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Summary . One of the key ideas in control theory is that of viewing a complex
dynamical system as an interconnection of simpler subsystems, thus deriving con-
clusions regarding the complete system from properties of its building blocks. Fol-
lowing this paradigm, and motiv ated by questions in molecular biology modeling,
the authors have recently developed an approach based on components which are
monotone systems with respect to partial orders in state and signal spaces.This
paper presents a brief exposition of recent results, with an emphasis on small gain
theorems for negative feedback, and the emergenceof multi-stabilit y and associated
hysteresis e�ects under positive feedback.

1 In tro duction

Tools from control theory have long played an important role in the analysis
of dynamical systemsproperties such as stabilit y, hysteresis,and oscillations.
Key to the application of control tools, is the idea of viewing a complex
dynamical system as feedforward and feedback interconnections of simpler
subsystems,thus deriving conclusions regarding the complete system from
propertiesof its building blocks. Onemay then analyzecomplicatedstructures
on the basisof the behavior of elementary subsystems,each of which is \nice"
in a suitable input/output sense(stable, passive, etc), in conjunction with the
useof tools such as the small gain theorem to characterize interconnections.

This paper focuseson a special caseof this idea, when the components are
monotone systemswith a well-de�ned steady state response. Although this
work originated in our study of certain particular models in the area of cell
signaling, a �eld of interest in contemporary molecular biology, and we will
use such models in order to illustrate our results, the mathematical results
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and techniques that we have developed are of independent interest, and one
can easily foreseemany other areasof application.

Our framework is that of monotone systemswith inputs and outputs, a
class of systems intro duced recently in [2] and further studied in [3]. They
provide a natural generalizationof classical(no inputs and outputs) monotone
dynamical systems,de�ned by the requirement that tra jectoriesmust preserve
a partial ordering on states; classicalmonotone systemsinclude the subclass
of cooperative systems,in which di�eren t state variables reinforce each other
(positive feedback) aswell ascertain more generalsystemsin which each pair
of variablesmay a�ect each other in either positive or negative, or even mixed,
forms. Among the classicalreferencesfor monotonedynamical systemsare the
textb ook by Smith [29] and the papers[16, 17] by Hirsch, which provide a rich
and elegant theory dealing with the precisecharacterization of omega limit
setsand other asymptotic behavior.

The extensionto systemswith inputs and outputs is by no meansa purely
academicexercise,but it is a necessary�rst step in order to analyzeintercon-
nections, especially those including feedback loops, built up out of monotone
components. It is perhapsremarkable that this `system-theoretic' view of dy-
namical systems�ts perfectly with one of the main themesand challengesin
current molecular biology, namely the understanding of cell behavior in terms
of common `modules' (seee.g. [15]).

In this paper, we provide a brief exposition of several of our results for
monotone i/o systems.Proofs are not included, as they can be found in [2, 3].
In addition, in order to make the presentation easierto follow, we often make
simplifying assumptions,such as convexity of state spacesand input spaces,
which can be substantially relaxed, as discussedin [2, 3]. We �rst review the
basic setup, basedupon monotone i/o systemswith well-de�ned steady-state
responses.Then we present a very simple yet powerful result for the analysis
of global convergenceof feedback interconnections in the special casewhen
feedback doesnot intro ducesmultiple steady states.This result plays the role
of a small-gain theorem when applied to negative feedback loops. In general,
however, positive feedback may lead to bifurcations of equilibria, and our
secondmain result dealswith the analysisof this type of situation, providing
a characterization of locations and stabilit y of steadystates.A unifying theme
to our work is the reduction of the analysis of high-dimensional dynamics to
a simple planar graphical test.

In closing this intro duction, we wish to comment upon the biological mo-
tivations for our work. The study of oscillations in biochemical systemsis a
major theme in molecular biology modeling; see,for instance, the book [13],
which is one of the major referencesin the �eld. Our work in monotone sys-
tems originated in the analysisof the emergenceof oscillations in certain bio-
logical inhibitory feedback loops, and speci�cally in a mathematical model of
mitogen-activated protein kinase(MAPK) cascades, which represent a `biolog-
ical module' or subcircuit which is ubiquitous in eukaryotic cell signal trans-
duction processes.In the paper [32], oneof the authors presented a small-gain
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theorem which provided very tight estimates of parameters at which a Hopf
bifurcation occurs, in a model of inhibitory MAPK cascadesgiven in [20],
and which had beenpreviously studied numerically in [26]. Analyzing a more
realistic model that the one in those references(multiple as opposedto single
phosphorylation) led us the results presented in [2] and reviewed here. We
will discussthat example,as well as a classicalmodel of circadian oscillators.
Multi-stabilit y and associated hysteresise�ects form the basisof many models
in molecular biology, in areas such as cell di�eren tiation, development, and
periodic behavior described by relaxation oscillations. See for instance the
classicwork by Delbr•uck [8], who suggestedin 1948that multi-stabilit y could
explain cell di�eren tiation, aswell as referencesin the current literature (e.g.,
[5], [9], [10], [11], [19], [22], [24], [33]). We will discussa system of di�eren tial
equations which describes a biochemical network of the type which appears
in cell signaling, as an illustration of our theoremson multi-stabilit y.

2 Basic De�nitions

Wewill only considersystemsde�ned by ordinary di�eren tial equations.Thus,
all state-spaces,as well as input and output signal spaces,are assumedto be
subsets of Euclidean space. By an ordered Euclidean space we mean here
an Euclidean spaceIRn , for somepositive integer n, together with an order
� induced by a positivit y cone K . That is, K � IRn is a nonempty, closed,
convex, pointed (K

T
� K = f 0g), and solid (K hasa nonempty interior) cone,

and x1 � x2 (or \ x2 � x1") meansthat x1 � x2 2 K . Given a cone K , two
notions of strict ordering arepossible.By x1 � x2, onemeansthat x1 � x2 and
x1 6= x2, and by x1 � x2 that x1 � x2 2 int (K ). For example, with respect
to the `NorthEast' ordering given by the �rst orthant K = IRn

� 0, x1 � x2

meansthat each coordinate of x1 is bigger or equal than the corresponding
coordinate of x2, x1 � x2 meansthat every coordinate of x1 is strictly larger
than the corresponding coordinate of x2, and x1 � x2 which meansthat some
coordinate is strictly larger.

