corollary to Lemma 1.



Corollary 1. Consider the two systems

d dff — G(u(t) - KX;) and dd— = G(O)(u(t) - KX), (6)

in which|u'(t)] < V, G(t) > G, and G> G for Gg > 0. Then

V
IX(t) = X (t)] < expEtGoK)Co + 2G0K2

for a suitable nonnegative constang.C

Proof. We can apply Lemma 1 to the two systems in equation (6), stghard his along with the triangular
inequality | X(t) — X (t)] < |X(t) — u(t)/K] + |X:(t) — u(t)/K| leads tgX(t) — X (t)] < exptGoK)Co + ZG el
for a suitable nonnegative consta&y depending on the initial conditions. O

Let us now consider the isolated system

dX
ot = KO - o @)

and the connected system (4) and assume that we can amglhifgaunG the inputk(t) and apply an additional
negative feedbackG’X, in whichG’ = oG for somea = O(1). Then, we obtain the two systems (isolated an
connected) as

O = G ~ (@ +5/G)X) ®
and dx
O = (KO - (o +5/6P0(1 - () ©

respectively, in whichd(t) = ’dy(y) andy(t) given by the reduced system

d )

= = GO - (& +8)(y ~ 7)),

We can apply Corollary 1 to the two systems (8) and (9) \ﬁtt) = G(1-d(t), K = (a+6/G), andk(t) = u(t),
to obtain thatX(t) can be made close ¥ (t) by increasing the gai.

2.1 Design 1. Amplification through transcriptional activation

The diferential equations modeling the insulation device arerpise

dz
5 = K-oZ +\ k Zp — ki Z(poToT — Zp) \ (10)
dz
d_tp = kZ(porot - Zp) -k Zp (1D
dd—rrtb( = GZp —01Mmy (12)
dX
Gt = Y=Y X W — 52X + [ kegC — kanX(pror - C) (13)
dw
o = mXY-mW—pw (14)
%_\t( = —mYX+BW+aG —yY + W (15)
dc
Gt = “KorC+ konX(pror - C). (16)



in which we have assumed that the expression of gene z isodledtby a promoter with activitk(t). These
equations will be studied numerically and analyzed mathiealty in a simplified form. The variablg, is the
concentration of protein Z bound to the promoter contrgligene x,po o7 is the total concentration of the
promoter g controlling gene xmy is the concentration of messenger RNA ofiXis the concentration of X
bound to the downstream binding sites with total conceptigbr ot, v is the decay rate of the protease. The
value ofG is the production rate of X mRNA per unit concentration of Zibd to the promoter controlling x;
the promoter controlling gene y has strengtB, in which « is a constant so that the promoter controlling y
has the same order of magnitude strength as the promoteoliogt X. The dynamics of equations (10)—(16)
without the elements in the box in equation (13) describedyreamics ofX with no downstream system,
which we callX;.

We mathematically explain why system (10)—(16) allows teehd ~ X; thus attenuating theflect of s
on theX dynamics. Equations (10) and (11) simply determine theadigp(t) that is the input to equations
(12)—(16). For the discussion regarding the attenuatioim@ifect of s, it is not relevant what the specific
form of signalZp(t) is. Let thenZy(t) be any bounded signa(t). Since equation (12) takest) as an input,
we will have thatmy = Gv(t), for a suitable signal(t). Let us assume for the sake of simplifying the analysis
that the protease reaction is a one step reaction, thatisyx5 Y. Therefore, equation (15) simplifies to
dY = aG-yY and equation (13) simplifies # = vmyx —BY X— 62X+ KoyC — konX(pr o1 —C). If we consider
the protease to be at its equilibrium, we have g} = «G/y. As a consequence, theedynamics becomes

>

dX _
It = YOV — (BaG/y + 62)X + | keyC — konX(pror - C)

with C determined by equation (16). By using the same singulaugEtion argument employed in the
previous section, we obtain that the dynamicXafill be after a fast transient approximatively equal to

dX _
ot = 0BV = (BaG/y +52)X)(1 ~ d(D)). 17)
in whichd(t) < 1. In the case in whicH(t) = 0, we obtain the dynamics of the isolated system as
CL_):’ = YGU(t) — (BaG/y + 62)%;. (18)

