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Abstract. This paper deals with the orders of input/output equations satisfied by nonlinear
systems. Such equations represent differential (or difference, in the discrete-time case) relations be-
tween high-order derivatives (or shifts, respectively) of input and output signals. It is shown that,
under analyticity assumptions, there cannot exist equations of order less than the minimal dimension
of any observable realization; this generalizes the known situation in the classical linear case. The
results depend on new facts, themselves of considerable interest in control theory, regarding universal
inputs for observability in the discrete case, and observation spaces in both the discrete and continu-
ous cases. Included in the paper is also a new and simple self-contained proof of Sussmann’s universal

input theorem for continuous-time analytic systems.

1. Introduction. Previous papers by the authors, see [40, 41], studied various relationships be-
tween realizability of continuous-time systems and the existence of algebraic or analytic input/output

differential equations. These are equations of the form

(1) B (u(t), ' (6),u” (1), a8, y(0), 4/ (1), 5" (1), -y (®) = 0

that relate inputs u(-) and outputs y(-). Such equations, and their discrete-time analogues, are of
interest in identification theory, and arise also naturally in the “behavioral” approach to systems (see
e.g. [43]). They provide a natural generalization of the autoregressive moving-average representations
that appear in linear systems theory, where E is linear (in that case, the Laplace transform of the
equation leads to the usual transfer function).

The papers [37, 40, 41] (see also [28] for analogous work in the discrete time case) dealt with the
relationships between the existence of such equations and the possibility of realizing the corresponding

input/output operator u(-) — y(:) by a state space system of the type

(2) (1) = f(x(t)) + Gz(t)u(t), y(t) = h(z(t))

whose state z(t) evolves in an n-dimensional manifold. (Precise definitions are given later; for the rest
of the introduction we give an informal discussion. The main assumption will be that all functions
appearing are analytic.) While i/o equation descriptions of type (1) are well-suited to identification

algorithms, state space descriptions of type (2) are often the basis of feedback design tools and are
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needed for the statement and solution of control problems. Thus, it is of great interest to study the
possible relationships between the two kinds of descriptions.

A question that has not been sufficiently studied, and was not addressed in [40, 41] is that of
comparing the order r of an i/o equation (1) to the minimal possible dimension n of a realization (2).

In discrete-time, for the analogous equations

(3) Eut—1),ut—2),...,ult—r), y), y¢t—=1),...,y(t—7r)) =0.
and systems

(4) X oz(t+1) = f(z(t),u®), y@)=h(z@k), t=0,1,2,...

it was known for a long time (see [28]) that one may have r < n, even if the system in Equation (4)
is minimal. It turns out, perhaps surprisingly, that this cannot happen in the continuous time case:
we prove here that if there is a minimal realization of dimension n then no i/o equation can have
order less than n. Moreover, we show that the result holds true also for discrete-time systems that
are reversible, that is, those for which the controls induce one-to-one maps on the state space (the
examples in [28] were not reversible).

The results in [40, 41] depended on an important equality among observation spaces. The latter
are sets of functions on the state space which are obtained by performing different kinds of “experi-
ments” with the system and extracting infinitesimal information from the observed data. The basic
fact needed was established in [39], and it related the space obtained by using piecewise constant
controls (and derivatives of the output function with respect to switching times between constant
pieces) to the space obtained when using instead differentiable inputs (and the corresponding jet of
derivatives of the output at time zero). The new results given in this paper depend on new facts,
themselves of considerable interest in control theory, regarding subspaces obtained by application of
“generic” smooth inputs.

The results in this paper were announced, and their proofs were sketched, in the conference
paper [32] (and for discrete time in [42]). To be more precise, in [32] we derived our results from an
equality between observation spaces which is somewhat weaker than the corresponding one proved
here, namely, instead of the current Lemma 2.1, we only had that dF(z) = dF,(z) for generic jets p
and for generic states x. This is all that is needed in order to establish the desired results on orders of
i/o equations. However, while this journal version was being written, Coron in the paper [5] showed
that the equality can be strengthenned, so that it holds for all (not merely generic) states (but still
generic u). Since it turns out that the stronger equality can in fact be obtained with essentially the
same proof as in [32], we now present the result directly in that form. (Since we are only interested in
analytic systems, we can use elementary facts from analytic geometry to present a simpler approach
to the problem than in [5]; in that reference the techniques of proof are very different, as the focus
is on applications to feedback control problems for smooth systems. See also [31] for remarks on
applications of results of the type proved here to path-planning and feedback.)

In the development of the new observation space results, we needed to extend to discrete-time
the well-known and fundamental theorem by Sussmann on universal inputs for distinguishability of
continuous-time analytic systems. It turned out that our proof also applies in continuous-time. The
theorem is obtained in a fairly direct way from a stronger result, Lemma 2.1 in this work. The proof
of Lemma 2.1 is very elementary and intuitive, as it does not use anything more complicated than the
fact that every descending chain of sets defined by analytic equations stabilizes relative to any fixed
compact. (The original proof of Sussmann’s Theorem relies heavily on the stratification theory of
subanalytic sets, a considerably deeper set of tools. Thus one contribution of this paper is to provide

an alternative and simpler proof of that important result.) In addition to its role in helping to derive
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the universal input theorem and our main results, Lemma 2.1 also has its own independent interest,
as it provides relationships between observation spaces defined in different ways, and thus, provides
connections between several different notions of observability. We also note the very recent work [33],
where further results on universal inputs are presented; these results show in particular the existence
of inputs which are universal uniformly over the class of all analytic systems.

Another set of results that arose naturally while studying the problems in this paper, and which
are included here, deal with the relationships among various alternative notions of observability,
especially those proposed in the context of the differential-algebraic approach to control theory. We
are able to characterize, for instance, the notion of observability proposed in [10, 9] in terms of more

standard local observability concepts.

1.1. Other Related Work. In addition to the references already mentioned, work by many
authors is related to the topic of i/o equations and realizability; see for instance [6, 13, 37]. In
particular, [7, 8] showed that one must add inequality constraints to (1) in order to obtain a precise
characterization of the behavior of a state-space system, unless stronger algebraic conditions hold. In
[26, 38, 4], local i/o equations were derived under nondegeneracy rank conditions, for smooth systems,
under observability assumptions. The notions of observation space and algebra that we employ were
introduced for discrete time systems in [28], and their analogous continuous-time versions were given
in [2, 3.

1.2. Outline of Paper. In Section 2 we introduce continuous-time systems and a technical
result on observation spaces for generic jets. Certain special cases for which stronger conclusions can
be given, namely bilinear and rational systems, are also studied there. In Section 3, we define universal
inputs, and relate their properties to the results on equality of observation spaces and to the orders
of i/o equations. The following Section has a proof of the main technical results stated in Section 2
and 3. After this, Section 5 provides the discrete-time results. There are also two Appendixes with

some technical lemmas needed in the proofs.

2. Observation Spaces for Continuous Time Systems. In this section we first discuss
several natural ways of defining observation spaces for continuous time systems, and then we explore

the relationships between the different definitions.

2.1. Observation Spaces. Consider an analytic system:

H\
—~
~
=
I

go(@(®) + > _gi(w(t))ua(t),
W) = @),

(5) 3

where for each t, z(t) € M, which is an analytic (second countable) manifold of dimension n, h :
M — IR is an analytic function, and go, 91, . . . , gm are analytic vector fields defined on M. Controls
are measurable essentially bounded maps u : [0, T] — R™ defined on suitable intervals. In general,
o(t,z,u) denotes the state trajectory of (5) corresponding to a control v and initial state x, defined
at least for small ¢.