(More generalnotions of orderedspaces,not necessarilyinduced by cones,
may be consideredaswell; and indeedsomeof the results in [2] are proved for
more abstract ordered spaces.In addition, one may wish to study monotone
I/O systems on in�nite-dimensional spaces,particularly when dealing with
delay-di�eren tial systemsor systemsde�ned by partial di�eren tial equations.)

By a state-space we will mean a subset X of an ordered Euclidean space
(IRn ; K X ) such that X is the closureof an open subsetof IRn and it is convex.
Similarly, by an input set U we meana subsetof an orderedspace(IRm ; K U ),
and by an output set Y a subset of an (IRp; K Y ). When there is no risk of
ambiguit y and the meaningis clear from the context, we drop the superscripts
and write just `K ' instead of K X , K U , or K Y . For simplicit y, we state many
of our results for single-input single-output (\SISO") systems,those for which
input and output signals are scalar: m = p = 1. By an input (function)
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we mean a locally essentially bounded Lebesguemeasurablefunction u(�) :
IR� 0 ! U, and we write u1 � u2 provided that u1(t) � u2(t) for almost all
t � 0.

By a (�nite-dimensional continuous-time) system, we mean the usual con-
cept from control theory (see e.g. [31]), namely a system with inputs and
outputs

_x = f (x; u) ; y = h(x) (1)

speci�ed by a state spaceX , an input set U, and an output set Y, such that
solutions of (1) that start in X do not leave X (forward invariance of X ). We
assumethat f : X � U ! IRn (which may be thought of as a vector �eld with
parameters) is continuous in (x; u), and is locally Lipschitz continuous in x
locally uniformly on u, and that the function h : X ! Y is continuous. When
mentioning derivativesof f , we will implicitly assumethat we have in addition
required f to be di�eren tiable, meaning that map f extends di�eren tiably
to an open subset of IRn � IRm which contains X � U. We will make the
assumption that all solutions with initial states in X must be de�ned for
all t � 0 (forward completeness),and denote by x(t) = � (t; � ; u) (or just
\ x(t; � ; u)") the (unique) solution of _x(t) = f (x(t); u(t)) with initial condition
x(0) = � and input u(�) at time t � 0. We also sometimesuse the notation
y(t; � ; u) as a shorthand for h(� (t; � ; u)). For classicaldynamical systems _x =
f (x), f does not depend on inputs, and there is no mapping h; they can be
thought of as the particular casein which U and Y reduce to a single point,
so that all de�nitions to be given will also apply to them.

The system(1) is said to be monotoneif the following property holds, with
respect to the orders on states and inputs:

� 1 � � 2 & u1 � u2 ) x(t; � 1; u1) � x(t; � 2; u2) 8 t � 0

and also the mapping h is monotone(with respect to the orderson statesand
output values). It is an elementary fact (seee.g. [2]) that the above inequality
is equivalent to:

� 1 � � 2 & u1 � u2 ) x(t; � 1; u1) � x(t; � 2; u2) 8 t � 0

(this follows from the fact that a set which is the closure of its interior is
invariant under a controlled dynamics i� its interior is invariant). A monotone
system is strongly monotone if the following stronger property holds:

� 1 � � 2 & u1 � u2 ) x(t; � 1; u1) � x(t; � 2; u2) 8 t > 0:

This is a fairly strong statement, saying that a very strict inequality among
states holds immediately after the initial time, provided only that the initial
states be weakly comparableto each other.

The basic components to be interconnectedwill not be merely monotone,
but they will satisfy an additional requirement, that they bemonostablein the
senseof having a well-de�ned steady-stateresponsefor each possibleconstant
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input. This property, which we de�ne next, whencombined with monotonicity,
will strongly constrain the limiting behavior or arbitrary time-varying inputs.

De�nition 1. The system (1) admits an input to state (I/S) static charac-
teristic kX (�) : U ! X if, for each constant input u(t) � u 2 U, there exists a
unique globally asymptotically stableequilibrium kX (u). The characteristic is
said to be non-degenerateif, in addition, the Jacobian D x f (kX (u); u) is non-
singular, for all such u. If (1) admits an I/S characteristic, its input/output
(I/O) characteristic is by de�nition the composition kY := h � kX .

2.1 In�nitesimal Characterizations

It is obviously important to be able to check monotonicity without having
to actually solve the di�eren tial equations. We quote two results from [2]; in
both caseswe assumegiven appropriate positivit y cones.The �rst one uses
(contingent) tangent cones,in the senseof nonsmooth analysis, and admits
generalizationsbeyond orders de�ned by positivit y cones:

Theorem 1. The system (1) is monotone if and only if h is monotone and
the following property holds:

� 1 � � 2 and u1 � u2 ) f (� 1; u1) � f (� 2; u2) 2 T� 1 � � 2 K ; (2)

where T� K denotesthe (contingent) tangent cone to K at the point � .

The secondone relies upon convex analysis, and is based upon viewing
monotone systemswith inputs (and outputs) as those for which the vector
�eld f is quasi-monotonein the senseof di�eren tial equations (seee.g. [25]):

Theorem 2. The system (1) is monotone if and only if h is monotone and
the following property holds:

� 1 � � 2; u1 � u2; � 2 K � ; and h� ; � 1i = h� ; � 2i
) h� ; f (� 1; u1)i � h� ; f (� 2; u2)i

(3)

where K � is the set of all � 2 IRn so that h� ; ki � 0 for all k 2 K .