We can thus apply Corollary 1 to systems (18) and (17) with = w(t), K = Ba/y + 62/G, andG_(t) =
G(1 - d(t)), to conclude thaK(t) can be made closer ¥ (t) by increasings.
2.2 Design 2: Amplification through phosphorylation

A one step model for the phosphorylation reactions is camnsilto apply Corollary 1.
Z+X 874X,

and
Y + Xp 8Y + X,

The conservation of X giveX + X, + C = Xror, in which X is the inactive protein, Xis the phosphorylated
protein that binds to the downstream sites p, and C is the eonab the phosphorylated proteinybound to
the promoter p. Th&, dynamics can be described by the first equation in the foligumodel

dX X

o = kXrorZ() (1 o | X )_ k2¥ % + | kayC ~ konXp(Pror — C)| (19)
TOT

& = ks + konXo(pror ~ C). (20)



The boxed terms represent the retroactigity the output. For a weakly activated pathway ([H), < Xtor.
Also, if we assume that the concentration of total X is largempared to the concentration of the downstream
binding sites, that isXtoTt > proT, equation (19) is approximatively equal to

dXo

W = kleoTZ(t) - k2YXp + koﬁC - konXp(pTOT - C)

DenoteG = ki Xtor andG’ = kpY. Exploiting again the dierence of time scales between Kgdynamics
and theC dynamics, after a fast initial transient, the dynamicXgtan be well approximated by

dXp )
T (GZ(t) - G'Xp)(1 - d(t)), (21)

in which 0 < d(t) < 1 is the dfect of the retroactivitys to the output after a short transient. System (21)
with d(t) = O determines the isolated system. We ¢&lithe output signal to the isolated system. We thus
apply Corollary 1 to system (21) wittit) = 0 and to system (21) with(t) = Z(t), §(t) = G(1 - d(t)), and

K = koY/(k1 Xt0o7) to conclude thaX(t) can be made closer & (t) by increasing the gai.

3 A general formulation of attenuation of retroactivity

We briefly discuss here a formalization of the “low-retrd&tt” property, described in terms of the general
system model:

dx

i f(x,u,s)
y = Y(Xu,s)
r = R(xus). (22)

We view the input signall and the retroactivitys to the output as belonging to set$ andV respectively.
These sets summarize all prior information available abimeisignals, such as their ranges of values, or their
maximal rates of change. The initial conditions at time O for the state variables are supposed to lie in
a subselX of the set of possible states. The definitions will be stastative to a given a numbey > 0 (in
practice, a small number) which specifies the tolerated tdvetroactivity, and an interval C (0, +c0) which
specifies on what time interval the retroactivity should tmak.

The system (22) will be said to havelevel retroactivity to the output, on the time intervaprovided that,
for any initial conditioné in X, any signalal € U ands € <V, and any time instarite |:

ly(®) —yo®)l <A and  |r(t) —ro(t)l < A,

wherex,y,r are as in (22) withx(0) = &, and:

d
2= U0, (0)=¢
Yo = Y(xo,u,0)

In words, the diference between the outpyfind the outpuy = yg that would have been measured had the
retroactivity signals not been presens(= 0) is not larger than the numbdr, and also the retroactivity to
the input is not substantially flerent than ifswas not there.
Similarly, the system (22) will be said to haxelevel retroactivity to the input, on the time intervalifi for
any initial condition¢ € X, any signall € U, and any time instarite |:

Iro(t) < A
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where, as earliery = R(xo, u, 0). In words, the retroactivity to the input is small, assognihat the system is
not subject to retroactivity to its outputs.

Observe that when the system has bbilevel retroactivity to the input and the output, frémtt)—ro(t)| < A
and|ro(t)] < A one has thalr(t)] < 2A, that is, the input retroactivity is “small” even if retrdadties to its
outputs are present.

These formulations are very general, and apply to arbisgsyems.

The properties are a variant of the control theory properglmost disturbance decouplirid, 9], and their
study and verification is naturally carried out using teges based ogainsandinput to state stabilityf1,

6, 7]. In this paper, we described but one particular approatich is useful whenever time-scale separation
techniques can be employed. For simplicity, we presentedaloulations for finite time intervals, but entirely
analogous calculations based on singular perturbaticoryhere possible on infinite intervals, appealing to
the methods described in [3] and [8].
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