In the special case in which M = IR™ and the entries of the vector fields g;’s (on the natural
global coordinates) and of the function h are rational (with no real poles), we call (5) a rational
system. If, in addition, the entries of the g;’s and h are polynomials, we call (5) a polynomial system.

For a given continuous time system, let 7 be the subspace of functions M — IR spanned by
the Lie derivatives of h in the directions of go, g1, .., gm, i.e.,

(6) f::span]R{LgilL - Lg; h: r2070§ij§m}.
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This is the observation space associated to (5); see e.g. [30], Remark 5.4.2. For each z € M, let F(x)
denote the space obtained by evaluating the elements of F at z.

For each a € F, we may consider its differential da, seen as a 1-form. For each x € M, we let
dF(z) be the space of covectors defined by

dF(z) = {da(z) : a € F} .

We also let dF be {da: o € F} as a space of 1-forms.

A related construction is as follows. First of all, let R™*° = Hzoil R™ endowed with the box
topology, for which a base of open sets consists of all sets of the form Hzl U;, where each U; is an
open set of R™. A generic subset W of IR""° is one which contains a countable intersection of open
dense sets. It can be easily shown that with the above topology, IR"> is a Baire space; thus a generic
subset is always dense.

Now for any p = (i, ftq, --.) in R™, we define

i

™) Gilwm) = | btz w)

t=0

for i > 0, where u is any C™ control with initial values u(0) = p;- The functions 9i(z, p) can be
expressed, —applying repeatedly the chain rule,— as polynomials in the IS (,ulj, e pmj) whose
coeflicients are analytic functions (rational functions if the system is rational) of z. Take the single

input case

&= f(z) +9(x), y=h(z),
(for simplicity of notation) as an example. The functions are:
Yo(z, p) = h(x),

1/11(307 N‘) = th(m) +IU’OL9h(‘T)7
Yo, p) = Lih(z) + po(LeLsh(z) + Ly Lgh(x)) + p3 Lyh(z) + py Loh(),

and so forth. For instance, for single-input single-output linear systems
' =Ax + bu, y = cx,

we have,

1
Y, (z, p) = cAlx—i—Z Mi_chi_lb, 1=0,1,....

i=1
For each fixed p € R™°, let F,, be the subspace of functions from M to R defined by
(8) ]—-H :Spanm{¢0('7ﬂ)y 1[’1(’7#)7 wz('ylu)7 }7

and let F,(x) be the space obtained by evaluating the elements of ¥, at z for each z € M. Let
dF.(x) be the space of covectors given by

dFu(z) = {dv(z,p) : ¥ € Fu},
for each x € M. For instance, for linear systems, dv, (x, ) = cAl, and

dF,(x) = span{c, cA, cA® ...},
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which is independent of 1 (and x). We also let dF,, be {di(-, 1) : ¢ € F,.}, seen as a space of covector
fields.

Clearly, for each u, F,, is a subspace of F, and therefore, for each z also dF,(x) is a subspace of
dF(z). The main result in [39] says that

(9) F=> Fu.

This equality is fundamental in establishing results linking realizability to the existence of i/o equa-
tions, in [40] and [41]. In intuitive but less rigorous terms, the equality in (9) can be interpreted as
follows. We consider the successive derivatives y(0), y'(0), ¥ (0), ... expressed as functions of z(0)
and «(0), u'(0), v”(0), .... For particular controls u(t), the y(0), y'(0), y”(0), ... are just functions of
x; taking the span of all such functions, over all possible smooth controls, one obtains the right hand
side of (9). On the other hand, taking all possible piecewise constant instead of smooth controls, and
taking derivatives with respect to the times at which the controls switch values, one obtains the space
F in the left hand side of (9).

The following is a technical result for continuous time systems, which will help in deriving the
desired facts about i/o equations.

LEMMA 2.1. Assume that (5) is an analytic system. Then there exists a generic subset W of
R™ such that

(10) F(z) = Fulz)
and
(11) dF(z) = dF ()

for every x € M and all p € W.

REMARK 2.2. The above conclusions are also true if instead of the box topology one uses the
weak topology on IR™°°. This is the topology for which a basis of open sets consists of all sets
of the form Hzl U;, where each U; is an open subset of R and only finitely many of them are
proper subsets of R™. Clearly, the weak topology is coarser than the topology used before. With
this topology, IR™ " is again a Baire space. We will remark at the end of the proof of Lemma 2.1
in section 4, that the conclusions of Lemma 2.1 also hold for the weak topology. Moreover, these
conclusions can be established as consequences of a more general result about convergent generating
series, which insures that there exists a generic subset W of IR™°° with the property that these jets
suffice for distinguishing all possible convergent generating series; some more details are given in [33].

REMARK 2.3. The conclusions in Lemma 2.1 do not always hold for every p € R">°. Consider

as an illustration the following bilinear system:
(12) ) =a0, Th=a04+TIU, Y=2T2.
For this system, F = span {x1, x2}, thus, F(z) # 0 for all z # 0. But on the other hand, we have

Yo, 1) = w2, Py (T, 1) = 22 + 141,

and in general, ¥, (%, ) = Pi(®, g, fby, -5 By_o) + T1it,_,, where Py is some polynomial. Clearly,
for every z = (x1, x2) for which 1 # 0, one can find a solution pu recursively for the equations
Yi(x,u) = 0 for ¢ > 0. Hence, as long as z1 # 0 and z2 = 0, there exists some jet u such that
F.(z) = 0, which is therefore different from F(z) when z; # 0 and z2 = 0. o
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2.2. Algebraic Formulation. In this section, we assume for simplicity that M = IR"; we
could work with more general manifolds, but this would complicate notations, and in any case we will
only need to apply the results given here locally. We say a function 3 is a meromorphic function if
8= %, where p and ¢ are analytic functions defined on M, and ¢ Z 0. (Note that this global definition
is different from the local definition usually given, see e.g. [17]. It will be enough for our purposes.)
For each function o € F, da is a covector field defined on M. If 3 is a meromorphic function defined
on M, then Bda is a well defined 1-form on some open dense subset of M, and any finite sum of such
partially defined covector fields is defined on a common open dense set. Thus, we may introduce the

subspace dF of the cotangent space defined by
dF = span_{da: a € F},

where R, is the field of meromorphic functions defined on M. Similarly, one can define, for each
w € R™° the space dF, by

CTE"M ‘=spang_{da: a€ F}.

Note that there are natural identifications &_7—' ~dF ® R, and (17:# ~dF, ®R,.

Since M = R", we can identify elements of dF with vectors

(a1(x), az(x), ..., an(x))

of meromorphic functions defined on M. The dimension of dF over R, is the size of the largest
matrix that can be formed out of such vectors and has full rank, i.e. has a minor which is not zero as

a function. That is, dimg, dF is the same as max dimdF(x). A similar argument can be made for
xTE

each dF,(z); together with Lemma 2.1, we can then conclude:
COROLLARY 2.4. For any analytic system, dF, = dF for all p in a generic set of R"™ . O

Yet another object is obtained if one views instead the elements

as rational functions, (in particular polynomials) on the formal variables U = {Uj;}, whose coefficients
are functions of z, as opposed to seeing them as functions of = for each numerical choice U;; = i

We proceed as follows. Let
K:]R({Uij: 1§i§m,j20})
be the field obtained by adjoining the indeterminates U;; to IR, and let
Ko=R({Uy: 12i<m, j20})

be the field obtained by adjoining the indeterminates U;; to IR,. We then let § be defined as the
subspace of K, spanned by the functions ¢; over the field K, i.e.,

§ :=span ; {¢); : ¢ >0} .