Condition (3) may be separatedinto the conjunction of: for all � and all
u1 � u2, f (� ; u1) � f (� ; u2) 2 K , and for all u, � 1 � � 2, and h� ; � 1i = h� ; � 2i ,
h� ; f (� 1; u)i � h� ; f (� 2; u)i . A similar separation is possiblein Theorem 1. In
both cases,it su�ces to check the properties for � 1 � � 2 2 @K instead of
arbitrary points.
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2.2 Orthan t orders

We assumein this section, to simplify the exposition, that both the interior
of the state spaceX and of the input set U are convex; also, f is supposedto
be continuously di�eren tiable.

A special classof positivit y conesare orthants. Any orthant K in IRn has
the form

K ( " ) = f x 2 IRn j (� 1)" i x i � 0 ; i = 1; : : : ; ng

for somebinary vector " = (" 1; : : : ; "n ) 2 f 0; 1gn . A specialcaseis whenstates,
inputs, and outputs are ordered with K = the main orthant (all " i = 0); sys-
tems that are monotone with respect to theseorthants are called cooperative
systems.

Prop osition 1. The system (1) is cooperative if and only if the following
properties hold:

@f i

@x j
(x; u) � 0 8 x 2 X ; 8 u 2 U; 8 i 6= j

@f i

@uj
(x; u) � 0 8 x 2 X ; 8 u 2 U; 8 i; j

@hi

@x j
(x) � 0 8 x 2 X ; 8 i; j :

The term \cooperative" arises from the fact that the various variables
\help" each other (rates of changedepend increasingly on the remaining vari-
ables).

Under appropriate changesof variables,onemay reducethe study of mono-
tone systemswith respect to arbitrary orthants to the study of cooperative
systems;see[2] for details. The following corollary results from this reduction:

Corollary 1. The system(1) is monotone with respect to the orders induced
from orthants K X = K ( " ) , K U = K ( � ) , and K Y = K ( � ) , if and only if the
following properties hold:

(� 1)" i + " j
@f i

@x j
(x; u) � 0 8 x 2 X ; 8 u 2 U; 8 i 6= j

(� 1)" i + � j
@f i

@uj
(x; u) � 0 8 x 2 X ; 8 u 2 U; 8 i; j

(� 1)" i + � j
@hi

@x j
(x) � 0 8 x 2 X ; 8 i; j :

It is important to beable to decide,just from the systemequations,if there
is some orthant K such that a given system is monotone with respect to K .
Graphical conditions are very useful for that. It is not di�cult to seethat
the conditions given in [21] for classicalmonotonesystemscan be generalized
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as follows. We associate to a given system(1) a signeddigraph, with vertices
x1; x2 : : : xn , u1; u2; : : : um , y1; y2 : : : yp and edgesconstructed accordingto the
following set of rules and constraints (if the rules do not all apply, the graph
is unde�ned).

For edgesbetweennodesxk , the graph is de�ned only for systemsso, that
for any pair of integers1 � i; j � n with i 6= j , either (a) @f i =@x j (x; u) � 0,
or (b) @f i =@x j (x; u) � 0 for all x; u and @f i =@x j (x; u) > 0 for somex; u, or
(c) @f i =@x j (x; u) � 0 for all x; u and @f i =@x j (x; u) < 0 for somex; u; in that
case,we draw no edges,a positive edge,or a negative edge,respectively, from
x j to x i . For edgesfrom nodesuj to nodesx i , similar rules apply, where we
considerthe Jacobians@f i =@uj . Finally, for edgesfrom nodesx j to nodesyi ,
we proceedanalogouslyusing the Jacobians@hi =@x j .

A cycle, not necessarilydirected, is a sequenceof vertices vn 0 ; vn 1 : : : vn L

such that vn 0 = vn L and the constraint that, for each 0 � k � L � 1, either
there is an edgefrom vk to vk+1 or there is an edgefrom vk+1 to vk . The sign
of a cycle is de�ned as the product of the signsof the edgescomprising it, and
the sign of a path is de�ned to be the product of the signsof its edges.

Prop osition 2. The system (1) which admits an incidence graph according
to the above set of rules, is monotone with respect to someorthants K X , K U

and K Y if and only if its graph does not contain any negative cycles.

Graphical conditions for strong monotonicity canbegivenaswell. Suppose
that we strengthen the conditions to require that either @f i =@x j (x; u) � 0,
@f i =@x j (x; u) > 0 for all x; u, or @f i =@x j (x; u) < 0 for all x; u, and similarly
for edgesfrom nodes uj to nodes x i and for edgesfrom nodes x j to nodes
yi . Assuming that a graph in this senseis well-de�ned, results are provided
in [3] which allow one to check if a closure under unit y feedback is strongly
monotone.The resultsarestated in terms of \excitabilit y" and \transparency"
notions associated to the input/output system. For the purposesof treating
the examplesin this paper, we only require the more classicalversionof these
results, for systems _x = f (x) with no inputs:

Prop osition 3. Suppose that the system _x = f (x) is monotone with respect
to an orthant K . If either of theseconditions hold:

1. the Jacobian @f i =@x j (x) is an irr educible matrix, for each x 2 X , or
2. the Jacobian @f i =@x j (x) is an irr educible matrix, for each x 2 inter X

and every trajectory lies in the interior of X for all t > 0,

then the systemis strongly monotone with respect to K .

SeeTheorem 1.1 in [16] or Chapter 4 in [29] for a proof. (These references
assumethat the systemevolveson an openset;however, the sameproofsapply
when the state spaceis closed,so part 1 follows immediately. Regarding part
2, onemay reduceto case1 asfollows:given � 1 � � 2, weknow that x(t=2; � 1) �
x(t=2; � 2) (monotonicit y plus the fact that a 
o w is always one-to-one);as the
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interior is forward invariant, one needonly consider these states at time t=2
as initial states, to conclude that, using the strong monotonicity results for
the interior, x(t; � 1) � x(t; � 2). Incidentally , an even weaker condition may be
assumed,namely that irreducibilit y of the Jacobian holds almost everywhere
in time along a tra jectory.)

3 Feedbacks with Single Steady-States

It is easy to verify that cascadeinterconnections of monotone systems ad-
mitting characteristics are again monotone and admit characteristics. More
interesting is the study of feedback, where the output is fed-back to the input
of (1) via a static or dynamic feedback law. In this section we study feedback
interconnections that lead to global attractivit y, and in the next section we
study multiple steady states.

We restrict attention to SISO systems,as the results are easierto state in
that context. Without loss of generality (otherwise, one may consider � u as
an input or � y as an output), we will assumethat K U = K Y = IR� 0. Our
interest will be in the e�ect of either \p ositive" or \activ ating" feedback (which
preserves the orders on inputs and outputs) or or \negativ e" or \inhibitory"
feedback (which inverts the orders). The study of generaldynamic feedbacks
can be reducedto the study of static feedback, simply by viewing a feedback
interconnection

_x = f x (x; u) ; y = hx (x)
_z = f z (z; y) ; u = hz (z)

as the closureunder the static feedback u = y of the composite system

_x = f x (x; u)
_z = f z (z; hx (x)) ; y = hz (z)

so we will only state a result for static feedback. (The theorem is proved
directly for arbitrary dynamic feedback in [2], and the proof is virtually the
same.)

Theorem 3. Suppose that the system (1) is monotone, with K U = K Y =
IR� 0, and it has a well-de�ned I/O characteristic k : U ! Y. Let ` : Y ! U
be a monotone(incr easing or decreasing) map, and denoteF := ` � k : U ! U.
Suppose that every trajectory of the closed-loop system

_x = f (x; (` � h)(x)) (4)

is bounded. Then, system (4) has a globally attractive equilibrium provided
that the following scalar discrete time iteration on U:

uk+1 = F (uk ) (5)

has a unique globally attractive equilibrium �u.
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Fig. 1. I/O characteristics in (u; y) plane: negative feedback

For a graphical interpretation of condition (5), for the special casein which
` is decreasing(\negativ e feedback"), seeFig. 1. The �gure shows the `conver-
gent spiderweb' diagram that establishesglobal convergenceto the equilibrium
of the discrete-time iteration.

The proof of this theorem is not di�cult; let us sketch it here. Consider
an arbitrary (bounded, by assumption) solution of the closed-loop system,
and the signalsu(t) and y(t) that appear as input and output of the original
system (1). Note that u(t) = `(y(t)) for all t. The key is to consider the
quantities

u+ := lim sup
t ! + 1

u(t); u� := lim inf
t ! + 1

u(t); y+ := lim sup
t ! + 1

y(t); y� := lim inf
t ! + 1

y(t);

and to usethe fact that monotonicity of (1) implies that

k(u� ) � y� � y+ � k(u+ ) (6)

and the fact that (from monotonicity of `) either `(u� ) = y� and `(u+ ) = y+ ,
or `(u� ) = y+ and `(u+ ) = y� . In the �rst case,we apply the increasing
function ` to (6) and obtain F (u� ) � u� � u+ � F (u+ ), and, inductiv ely
using that F is increasing,

F i (u� ) � u� � u+ � F i (u+ )

for all i � 1, so taking limits and using F i (u� ) ! �u and F i (u+ ) ! �u, we ob-
tain that u� = u+ = �u, and henceu(t) ! �u. Then, from the \convergent input
convergent state" property for monotonesystemswith well-de�ned character-
istics (cf. [2]), one concludesthat the state x(t) ! kX ( �u). In the secondcase,
we obtain F (u� ) � u+ � u� � F (u+ ), and, applying F (now a decreasing
function) we have that F 2(u� ) � u� � u+ � F 2(u+ ), and, inductiv ely using
that F 2 is increasing,

F i (u� ) � u� � u+ � F i (u+ )
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for all eveni ; the proof then is �nished as before.
It is worth noting that, in the caseof increasing` (positive feedback), the

global attractivit y condition on (5) is satis�ed automatically whenever F has
a unique �xed point �u and it holds that �u � F (u) � u for all u � �u and
�u � F (u) � u for all u � �u. This is in turn satis�ed whenever the graphs of k
and ` � 1 intersect at only one point �u and there k0( �u) < (` � 1)0( �u).

Boundednessis assumedin our statement of the theorem. Often in bi-
ological applications, boundednessis automatic from conservation of mass
and similar assumptions; in any event, we show in ([2]) how the assumption
can be weakenedprovided that somemore information is available about the
characteristic of the system.

We also remark that arbitrary delays in the feedback loop do not a�ect
the argument. That is, supposethat u(t) = `(y(t � � (t))), for somepossibly
time-varying delay � (t), where � may be fairly arbitrary , for instance any
continuous function such that t � � (t) ! 1 as t ! 1 , so that lim supy(t �
� (t)) = lim supy(t) and similarly for lim inf . The same proof then applies.
This meansthat the condition that we gave is a condition for stabilit y under
arbitrary delays, as is typically the casewith \small-gain" arguments.

A partial converseto this result holds as well: if the feedback ` inducesa
periodic orbit for the discrete iteration, then, for an appropriate delay � (t),
an approximate periodic orbit appears. The idea, whose precise statement
and proof we leave for a future work, is roughly as follows. Suppose that
k(a) = b, `(b) = c, k(c) = d, and `(d) = a. We consider the initial state of
the output as y(t) � d for a time long enoughthat the input u(t) = `(d) = a
forces the output y(t) to converge to b. Now, for a long enough interval so
that convergenceto steady state ensues,the input will converge to `(b) = c,
and after a suitable time, the output will converge to k(c) = d, after which
the pattern will repeat. There results an oscillation of the input between
(approximately) the constant valuesa and c. By adjusting the delay periods,
one can achieve sustainedoscillations for as long as desired.