Thus, § consists of finite linear combinations Y | ¢;(U):(z, U), where the ¢;(-) are rational functions
on the variables {U;;}. Such a linear combination can be seen as a rational function on the {U;; } whose
coeflicients are meromorphic functions of  (and hence also meromorphic functions), thus elements of
K. The differentials (with respect to x) of elements of K, are viewed as rational functions in {U;;},

whose coefficients are (in general, partially defined) covector fields. Finally we define

(ﬁ = spanKm{dw: wES}
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Then Lemma 2.1 implies the following:
COROLLARY 2.5. For any analytic system dimr, aF = dimg, dS
Proof. Clearly dimg, d&' < dimg, d]—" On the other hand, dimg, d& max, dimp, d]—" The

desired conclusion then follows from Corollary 2.4. 0O

2.3. Bilinear and Rational Systems. Now consider a bilinear system,

' = Aoz + Z uiA;x
i=1

Yy =cz,

where Ao, A1, ..., A, are n X n matrices, and ¢ is an 1 X n matrix. For each multiindex i1iz - - - iy,
where 0 < i; < m for each j > 0,

Lgil L9112 o 'Lgirh(x) =cAi, Ai,_ - Ai .

Note that v; (as defined in (7)) is also linear in z for each 4; for instance, in the single input case (for

simplicity of notations),
Pa(, Ho> /.1,1) =c(Ao + MoAl)QI + gy cAiz.

Thus, for the bilinear case, we have

COROLLARY 2.6. For a bilinear system,
(14) F=F, and dF =dF,

for every u in a generic subset of R™°. O
REMARK 2.7. We would like to point out that this Corollary does not hold in general. The

following simple example shows that for a general nonlinear system, F and F,, (respectively, dF and

dF,) may not be the same for any p, even though the two spaces dF and CTJ\-'M are the same.
ExXAMPLE 2.8. Consider the system:

x’ :x3+x2u, y==x.
It is easy to see that

y=z, y =2 +au,
" = 32° + 5atu + 2230 + mzu',

w2, (k—1)

DNz oy (u, 0, z) + 2%u , where pg is a polynomial

in x of degree less than or equal to 2k. It can be seen that

and in general, y*) = (2k —

2 .3
.7-":span]R{:c7 o, x 7}

However, o> ¢ F,, for any p for the following reason: Assume that

k
2= Z aitpi(x, )
=0

for some k and some ag,a1,...,ar € R. Then a; = 0 for ¢ > 2, for otherwise the degree of x in the

left hand side would be higher than 3. Thus the above equation becomes

2* = aoz 4 a1 (z® + xz,uo)
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which is impossible. This shows that F, # F for any p even though, in this case, aF = J}H =
span i_{dz} for all p.

In this example, it is also true that dF # dF, for any p. This can be shown as follows: If dF =
dF,, then dz* = 2zdz € dF,. From here it would follow that * = a1 (z, p)+oa (2, p)+- - +a, (z, p)+c
for some elements a; € F,, and some constant ¢ € IR. But it can be seen from the above argument
that this is impossible. O

Assume now that (5) is a rational system. Define A (A, respectively) as the IR-algebra generated
by the elements of F (F,,, repectively). Then we define the observation field Q (Q,., respectively) as
the quotient field of A (A, respectively). For a field extension @ of IR, we use trdegr @ to denote
the transcendence degree of @ over IR. Then we have the following conclusion for rational systems,
in analogy to the above conclusion about bilinear systems:

COROLLARY 2.9. For a rational system,
trdegr @ = trdegr Qu,

for each p in a generic subset of R™ . ]

3. Observability and Universal Inputs in Continuous-Time. Consider an analytic system
(5). Fix any two states p, ¢ € M and take an input u. We say p and q are distinguished by u, denoted
by p %u q, if h(p(-, p, u)) # h(e(:, q, u)) (considered as functions defined on the common domain of
o(+, p,u) and ¢(-, ¢, u)); otherwise we say p and ¢ cannot be distinguished by u, denoted by p ~u q.
If p and ¢ cannot be distinguished by any input u, then we say p and q are indistinguishable, denoted
by p ~ ¢. If for any two states, p ~ ¢ implies p = ¢, then we say that system (5) is observable. (See
[30], Chapter 5.)

An input w is called a universal (distinguishing) input for system (5) if every distinguishable
pair can be distinguished by u. The existence of universal inputs was first studied in [15] for bilinear
systems, in [27] for analytic systems with compact state spaces, and for arbitrary analytic systems in
[35] for the continuous case. In this work, we will provide a different and simpler proof of the general
result in [35]. (Also, we later give a discrete time version.) We now state the result to be proved.

For each T' > 0, we consider C*°[0, T] endowed with the Whitney topology, that is, the topology
for which a neighborhood base for each function u(-) € C*°[0, T consists of the sets of the following
form:

Uue,s = {veC™0,T]: L WO (t) —uP(t)] < 6}
for some k > 0 and some § > 0. This is well-known to be a Baire space (see [14]). By a generic subset
of C*°[0, T] we mean a subset of C*°[0, T] containing a countable intersection of open dense sets.

THEOREM 3.1. (Sussmann’s Universal Input Theorem) For any analytic system (5), and any
fized T > 0, the set of universal inputs is a generic subset of C*°[0, T1.

PROPOSITION 3.2. There is always an analytic universal input for any analytic system. O

We will provide proofs of Theorem 3.1 and Proposition 3.2 in section 4.1.

Consider the following more general class of systems:

(15) a'(t) = flz(t),u(t), y(t) = h(z(t),

where for each t, z(t) € M, an analytic manifold of dimension n, h : M — R is an analytic function,
and f : M x R™ — TM is analytic, and f(x,u) € ToM for each (x, u), so in particular, f(-,u)
is an analytic vector field for each u € IR™. Controls are measurable essentially bounded maps:
w: [0,T] — RR™, for some T' = T, > 0. We apply the same definitions of distinguishability,

observability and universal inputs as for system (5) to system (15). One can then generalize to
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systems of type (15) the conclusion of Theorem 3.1, by means of the following argument. We consider

the following system:
(16)

where v is now a new control. By Proposition 5.1.11 in [30], one knows that if (z1, z2) is a distinguish-
able pair for (15), then x1,z2 can be distinguished by a differentiable (in fact, an analytic) control w.
It then follows that for (16), the pair (£, (), where € = (z1, u(0)) and ¢ = (z2, u(0)), is distinguished
by v(t) = v/(t). On the other hand, if for (16), the pair ((z1,2), (x2,2)) is distinguished by v, then
for (15), (z1,x2) is distinguished by the control

z+/0tv(s)ds.