4 Multiple Steady States

We now turn to the more general casewhen several steady states may ap-
pear in closed-loop; our result will provide a global analysis tool for systems
obtained by positive feedback loops involving monotone systems.In [33], R.
Thomas conjectured that the existenceof at least one positive loop in the
incidence graph is a necessarycondition for the existenceof multiple steady
states. Proofs of this conjecture were given in [14], [23], [30], and [7], un-
der di�eren t assumptionson the system(the last referenceprovides the most
general result, using a degreetheory argument). However, the existence of
positive loops is not su�cien t, and our next theorem dealspreciselywith this
question.
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Theorem 4. Suppose that the system (1) is monotone, with K U = K Y =
IR� 0, and it has a well-de�ned nondegenerate characteristic k. Let ` : Y ! U
be a monotone increasing map, and denote F := ` � k : U ! U. Assumethat
every �xed point of F is non-degenerate (F 0(x) 6= 1) and that the system(4):

_x = f (x; (` � h)(x))

is strongly monotone and all of its solutions are bounded. Then, the steady-
states of (4) are in 1-1 correspondence with the �xed points of F , and for
almost all initial conditions, solutions converge to the set of equilibria of (4)
corresponding to inputs for which F 0(u) < 1.

The proof of this theorem is given in [3]. It reliesupon linear control theory
arguments for analyzing local stabilit y of the closed loop system, together
with the use of a theorem due to Hirsch on almost-everywhere convergence
for strongly monotone systems.

Note that the condition F 0(u) < 1 amounts to local (exponential) stabilit y
of the discreteiteration (5). Strong monotonicity of the closed-loop system(4)
can be checked in several graph-theoretic ways, basedupon conditions on the
open-loop system(1), see[2]. Monotonicit y of (1) with respect to someorthant
and ordersK U = K Y = IR� 0 amounts to the incidencegraph (de�ned earlier)
having no negative cyclesplus the requirement that all paths from the input
to the output node must be positive.

5 Example of Multiple Steady States

A typical situation for the application of Theorem 4 is when a monotone sys-
tem with a well-de�ned I/O characteristic of sigmoidal shape is closedunder
unitary feedback: if the sigmoidal function is su�cien tly steep, this con�gu-
ration is known to yield 3 equilibria, 2 stable and 1 unstable. In biological
examples,this might arise when a feedback loop comprising any number of
positive interactions and an even number of inhibitions is present (no inhibi-
tion at all is also a situation which might lead to the sametype of behavior).
This is a well-known principle in biology. One of its simplest manifestations is
the so called \competitiv e exclusion" principle, in which one of two compet-
ing speciescompletely eliminates the other, or more generally, for appropriate
parametersthe bistable casein which they coexist but the only possibleequi-
libria are thosewhereeither oneof the speciesis strongly inhibited. Of course,
the interest of our results is in the high-dimensionalcasein which phase-plane
techniques cannot provide the result, and we turn to such an example next.
However, let us note that, for the special caseof two-dimensionalsystems,our
techniquesare very closeto thoseof [6]. In fact, even the 4-dimensionalexam-
ple of a two-repressorsystem with RNA dynamics, treated in [6] (App endix
I) in an ad-hoc manner, can be shown to be globally bistable asan immediate
application of our techniques.
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We now turn to a less trivial example where our tools may be applied.
(A di�eren t example, involving cascadesof systems of this type, and with
comparisonswith experimental data, is treated in [1].) Consider the following
chemical reaction, involving various forms of a protein E:

E1
U

� !
 � E2

U
� !
 � : : :

U
� !
 � En � 1

U
� !
 � En

being driven forward by an enzymeU, with the di�eren t subscripts indicating
an additional degreeof phosphorylation, and with constitutiv e dephosphory-
lation. This is a very general type of \mo dule" that appears in cell signaling.
We will be interested in positive feedback from En to U.

A typical way to model such a reaction is asfollows.We intro ducevariables
x i (t), i = 1; : : : ; n to indicate the fractional concentrations of the various forms
of the enzyme E (so that x1 + : : : + xn � 1, and x i � 0, for the solutions
of physical interest), and u(t) � 0 to indicate the concentration of U. The
di�eren tial equationsare then as follows:

_x1 = � � 1(u)� 1(x1) + � 2(x2)

_x2 = � 1(u)� 1(x1) � � 2(x2) � � 2(u)� 2(x2) + � 3(x3)
...

_xn � 1 = � n � 2(u)� n � 2(xn � 2) � � n � 1(xn � 1) � � n � 1(u)� n � 1(xn � 1) + � n (xn )

_xn = � n � 1(u)� n � 1(xn � 1) � � n (xn ) :

We make the assumptionsthat � i and � i (respectively, � i ) are di�eren tiable
functions [0; 1 ) ! [0; 1 ) with positive (respectively, either positive or iden-
tically zero) derivatives, and � i (0) = � i (0) = 0 and � i (0) > 0 for each i .
(We allow someof the � i to be constant, and in this manner represent steps
that are not controlled by U.) Since we are interested in studying the e�ect
of feedingback En , we pick y = xn .

We �rst prove that the characteristic is well-de�ned. Recall that we are
only interested in those solutions that lie in the intersection X of the plane
x1 + : : : + xn � 1 and the nonnegative orthant in IRn . This set is easily seen
to be invariant for the dynamics, and it is convex, so the Brower �xed point
theorem guarantees the existenceof an equilibrium in X , for any constant
input u(t) � a. We next prove that this steady-state is unique. Rede�ning
if necessarythe functions � i , we will assumewithout loss of generality that
� i (a) = 1 for all i . Let us intro duce the nondecreasingfunctions

Gk = � � 1
k � � k � 1 � � � 1

k � 1 � : : : � � � 1
2 � � 1

for each k = 2; : : : ; n and G(r ) := r + G2(r ) + : : : + Gn (r ). This function
is de�ned on some maximal interval [0; M ], consisting of those r such that
� 1(r ) belongs to the range of � 2, � 2(� � 1

2 (� 1(r ))) belongs to the range of
� 3, and so forth, and it is strictly increasing.Moreover, for each equilibrium
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x = (x1; : : : ; xn ), it holds that xk = Gk (x1), and therefore, recalling that
x1 + : : : + xn = 1, G(x1) = 1. Thus, if x and ex are two steady states, we have
G(x1) = G(ex1). Since G is strictly increasing, it follows that x1 = ex1, and
therefore that xk = Gk (x1) = Gk (ex1) = exk for all k, so uniquenessis shown.

We must prove stabilit y. For that, we �rst perform a changeof coordinates:

z1 = x1; z2 = x1 + x2; : : : ; zn � 1 = x1 + : : : + xn � 1; zn = x1 + : : : + xn

so that the equations in these new variables become (using that _zk =
(d=dt)(x1 + : : : + xk ) and xk = zk � zk � 1 for k > 1):

_z1 = � � 1(u)� 1(z1) + � 2(z2 � z1)
...

_zk = � � k (u)� k (zk � zk � 1) + � k+1 (zk+1 � zk )
...

_zn � 1 = � � n � 1(u)� n � 1(zn � 1 � zn � 2) + � n (1 � zn � 1)

(and zn � 1). When the input u(t) is equal to any given constant, the sys-
tem described by the �rst n � 1 di�eren tial equations, seenas evolving in
the subset of IRn � 1 where 0 � z1 � z2 � : : : � zn � 1 � 1, is a tridiagonal
strongly cooperative system, and thus a theorem due to Smillie (see[27]) in-
suresthat all tra jectories converge to the set of equilibria. (The proof given
in [28] is alsovalid when the state-spaceis closed,ashere.) Moreover, lineariz-
ing at the equilibrium preservesthe structure, so applying the sameresult to
the linearized system we know that we have in fact an exponentially stable
equilibrium. Thus, characteristics are well de�ned and nondegenerate.

It is easyto verify from our graph conditions that the system(in the new
coordinates) is monotone, since df i =dzj > 0 for all pairs i 6= j , df i =du � 0
for all i , and dh=dzi = 0 for all i < n � 1 and dh=dzn � 1 < 0 (the output is
y = xn = 1 � zn � 1).

The closed-loop system (4) is obtained in this case(unit y feedback) by
setting u = `(y) = y (and changing to the new coordinates zi ), so, since
the output is 1 � zn � 1, we have u = (` � h)(z) = 1 � zn � 1. We need to
prove strong monotonicity of (4). Closure under positive feedback preserves
monotonicity (see[2]). By Proposition 3, it is enoughto seethat the Jacobian
is irreducible in the interior of the state space (where zi < zi +1 strictly)
and that solutions exit the boundary instantaneously. In order to prove the
irreducibilit y property, it is enough to note that the size (n � 1) � (n � 1)
Jacobianmatrix A at any interior point hasthe properties that ai;i � 1 = � i (1�
zn � 1)� 0

i (zi � zi � 1) > 0 for all 2 � i � n � 1, ai;i +1 = � 0
i (zi +1 � zi ) > 0 for all

1 � i � n� 3, and an � 2;n � 1 = � 0
n � 1(1� zn � 1)� n � 2(zn � 2 � zn � 3)+ � 0

n � 1(zn � 1 �
zn � 2) > 0. To show that every tra jectory lies in the interior of X for all t > 0,
as the interior of X is itself forward invariant (seee.g. [2]), it is su�cien t to
prove: for any T > 0, if � is the set of t 2 [0; T] such that x(t) is in the
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boundary of X (relativ e to the linear spacex1 + : : :+ xn = 1), then � 6= [0; T].
(It is more convenient to use x coordinates to show this property.) Assume
otherwise. For each i , consider the closedset � i = f t 2 [0; T] j x i (t) = 0g,
and note that

S
i � i = � . If � i would be nowhere densefor every i , then their

union � would be nowheredense,contradicting � = [0; T]. Thus there is some
i so that � i contains an open interval (a;b) � [0; T]. It follows that, for this i ,
_x i � x i � 0 on (a;b), and (looking at the equations) this implies that x i � 1 � 0
and, recursively, we obtain x j � 0 for all j , contradicting x1 + : : : + xn = 1.

As a numerical example, let us pick � i (r ) = (0:01 + r )=(1 + r ), � i (r ) =
10r =(1 + r ), and � i (r ) = r =(1 + r ) for all i , and n = 7. (The constants have
no biological signi�cance, but the functional forms are standard models of
saturation kinetics.) A plot of the characteristic is shown in Fig. 2(a). Since
the intersection with the diagonal has three points as shown, we know that
the closed-loop system (with u = xn ) wil l have two stable and one unstable
equilibrium, and almost all trajectories converge to one of these two stable
equilibria. To illustrate this convergence,we simulated six initial conditions,
in each casewith x2(0) = : : : = x6(0) = 0 and with the following choicesof
x7(0): 0.1, 0.2, 0.3, 0.4, 0.5, and 0.8 (and x1(0) = 1 � x7(0)). A plot of x7(t)
for each of theseinitial conditions is shown in Fig. 2(b); note the convergence
to the two predicted steady states.

u
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Fig. 2. Enzyme example: (a) Characteristic and (b) Simulations

6 An Example of Negativ e Feedback

A largevariety of eukaryotic cell signal transduction processesoperate through
\Mitogen-activ ated protein kinase (MAPK) cascades,"which play a role in
someof the most fundamental processesof life (cell proliferation and growth,
responsesto hormones,etc). A MAPK cascadeis a cascadeconnectionof three
SISO systems,each of which is a systemof the type studied in Section 5, the
�rst with with n = 2 and the next two with n = 3. We already proved that
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such systemsadmit I/O characteristics and are monotone, so cascadeshave
the sameproperty; alternativ ely, a proof canbegivendirectly for this example,
see[2]. Thus the complete theory may be applied. We pick now a numerical
example in order to illustrate the application of Theorem 3.