Therefore, (z1,z2) is a distinguishable pair of (15) if and only if there exists some z € R™ such that
((z1,2), (z2, 2)) is a distinguishable pair for (16) for some z. Applying Theorem 3.1 to system (16),
we proved the following conclusion:

COROLLARY 3.3. The universal inputs for system (15) form a generic subset of C*°[0, T, for
any T > 0. O

3.1. Other Notions of Observability. In the following, we study relationships among several
alternative notions of “observability” that have been proposed by various authors.

Take an open subset U of M and any two points p, g € U. If for every input u, h(p(t, p, u)) =
h(p(t, g,u)) for each t for which o(T), p, u) and p(T, q, u) are both defined and in U for all 0 < ¢ < T,
then we say that p and ¢ are U-indistinguishable (see e.g. [29]).

Fix a point p € M. If for every neighborhood U, there is a neighborhood V,, C U, so that for
any g € Vj, the condition that ¢ and p are Up-indistinguishable implies p = ¢, then we say the system
(5) is locally observable at p. If (5) is locally observable at every point p, then we say (5) is locally
observable. If there is an open dense set U C M such that (5) is locally observable at every point p
of U, then we say (5) is generically locally observable. See [29] for details on local observability and
related concepts such as the slightly different definition in [26]. The following fact is an immediate
consequence of Lemma 2.10 and facts (2.4) and (2.8) in [29]:

PROPOSITION 3.4. An analytic system (5) is generically locally observable if and only if
max, dimdF(z) = n. |

PROPOSITION 3.5. Let M = IR"™ and let (5) be an analytic system. Then the following are
equivalent:

1. The system is generically locally observable.
2. dimg, 5§ =n.
3. dimg, dF =n.

Proof. The maximum dimension of dF () is the same as the dimg, dF. This shows that (1) and
(3) are equivalent; (2) is equivalent to (3) by Corollary 2.5. 0O

For a polynomial system, the v¢;(z,U)’s (as defined in (13)) are polynomial functions of both
x and U. We say that a polynomial system is weakly algebraically observable if each coordinate x;
is algebraically over the field K({¢; : i > 0}) (= R({Uij,%x,t = 1,...,m; j,k > 0})). It follows
that ¥ is weakly algebraically observable if and only if dimg () a% = n, where K(z) is the field of
rational functions over K. (This is proved as follows: The dimension condition is equivalent, by
[18], Theorem III of II1.7, to the property that the transcendence degree of Ko = K({¢; : i > 0})
over K should be equal to n. On the other hand, we have the inclusions K C Ko C K(z), so
trdeg Ko + trdeg K (z) = n. Thus the dimension is n if and only if trdeg, K (z) = 0, i.e., iff K(z)

is algebraic over Ky.) By Proposition 3.5, we have the following:
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COROLLARY 3.6. A polynomial system is weakly algebraically observable if and only if the system
is generically locally observable. O
The notion of weakly algebraic observability used here was called “weak observability” in [28].

The same notion was used in [10], and extended to cover implicit systems as well.
3.2. Orders of I/O Equations in Continuous Time Case.
3.2.1. State Space Systems. We say that a state space system X admits an i/0 equation such

as

(17) Alu(t), o/ (1), .y w70, y(0), ¥ (@), -,y (1) =0,

where A is a nonzero analytic function from R™* x R**! to IR, if (17) holds for every initial state
x, every C* i/o pair (u,y) of (5), and all ¢ such that y(¢) is defined. The order of an equation (17) is
defined to be the highest r < k such that

0
ov,

A(p,o, ceey k=15 VO, V1, ..., I/k)

is not a zero function.

For a given system X, we define §(X) to be the lowest possible order of an i/o equation that ¥
admits. In case that there is no such i/o equation, 6(X) is defined to be +oo.

THEOREM 3.7. Assume X is an n-dimensional analytic system defined by (5). If ¥ is generically
locally observable, then 6(3) > n. If, in addition, ¥ is a rational system, then 6(X) = n.

Proof. Let U C M be an open subset diffeomorphic to R™. We consider the restriction of ¥ to
U. This system is still generically locally observable, and an equation for ¥ is also an equation for the
restriction. So without loss of generality, we assume from now on that M = R".

Assume that 6(X) = k < co and ¥ admits i/o equation (17) of order k. For each integer i > 0,
let

o

= 5.
ovy,

Ai A(,uo, cevy Mk—1, VO, V1, ..., Vk).

Claim: There exists an 4, such that A; is not an i/o equation of X.
We prove the claim as the follows. Assume that A; is an i/o equation of ¥ for every 7. Then for

any fixed i/o pair (u, y) and any fixed ¢, it holds that
Aiu(®), -, w7 (@), y(@), -y () = 0

for all 7. Thus, as a function of v, for these fixed values u(t), ..., y(k*l)(t)7 all derivatives of

(18) Au®), -, w0 @), y(@), oy V0, 1)

evaluated at v, = y¥)(t) vanish. Tt then follows from the analyticity of A that (18) vanishes for all
values of v, . Let ¥, be such that the function

A(NO, ceey Mk—1, VO, o vy Vk—l) = A(MO? ceey Mk—1, VO, - .y Vk_lv Dk)
is not a zero function. Clearly it holds that
(19) Au®), . w00, y(0), -, y* (@) = 0

for all i/o pairs of X. If one can show that A does not depend on p, ,, then one concludes that A=0
is an i/o equation for ¥. For this, we proceed as follows: First of all, (19) holds for all i/o pairs of

(u, y) if and only if the following holds:

A()”‘Oy e .u‘k,17 1/10(-’57 lu)? "'7wk,1(x7 ,u‘)) =0
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for all z € M and all p. Note here that v, defined by (7) does not depend on I for j > 4. It follows
that for any g, ,,

A~(/J‘(]7 R luk727 ﬂk*l’ wo(‘ra ,LL)7 et 7wk71(‘r7 lu)) = O

for all x and all p. Finally, pick i, , such that

A(po, ..., B oy V05 ooey V) 1= A(uo, ooy By oy By VO, ooy Vi oy Dk)
is not a zero function. Then A = 0 is an i/o equation of order k — 1 for ¥. This contradicts the
assumption that 6(X) = k. The claim is thus proved.
Now let » > 1 be the smallest number for which A, = 0 is not an i/o equation for ¥. Replace A
in (17) by A,_1. Evaluating (17) at ¢ = 0, the equation implies the identity:

(20) A(/“L07"'v.u’k,15w0(ma /L),,'lﬁk(x, /‘l‘)) = 0.

Since A; = 0 is not an i/o equation of ¥, it follows that there exists some pu € R™* such that

(21) Al(#ov"'aﬂk,17¢0(x7 H)7~~~7¢k($a ,LL)) #0,

as a function of x, and hence by analyticity the complement of

B:{Me]Rmk: Al(u/07 "-7/~Lk_17w0($7 M)7~~'7 wk(% M)) = 07 vx}

is an open dense subset of R™*.

Combining (20) and (21), one sees, for each u ¢ B, that d¢, (-, ) is a linear combination of
depy (-5 i), -.., do, (-, p) over R;. Thus cﬁ-‘i = &}2_1, where, for each 1, &.\7'; is the subspace of
d/.\/”:u spanned by dv (-, i), dvp; (-, i), ..., do, (-, p). Differentiating (17) with respect to time, one
sees that for any ¢ > 1, it holds that

Aq(u(t), ... uF D(t), y(t), ... ,y(k)(t))y(kﬂ)(t)
Aty s gD

for every i/o pair (u y) of 3, where A; is some analytic function. Thus, by induction, one can show
that d.7-'k+ = d]: for all 4 ¢ B. It then follows that dimg, d.7-' < k for all u & B where
BclmelsdeﬁnedbyE:Blemlem

On the other hand, by Corollary 2.4 and Proposition 3.5, one knows that dimg, (I.\FM =
dimp, dF = n for all u in a dense (in fact, even in a generic) subset of R™°. Therefore, ¥ cannot
admit any i/o equation of order lower than n.