Instead of the change of variables used in Section 5, we use the change
of variables in [2], in which we eliminate x2 in the casen = 3. The cascade
then becomes,in terms of the reducedvariables, a system of dimension �v e.
As a concrete illustration, let us consider the open-loop system with these
equations:

_x1 =
v2 (100� x1)

k2 + (100� x1)
�

g1x1

k1 + x1

g2 + u
g4 + u

_y1 =
v6 (300� y1 � y3)

k6 + (300� y1 � y3)
�

� 3 (100� x1) y1

k3 + y1

_y3 =
� 4 (100� x1) (300� y1 � y3)

k4 + (300� y1 � y3)
�

v5 y3

k5 + y3

_z1 =
v10 (300� z1 � z3)

k10 + (300� z1 � z3)
�

� 7 y3 z1

k7 + z1

_z3 =
� 8 y3 (300� z1 � z3)
k8 + (300� z1 � z3)

�
v9 z3

k9 + z3
:

This is the model studied in [20], from which we also borrow the values of
constants (with a coupleof exceptions,seebelow): g1 = 0:22,g2 = 45,g4 = 50,
k1 = 10,v2 = 0:25,k2 = 8, � 3 = 0:025,k3 = 15, � 4 = 0:025k4 = 15,v5 = 0:75,
k5 = 15, v6 = 0:75, k6 = 15, � 7 = 0:025, k7 = 15, � 8 = 0:025, k8 = 15,
v9 = 0:5, k9 = 15, v10 = 0:5, k10 = 15. Units are as follows: concentrations
and Michaelis constants (k's) are expressedin nM, catalytic rate constants
(� 's) in s� 1, and maximal enzyme rates (v's) in nM :s� 1. The paper [20]
showed that oscillations may arise in this system for appropriate values of
negative feedback gains. (We have slightly changed the input term, using
coe�cien ts g1, g2, g4, becausewe wish to emphasizethe open-loop system
before considering the e�ect of negative feedback.) Figure 3 shows the I/O
characteristic of this system, as well as the characteristic corresponding to a
feedback u = K =(1 + y), with the gain K = 30000. It is evident from this
planar plot that the small-gain condition is satis�ed - a `spiderweb' diagram
shows convergence.Our theoremthen guaranteesglobal attraction to a unique
equilibrium. Indeed, Figure 4 shows a typical state tra jectory.

7 Another Example: Circadian Oscillator

The molecular biology underlying the circadian rhythm in Drosophila is the
focus of a large amount of both experimental and theoretical work. Gold-
beter proposeda simple model for circadian oscillations in [12] (seealso his
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Fig. 3. I/O characteristic and small-gain for MAPK example
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Fig. 4. Simulation of MAPK system under negative feedback satisfying small-gain
conditions. Key: x1 dots, y1 dashes,y2 dash-dot, z1 circles, z3 solid

book [13]) using a mechanism based on the negative feedback loop of the
protein PER inhibiting its own transcription. This (somewhatoversimpli�ed)
model is described by the following equations:

_M = vsK n
I =(K n

I + Pn
N ) � vm M =(km + M )

_P0 = ksM � V1P0=(K 1+ P0) + V2P1=(K 2+ P1)
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_P1 = V1P0=(K 1+ P0) � V2P1=(K 2+ P1) � V3P1=(K 3+ P1) + V4P2=(K 4+ P2)
_P2 = V3P1=(K 3+ P1) � V4P2=(K 4+ P2) � k1P2 + k2PN � vdP2=(kd + P2)

_PN = k1P2 � k2PN

where the subscript i = 0; 1; 2 in the concentration Pi indicates the degreeof
phosphorylation of PER protein, PN is used to indicate the concentration of
PER in the nucleus, and M indicates the concentration of per mRNA. The
parameters (in suitable units �M or h� 1) are: k2 = 1:3, k1 = 1:9, V1 = 3:2,
V2 = 1:58, V3 = 5, V4 = 2:5, vs = 0:76, vm = 0:65, km = 0:5, ks = 0:38,
vd = 0:95, kd = 0:2, n = 4, K 1 = 2, K 2 = 2, K 3 = 2, K 4 = 2, K I = 1. The
whole point of the model, of course,is that limit cycle oscillations appear. It
is important, therefore, to understand to what extent theseparametersa�ect
the existenceof periodic orbits. We chooseto view the systemasthe feedback
closureof the systemhaving M (mRNA) as input and PN asoutput (P equa-
tions), with the system where PN negatively regulates the production of M
(�rst equation). The P-subsystemis a monotonetridiagonal system,and char-
acteristics can be analyzed,for small enoughinputs M , using techniquesas in
the previous examples(see[4] for details), while the M subsystemis scalar.
We view vs asa bifurcation parameter. It is remarkable that the conditions for
Theorem 3 are satis�ed with e.g. vs = 0:4: no oscillations can happen in that
case,even under arbitrary delays in the feedback from PN to M . SeeFigure 5
for the `spiderweb diagram' that shows convergenceof the discrete iteration.
(the dotted and dashed curves are the characteristics). On the other hand,

0 0.5 1 1.5 2 2.5
0

0.5

1

1.5

2

2.5

Fig. 5. Stabilit y of spiderweb (vs = 0:4)

for e.g. vs = 0:5, the conditions are violated; seeFigure 6 for the `spiderweb
diagram' that shows divergenceof the discrete iteration. Thus, and one can
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Fig. 6. Instabilit y of spiderweb (vs = 0:5)

expect periodic orbits; and indeed, simulations show that, for large enough
delays, such periodic orbits arise, seeFigure 7.
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Fig. 7. Oscillations seenin simulations (vs = 0:5, delay of 100, initial conditions all
at 0:2), using MATLAB's dde23 package
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8 Final Remarks

The theory of monotone systemswith well-de�ned characteristics provide a
very powerful method for analyzing both positive and negative feedback in-
terconnections. The theory has only recently started to be developed, but
already a large number of nontrivial applications have beenhandled by it.

For reasonsof space,we have omitted a discussionof how complete bi-
furcation diagrams, with respect to magnitudes of gains, can be immediately
derived from the forms of characteristics; see[1, 3] for details.