If ¥ is a rational system, then an easy elimination argument, (based on the fact that any set of
n + 1 rational functions in n variables must be algebraically dependent, see [40] for details), shows

that it admits at least one i/o equation of order n, therefore, §(X) =n. O

3.2.2. I/0O Operators. Next we consider i/o equations for i/o operators rather than for state
space systems. By an i/o operator we mean an i/o map given by a convergent generating series. For
detailed definition of i/o operators, we refer the reader to [41]. We say an i/o operator F' satisfies an
i/o equation (17) if every C* i/o pair (u,y) of F satisfies (17).

For any given operator F, we define 6(F) to be the lowest possible order of an i/o equation for
F. Again, in case that there is no i/o equation for F, §(F) is defined to be +cc.

An operator F' is said to be realized by an initialized analytic system

(M,.CE(), {907917 e 7gm}7h)
11



if every i/o pair (u,y) of F satisfies the equations

2 (t) = go(()u(t) + Y gi(x(t)ui(t), (0) = =0,

for ¢ small enough.

Let A(F) be the Lie rank of F, as defined in [11], [19], or [26]. It is well-known that F' is
realizable if and only A(F) < oo, and the dimension of any canonical realization for F is A(F), cf
[11] and [34]. Here, by a canonical realization we mean a realization by an accessible and generically
locally observable system.

PROPOSITION 3.8. Assume that F' is an i/o operator. Then:

(a) A(F) < 8(F);
(b) if there exists a rational canonical realization for F, then A\(F) = 6(F).

Proof. It was shown in [41] that if 6(F) < oo, then A(F) < oo. Thus we may assume
that A(F) < oo, and in this case, one knows that F is realizable by some canonical system
¥ =(M,z0,{g0,91,---,9m}, h).

By Remark 4.2 and Lemma 4.3 in [41], one knows that F' admits i/o equation (17) if and only if
(17) holds at any point ¢ at which u*~V)(t) exists. Combining this fact with the accessibility of the
system, one sees that F' admits i/o equation (17) if and only if (20) holds for ¥ for all z in an open
subset N of M and for all u. On the other hand, it can be seen that (20) holds for all z € A/ and
all u for system X if and only if (17) is an i/o equation for ¥ as a system restricted to . Applying

Theorem 3.7, we obtain the desired conclusion. O

4. Proof of Lemma 2.1. In this section, we will prove Lemma 2.1. We will show first that

there exists a generic subset Wi of IR™°°, so that

(22) F(@) = Ful@)

for all z and p € Wi, and then that there is a generic subset W, of IR™°° so that
(23) dF(z) = dF.(x)

for all z and all ;1 € Wa. Then we just let W = Wi [ Wh.
Proof of first part. For system (5), let

B :={zeM:F(x)=0}.
To prove (22), we consider, for each subset A of the open subset M \ B, the following set:
Gy = {peR™™: U(x, n) #0,Vz e N},

where W(z, 1) = (i (, ), ¥, (&, ), )

To prove the desired conclusion, it is enough to show that Gar is open dense whenever N is a
compact subset of M \ B (since M \ B can be written as a countable union of such subsets). In the
following we let N be a fixed compact subset of M \ B, and we just write G instead of Gnr. To show
that G is dense, we need the following fact.

Let » > 1 be an integer. For each fixed vector v" = (v, v;, ..., v,_;) € R™", we say that
= (fy, pty, -..) € R™ is an extension of v" if u, = v, for each i € [0, r — 1].

LEMMA 4.1. Let zo € M and let v" be a fized vector in R™". If U(zo, ) = 0 for every extension
wof v, then x € B.

12



The proof of the above lemma will be given in Appendix A. We now return to show that
G is dense. Take any open subset U of R™°; without loss of generality, we may assume that
U =Uy XUy X --- XU x---, where each U; is an open subset of R™. For each integer r > 0, let
Uur = H:;Ol U;. For each pu" € U", define

By = {xeN: U.(z, u") =0}

where W,.(z, p") = (¥, (z, 1), ¥, (x, 1), ..., ¥, (x, p)) for any extension p of p”. Note that ¥, is
well defined because v, (z, 1) does not depend on Hj for j > i. For each finite jet v, B, is an analytic
subset of \V, i.e. a set defined by analytic equalities. As a consequence of the Weierstrass Preparation
Theorem (in the form given for instance in Thm. 2.7, Cor. 3 of [17]), one knows that analytic subsets
of a compact set satisfy a descending chain condition. That is, if A; D A2 D --- D A; D --- are
analytic subsets of a compact set, then there exists some r > 0 such that 2; = A, for all j > r. From
here it follows immediately that there is a minimal element By of the family {8, } in the sense that
By = B, whenever B, C By. Assume now that o € U" provides such a minimal element.
Claim: By = 0.

Assume that the above claim is not true. Then there exists some zo € A such that ¥.,.(zg, ) = 0.
Pick such an zo. By Lemma 4.1, there exists some extension u of ¥ such that ¥(zo, u) # 0, so there

exists some | > r such that 1, (zo, ) # 0. Write

l — — — — — l
o= Py, Oyy ooy Opqy iy oy ;) €R™
Note that (7,, 7, ..., §,_;) € U" by construction. For these fixed 7, ..., 7,_; and ¢, the function
1, (o, p) does not depend on p; for j > 1, and is analytic in (Brs Myyys -5 Hy_q)- Since it does not
vanish at (f,., ..., fi,_, ), there is also some
(larv ﬂ/y‘_i'_l’ cey [Llfl) EUr X Urg1 X -+ X U1
such that, for 7 := (Ty, ..., Uy, fip, ---, f,_1), ¥,(zo, 1) # 0 for any extension fi of #, and hence,

W (zo, U) # 0. So zg € Bz \Bi. Also, obviously By C By, since  is an extension of #. This contradicts
the minimality of Bz. So we proved that ¥, (z, v) # 0 for all z € N, as claimed.

Take any extension u € U of u” to an infinite jet. Then ¥ (z, u) # 0 for all z € N, that is, G NU
is not empty for any open subset U of IR"*°. Since U was arbitrary, one concludes that G is dense.

To prove the openness of G, let
G ={u eR™: U (z, u") £0, Vz e N}.

By compactness of N, G” is open. Let G, = G" x IR™*°. Then G, is open. Since G = U:o:l G, it
follows that G is open.

Proof of second part (equation (23)). Clearly dF, (z) C dF(x) for all z and p, and, for each p € R™°,
dF,(z) = dF(z) if and only if

(24) ker dF(z) = ker dF,(z).
We now let
B= {(z,v) €eTM: v €ker dF(x)}

Then TM \ B is open. Let \/I;(x, v, ) = (1//;0 (z, v, w), 1//;1 (z, v, u), ...), where Jl(x, v, @) =
de, (z, p)v. To prove the desired conclusion, it is enough to show that there exists a generic sub-
set W of R"™° such that for any u € W, \/I;(x, v, p) # 0 for all (z, v) & B. For this, it is enough to
show that for any compact subset N of TM \ l?, the set

é\ﬁ ={peR™>: @(az, v, ) #0, V (z, v) E/V}
13



is open dense. We now fix a compact subset N of TM \ B\, and write @\ instead of/?j\?. Similar to the
proof of part 1, we need the following conclusion to prove the density property of G. The proof of the
conclusion will again be provided in the Appendix A.

LEMMA 4.2. For any given fized point (z, v) € TM, if ‘/I\/({E, v, p) = 0 for all extensions p of V",
for some v € R™, then (z, v) € B.

To show the density of é\ , we take any open subset U of IR™°°. Again, without loss of generality,
we can assume that U = Uy X Uy X -+ X U; X - - -, where each U; is an open subset of R™. Using the

same notions for p" and U" as used before, we define

~

Byr = {(:c, v) € N @T(:ﬂ, v, u) = 0}

where @T(JC, u') = (12)\0 (z, v, ), 121\1 (z, v, u), ..., 12}171(1’, v, p)) for any extension p of u”. For each
finite jet v, gy is an analytic subset of N (with the obvious analytic manifold structure on the tangent
bundles). Using the same argument as before, one knows that there exists a minimal element of the
family {B\V} Let v € U® be such that l?u is a minimal element.
Claim: (I\/s(x, v, v) # 0 for all (z, v) € N.

Assume that the claim is not true. Then there exists some (zo, vo) € N such that @s(xo, vo, V) =
0. By Lemma 4.2, there exists some extension p of v such that \/I\/(:co, vo, 1) 7 0. This means there

exists some [ > s such that 1])\1 (z0, vo, u) # 0. By analyticity of {b\l, one knows that there exists some
(/-7’57 /15+17 ) ﬂl—l) €U Xus+1 X e X Ui

such that, for i := (vy, ..., v,_, fig, --oy 1) @1(960, vo, 1) # 0. So (xo, vo) € B, \B\g Also,
obviously gﬂ - B\V, since U is an extension of v. This contradicts the minimality of Ey. So we proved
that (I\/T(:c, v, v) # 0 for all (z, v) € N. Noting then that for any extension y of v/, (I\/(x, v, p) # 0 for
any (z, v) € /V, we conclude that G (U # 0. This proves the density of G.

To prove the openness of é\, we again let
G = {u €R™ : Up(x, v, u") #0, V(z,v) € N}.

By compactness of J(\/', é\r is open. Let é} = éT x IR™°°. Then é\r is open. Since é = U:o:l ér, it
follows that G is open. The proof of Lemma 2.1 is then complete.

Finally, we remark that also with respect to the weak topology on IR™°°, Gnr and Q\ﬁ are still open
and dense. Density is obvious, as they are dense with respect to a stronger topology. The openness
of Gy and éﬁ follows from the compactness of A and N. Thus, the conclusions of Lemma 2.1 also

hold with respect to the weak topology on IR™ .

4.1. Proof of Theorem 3.1. In this section, we provide a proof for Theorem 3.1.

To study observability for system (5), we consider the following system:

& = O+ Y 5®u,
yo= RO,

(25)

where

5—(2’) € Mx M, @(é)—(g’?;), 0<i<m,

gilz

and h(€) = h(z) — h(z). Clearly, & %, z for system (5) if and only if & 4, 0 for system (25). Thus,

to prove Theorem 3.1, it is enough to establish the following conclusion:

14



PROPOSITION 4.3. Assume that for an analytic system (5), the i/o map induced by the zero
initial state is a zero map, that is, h o p(t,0,u) =0 for all t and all w. Then for any T > 0, the set

B={uelC>0, T]: x %, 0if x £ 0}.

is a generic subset of C*°[0, T1.
Proof. Let B:={x: x ~ 0}. Then M \ B is an open subset of M. To prove Proposition 4.3, it
is enough to show that for every compact subset N of M \ B, the set

Gy ={uel™0, T]: z#%,0foral zeN}

is an open dense subset of C*°[0, T7.

Note that for u € C*°, = ., 0 if 9i(x, p) # 0 for some i, where pn = (pg, pq, -..) € R* with
W, = u?(0), and 1); is as defined in (7) for each 4. Also, by Theorem 3-1.5 in [19], one knows that for
x € M, if F(z) = 0, then z € B. This means that for each z € N, F(z) # 0. Thus, by Lemma 2.1,
there exists a dense subset G of R™ such that ¥(z, p) # 0 for all z € A and all u € G.

To complete the proof of Proposition 4.3, we need to show that & is an open dense subset of
c*lo, 1.

Take @ € C*[0, T, and let U be a neighborhood of @. Without loss of generality when showing
the density of &ar, we may assume that

U= {w €C™0, T]: max |w®(t) — 2P (t)] <5, te]o, T]} ,

0<i<k

for some integer k > 0 and some § > 0.
Let i := (g, fiy, --.), where i, := @@ (0), and let W be the open subset of IR™> defined by:

W={peR™®: |u—p|<de ", i>0}.

As WG # 0, there exists some v € W such that ¥(z, v) # 0 for all z € N'. By compactness of NV,

there exists some r > 0 such that

(26) U, (z,v") #0, for any x € N
Without loss of generality, one can always assume that r > k.
r—1 _
So(t) = o) — S Hiyi 5 (0) = L
Now let @o(t) := @(t) _+t". Note then that ;" (0) =0 forall 0 <i<r—1.
il
i=0

Finally, we define

Then, for 0 <i <k and 0 <t <T, we have

r—1 — oo —
(i) —(9) v — Al 5 Vigi =Bl
SRCRERCIEID I = D D
< e Tl < 8.

Thus, w € U.
On the other hand, (26) implies that for every = € A/, there exists some i < r — 1, such that

L1 hett,zw) £ 0.

t=0
15




From here it follows that x £, 0 for every x € N, that is, w € Bs. This proves that & ,r is dense.
We then conclude the proof of Proposition 4.3 by noting that the openness of & follows from
the compactness of N'. 0O
REMARK 4.4. Note that the above proof only depends on the first half of Lemma 2.1, i.e.,
formula (22), and the proof of (22) is fairly straightforward (though it calls upon some notions and
elementary results from the theory for generating series). [ |
Proof of Proposition 3.2: As indicated in the beginning of this section, it is enough to show the
following:
Assume that for an analytic system (5), the i/o map induced by the zero initial
state is a zero map, that is, h o ¢(t,0,u) = 0 for all ¢ and all u. Then there exists
some analytic input u such that x ¢, 0 for all x ¢ 0.
Proof. Consider the following open subset of R™°:

U =Uy xUp XUz X ---

whereU; = (—1, 1) for all ¢ > 0. By Lemma 2.1, there is at least one jet p in U such that F,,(z) = F(x),

from which it follows that

(27) Wz, p) #0, V0.

Now let

e}

ﬂi 7
i=0

Then u is an analytic function and u(i)(O) = p,;. By (27), one knows that = ¢, 0 for all 2 £ 0. O

5. Main Results for Discrete Time Systems. In this section, we discuss our main results

for discrete time systems.