Another interesting issue,not included here, regards the necessity of the
monotonicity assumption in Theorem 4. We show by examples in [2] how
relying upon a well-de�ned characteristic may lead to erroneousconclusions,
if monotonicity is not checked �rst.

References

1. Angeli D, Ferrell J, Sontag E (2003) Detection of multi-stabilit y, bifurcations,
and hysteresisin a large classof biological positive-feedback systems,submitted

2. Angeli D, Sontag E (2003) Monotone control systems, IEEE Trans Autom
Control 48:1684{1698 (Summarized version: A remark on monotone control
systems. In Proc IEEE Conf Decision and Control, Las Vegas,Dec 2002, IEEE
Publications, Piscataway, NJ, 2002, 1876{1881)

3. Angeli D, and Sontag E (2003) Multi-stabilit y in monotone Input/Output sys-
tems, Systems and Control Letters, in press (Summarized version: A note on
multistabilit y and monotone I/O systems.In: Proc IEEE Conf Decision Control
Maui, 2003)

4. Angeli D, Sontag E (2003) An analysis of a circadian model using the small-gain
approach to monotone systems, arXiv.OC/0312062, Dec 2003

5. Bhalla U, Iyengar R (1999) Emergent properties of networks of biological sig-
naling pathways, Science283:381{387

6. Cherry J, Adler F (2000) How to makea biological switch, J Theor Biol 203:117{
133

7. Cinquin O, Demongeot J (2002) Positive and negative feedback: striking a
balance between necessaryantagonists, J Theor Biol 216:229{241

8. Delbr •uck M (1949) G�en�etique du bact�eriophage. In: Unit �esBiologiques Dou�ees
de Contin uit �e G�en�etique. Colloques Internationaux du Centre National de la
Recherche Scienti�que vol 8. CNRS Paris 91{103

9. Ferrell J, Machleder E, (1988) The biochemical basis of an all-r-none cell fate
switch in Xenopus Oocytes, ScienceReports 280:895-898

10. Ferrell J, Xiong W (2001) Bistabilit y in cell signaling: How to make contin uous
processesdiscontin uous, and reversible processesirreversible, Chaos 11:227-236

11. Gardner T, Cantor C, Collins J (2000) Construction of a genetic toggle switch
in Escherichia coli, Nature 403:339{342

12. Goldbeter A (1995) A model for circadian oscillations in the Drosophila period
protein (PER), Proc Royal Soc Lond B 261:319{324

13. Goldbeter A (1996) Biochemical Oscillations and Cellular Rhythms. Cambridge
Univ Press Cambridge



20 D Angeli and E Sontag

14. Gouz�e J (1998) Positive and negative circuits in dynamical systems,J. Biol Sys
6:11-15

15. Hart well L, Hop�eld J, Leibler S, Murra y A (1999) From molecular to modular
cell biology, Nature 402(suppl.):C47-C52

16. Hirsch M (1985) Systems of di�eren tial equations that are competitiv e or co-
operative I I: Convergencealmost everywhere, SIAM J. Mathematical Analysis
16:423-439

17. Hirsch M (1988) Stabilit y and convergence in strongly monotone dynamical
systems, Reine Angew Math 383:1-53

18. Huang C-Y, Ferrell J (1996) Ultrasensitivit y in the mitogen-activated protein
kinase cascade,Proc Natl Acad Sci USA 93:10078{10083

19. Hunding A, Engelhardt R (1995) Early biological morphogenesisand nonlinear
dynamics, Journal of Theoretical Biology 173:401-413

20. Kholo denko B (2000) Negative feedback and ultrasensitivit y can bring about
oscillations in the mitogen-activated protein kinase cascades,Eur J Biochem
267:1583{1588

21. Kunze H, SiegelD (1994), A graph theoretical approach to monotonicit y with
respect to initial conditions. In: Xinzhi Liu and David Siegel(eds). Comparison
Methods and Stabilit y Theory. Marcel Dekker New York

22. Laurent M, Kellershohn N (1999) Multistabilit y: a major means of di�eren-
tiation and evolution in biological systems, Trends in Biochemical Sciences
24:418-422

23. Plahte E, Mestl T, Omholt W (1995) Feedback circuits, stabilit y and multista-
tionarit y in dynamical systems, J Biol Syst. 3:409-413.

24. Pomerening J, Sontag E, Ferrell J (2003) Building a cell cycle oscillator: hys-
teresis and bistabilit y in the activation of Cdc2, Nature Cell Biology 5:346{351

25. Rouche N, Habets P, Laloy M (1977) Stabilit y Theory by Liapunov's Direct
Method. Springer-Verlag New York

26. Shvartsman S, Wiley H, Lau�en burger D (2000) Auto crine loop as a module
for bidirectional and context-dep endent cell signaling, preprin t, MIT Chemical
Engineering department

27. Smillie J (1984) Competitiv e and cooperative tridiagonal systemsof di�eren tial
equations, SIAM J Math Anal 15:530{534

28. Smith H (1991) Periodic tridiagonal competitiv e and cooperative systems of
di�eren tial equations, SIAM J Math Anal 22:1102-1109

29. Smith H (1995) Monotone Dynamical Systems:An Intro duction to the Theory
of Competitiv e and Cooperative systems. Mathematical Surveys and Mono-
graphs, Vol. 41, American Mathematical Society Ann Arb or

30. SnoussiE (1998) Necessaryconditions for multistationarit y and stable period-
icit y, J Biol Sys 6:3-9

31. Sontag E (1998) Mathematical Control Theory: Deterministic Finite Dimen-
sional Systems, SecondEdition. Springer-Verlag New York

32. Sontag E (2002) Asymptotic amplitudes and Cauchy gains: A small-gain prin-
ciple and an application to inhibitory biological feedback, Systemsand Control
Letters 47:167-179

33. Thomas R (1981) On the relation between the logical structure of systemsand
their abilit y to generate multiple steady states or sustained oscillations. In:
Springer Seriesin Synergetics 9. Springer-Verlag Berlin 180-193