5.1. Basic Definitions for Discrete Time Systems. We consider analytic systems as in
Equation (4), where for each ¢, z(t) € M, an analytic manifold and u(t) € R™. We assume that
h: M — RPand f: M xIR" — M are analytic. If M = IR", and the entries of f and h are
rational functions with no (real) poles, then we call (4) a rational system. A system X will be called
reversible if f(-, u) is one-to-one, for each fixed u € R™. (Reversible systems are a more general class
than the systems usually called invertible in the discrete-time controllability literature, for which one
makes the stronger requirement that f(-, u) is a diffeomorphism of M, for each u. Invertible systems
arise naturally through the sampling of continuous-time systems in digital control, by integrating
flows over a sampling period; their controllability properties were studied in, among other papers,
[20, 12, 21, 24, 22, 23, 1].)

For each control sequence w € R¥™, we define f* : M — M inductively by f¢(x) = z for the
empty sequence e and f““(z) = f(f“(z), u). We also let h* := ho f*. For u = (g, by, -..) € R™,
we let H*(z) := (h(x), h*°(x), h*0H1(z), ...).

Two states p and ¢ are said to be distinguished by p € IR™°°, denoted by p #, ¢, if H"(p) #
H*"(q). A discrete time system is said to be observable if any two distinct states p and ¢ can be
distinguished by some . See [27] for detailed introduction to observability and related concepts, and
in particular [25] for results on observability of discrete-time systems.

For an analytic system, we define the observation space of 3 as the following subspace of the

space of analytic functions defined on M:

F =span {h”: w e R™,r > 0}.
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This space plays an important role in studying observability of discrete time systems, see e.g. [28]
and [27]. See also [16] for related algebraic structures.

Associated to the above space, for each x € M we let dF(z) be the subspace of the cotangent
space at x defined by

dF(z) ={da(z): a € F}.

In analogy to the continuous time case, we define, for each u = (py, p;, ...) € R™, the

following subspace F,, of analytic functions:
Fu =span g {h, ht0, hto¥1 . .} .
For each p € IR™ and each z € M, we also consider
dF,u(z) ={da: a € F.}.

Clearly, F = Zu F, and dF(z) = Z# dF,(x) for each z. Here we will need the following result:
LEMMA 5.1. Assume that (4) is reversible and observable. Then there exists a generic subset W
of R™° such that for each n € W,

(28) dF(z) = dF,(z) = R™,

for all x in an open dense subset of M. The proof will be given later; it will rely on a result about
universal inputs for discrete time systems which is presented in the next section.

Assume now that M = IR". Still using the notations used in section 2.2, we introduce:
arF = span_{da: a € F}, 5.7—"” = spany_{da: a€ F.}.

From the Lemma, and using an argument analogous to that used in proving Corollary 2.4, we have:
COROLLARY 5.2. For an analytic, reversible and observable system, dF, = dF for all p in a

generic set of R™°. |

5.2. Observability and Universal inputs. An input sequence is said to be a universal input
of a discrete time system X if it distinguishes every distinguishable pair of X.

THEOREM 5.3. Assume that (4) is analytic, reversible and observable. Then the universal inputs
of (4) form a generic subset of R™°.
Proof. First of all, we let

D:={(z,x): e M} C MxM.

By observability, every pair (z, z) € (M x M)\ D is a distinguishable pair of (4). For each v € R™",
we let Ar(z, z, v) = h”(x) — h¥(2), and we also let Ao(z, 2) = h(z, z). For each = (pg, pty, --.), we
define

A((L‘, 2, /‘L) = (AO(ZE7 Z)? Al(ZE, 2, /’Lo)v A2(:L'7 2, /’thu‘o)v e ) :

To prove the desired conclusion, it is enough to show that for each compact subset A of (M x M)\ D,
the set Gnr defined by

Gar = {n € R™™: A, 2, p) # 0, (@, 2) €N}

is an open dense subset of R,

17



For each open subset U of R™° given by U, x U; X ---, consider, for each v € U*® = H:& U,
the subset B, of N defined by

B, ={(z, 2) e N: Av(z, 2,v) =0},

where A,(z, z, v) = (Mo(z, 2), Mi(x, 2,1,), ..., As(z, 2, v)). Using the same argument as that em-
ployed in the proof of Lemma 2.1, we know that there exists a minimal element B; of the family {55 }.
Suppose v € U". We next show that o distinguishes every pair (z, 2) € A/. Assume that there would
exist a pair (zo, z0) € N such that zo ~5 z0. Since (4) is reversible, x1 # z1, where 1 = f”(z0)
and z1 = f“(z0). By observability of (4), one knows that there exists some 7 € IR™® such that
71 %5 z1. Let U = 0 (concatenation of sequences), then it follows that A,1s(zo, 20, #7) # 0. By the
analyticity of A,4s when fixing xo, zo and 7, one knows that there exists some VEU X - X Upss_1
such that A,is(zo, 20, V) # 0. This implies that (zo, 2z0) € Bs \ B ~, which, in turn, implies that

l/l/7
BD/; is a proper subset of By, contradicting the assumed minimality of Bz. Thus, we showed that

Ar(z, 2, 7) # 0 for any (x, 2) € N. Clearly, any extension pu of 7 in I is an element of Gy. This
shows that Gar (U # 0 for any open subset U of R"™°. The density of G is thus proved.

Again as in the proof of Lemma 2.1 for the continuous case, Gy is open since N is compact. B

In the statement of Theorem 5.3, we assumed more than we did in its continuous counterpart,
Theorem 3.1 (and also concluded slightly less). One of the extra conditions is observability. We needed
to impose this because the counterpart of Lemma 4.1 is not available in the discrete time case. The
discrete case analogy would be that any distinguishable pair is again carried to a distinguishable pair
by the flow of the system, no matter which input is applied. Unfortunately, this not true in general.
The following example, suggested by F. Albertini, shows that distinguishable pairs can be carried to
indistinguishable pairs. (Note that this can never happen with analytic continuous time systems.)

EXAMPLE 5.4. Consider the system

(29) 2t +1) = a(t) + 1, y(t) = hla(t),
where h(z) is defined by

sin T s
I lfﬂ,’ # 0

h =
@) 1 ifx=0.

Clearly the system is analytic and reversible. However, the distinguishable pair (0, 1) is carried to an
indistinguishable pair after ¢t = 1. O
Proof of Lemma 5.1: To obtain the desired conclusion, it is enough to show that (28) holds in an
open dense subset of M for every universal input p (since universal inputs themselves form a generic
subset).

Fix any universal input p. By observability, one knows that H(:, u) is a one-to-one map. Let
k = max, dim F,(p). It is sufficient to show that k = n. But this is an immediate consequence of

Lemma B.1 (see Appendix B), applied to {h, h*0, h*0#1 .} seen as a family of maps. | |

5.2.1. Orders of I/O Equations. We say that the discrete-time system (4) admits the i/o
equation such as that in Equation (3) if (3) holds for all input/output pairs of (4) (for ¢ > r and any

possible initial state z(0)). The order of the equation is r if

8VTE(/’L07 ceey Hk—1, VO, V1, ey Vk)

is not a zero function. For any given system X, we let §(2) be the lowest possible order of an i/o
equation that ¥ admits. If there is no such equation, §(X) is defined to be co. Following the same

outline as in the proof of Theorem 3.7, but using now Lemma 5.1, we conclude as follows:
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THEOREM 5.5. Let ¥ be an n-dimensional analytic system. Assume, further, that 3 is reversible
and observable. Then §(X) > n. If, in addition, X is a rational system, then §(X) = n. ]
REMARK 5.6. The result in Lemma 5.1 is false if the assumption of reversability is dropped, as
discussed in [28]. As a consequence of this, the above conclusions may be false without the invertibility

assumption. To illustrate this, consider the following system of dimension 3:
ri(t+1) =u(t), z(t+1)=mz3(t),
w3(t+ 1) = a3(t)z1(t) + 1 (t) + z2(t)u(?) ,
y(t) = s t)

This is an observable polynomial system. However, it admits an equation of order 2:
y(@) =yt — Du(t —2) +y(t — 2)u(t — 1) + u(t — 2),
Note that this system is not reversible. O

A. Proofs of two Lemmas. In this appendix, we will prove Lemmas 4.1 and 4.2. For this, we
need to recall some basic definitions and properties of i/o operators defined by convergent generating
series. For a detailed study of generating series and i/o operators, we refer the reader to [41].

Let m be a fixed integer and I = {0, 1, ...,m}. For any integer k > 1, we define I* to be the
set of all sequences 4142 - - - ig, where is € I for each s. We use I° to denote the set whose only element
is the empty sequence ¢. Let I" = Uiozolk.

A generating series

c=Y (e,

Ler*

is a formal power series in the noncommutative variables 7o, 71, ..., 7, for some fixed number m,
where we use the notation 1, = 1,7, - - - 75, for each multiindex ¢ = ¢142 - - - 4;. The coefficients (c,m.)
are assumed to be real.

We shall say that a power series ¢ is convergent if there exist K, M > 0 such that
(30) l(c,m.)] < KM"*E! for each . € I*, and each k > 0.
For any fixed real number T' > 0, let Ur be the set of all essentially bounded measurable functions
w: [0, T] - R™

endowed with the L' norm. We write |lu||1 for max{||u:||1 :, 1 < i < m} and ||uljeo for max{||u;||eo :
, 1 < i < m} where u; is the i-th component of u, and ||u;||; is the L' norm of u;, ||ui||eo is the L™

norm of u;. For each w € Ur and each ¢ € Il, we define inductively the functions
V.=V, [u] € C[0, T]

by

Vil"'il,+1[u](t):/ uil(s)‘/iz"-iz+1(5) ds,

where V,, = 1 and wu; is the i-th coordinate of u(¢) for ¢ = 1,2,...,m and uo(t) = 1.
For each formal power series cin 7y, 7, ... ,7,,, we define a formal operator on Uz in the following

way:

(31) Feful(t) =) (e, ) Vi[ul (t).
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If the series is convergent and (30) holds, then it is known that for any
T < (llulloo(Mm + M)) ™",
the series (31) converges uniformly and absolutely for all ¢ € [0, T]. Let
Vri={ue L2 : ||lu]leT < (Mm+ M) '}.

We refer the reader to [41] for the proof of the following lemmas:

LEMMA A.1. Assume that c is a convergent power series. Then the operator
F.: Vr — C[0, T)

is continuous with respect to the L' norm in Vr and the C° norm in C[0, T). g
LEMMA A.2. Suppose c is a convergent series. Then Fe[u] is analytic if uw € Vr is analytic. 1

For each convergent series ¢, we let, for each y € IR"™°° and each integer i > 0,
(32) ) = 5

where u is any smooth input with «(¥ (0) = i, Note that ¢;(p) is a polynomial in p, and ¢; (1) doesn’t
depend on p; for j > i.

By Lemma 2.1 in [39], one knows that for a convergent series ¢, F.[u] = 0 for every piecewise
constant input u if and only if ¢ = 0. On the other hand, it is not hard to see that for each piecewise
constant function u, there exists a sequence {u;} of analytic functions such that ||u;|| < |u|| and
u; — u as j — oo in the L1 norm. By Lemma A.2, one concludes that F.[u] = 0 for every analytic
input w if and only if ¢ = 0. Since Fe[u] is analytic if u is analytic, it then follows from (32) that for
an analytic u with u(V(0) = i, Fe[u] = 0if and only if ¢;(i) = 0 for all i > 0. Thus we conclude that
¢ =0 if and only ¢;() = 0 for all  and all 7. To prove the desired conclusions, we need the following
well known fact:

LEMMA A.3. Assume that f is a continuous function defined on [0, to] for some to > 0. Then for
any giwen integer r and any vector (wo, w1, ..., W), there exists a Loo-bounded sequence of analytic
functions f; defined on [0, to], such that f;i)(O) = w; for alli < r, and f; converges to f in the L
norm.

Proof. For the given vector, let

~

Without loss of generality, one may assume that f(0) = 0. Otherwise, one can always choose a Loo-
bounded sequence of continuous functions fj converging to fin the L; norm and such that J?J (0) =o0.
Now one may apply Lemma 4.3 in [41] to fto conclude that there exists a sequence fj converging
to funiformly (hence also in L; norm) with the property that fj@(()) = 0 for all ¢ < r. Then the

functions

~ - witi
H®) = F0+) =
i=0
give the desired sequence. 0
Combining the above conclusion and Lemma A.1, one proves the following:

LEMMA A.4. Assume that c is a convergent series, and that r is an integer. Let " be a given

vector in R™". If for every extension u of p", ¢;(u) =0 for all i, then ¢ = 0. |
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Proof of Lemma 4.1: For analytic system (5) and for each z € M, we define a generating series by
letting
(33) <C17 777;1 772'2 e > = Lgir T LgiQ Lgil h(l’) .

ir

By Lemma 4.2 in[36], such a series is always convergent, and it follows from Theorem 3-1.5 in [19]
that for any p € R™*°,

(34) 1/’1 (1}, ,LL) = Ci(xa ,LL),

where

di

@|_ [u)(t) .

0

ci(w, p) =

The conclusion of Lemma 4.1 then follows from Lemma A .4.
Proof of Lemma 4.2: For analytic system (5), instead of considering the series defined by (33), we
consider, for each (z, v) € T'M, the series defined by

(35) (d(z, v), My Miy 07 ) = dLg;, -+ Lg;, Ly, h(z)v.

Claim: For each (z, v), the series d(z, v) is a convergent series.
First of all, by Lemma 4.2 in [36], there is some constant My > 0 such that for
go(z), g1(x), ..., gm(z), v € To M, there exists some My > 0 such that

(36) |dLy, Ly,

++Lg, h(x)v| = |LuLg; Lg,, -+ Lg, h(x)v| < Mg™ (r + 1)1

It is then not hard to see that there exist some constants K and M > My such that
|dLg, Lg,, -+ Ly, h(z)v| < KM'r!,

for all » > 0. Therefore d(z, v) is a convergent series for each pair (z, v).

For each smooth input u with (¥ (0) = ; let

i

d
di(mz v, /’(‘) = @ Fd(cv,v) [’U/](t) .
t=0

Then it follows from (34) that

dy, (z, p) = dei(w, p),

from which it follows that

dwl (z, v = dl(x> v, :u/) .

Applying Lemma A.4 to the series d(x, u), one obtains the desired conclusion of Lemma 4.2.

B. A Simple Consequence of the Rank Theorem. The next result is a simple and well-
known consequence of the Rank Theorem; we include its proof as it seems difficult to find a precise
reference. (We provide a somewhat stronger form than needed, which applies in more generality,
including to nonobservable systems.)

LEMMA B.1. Assume that H = {hx : Z — R, X\ € A} is a family of continuously differentiable
real-valued functions on an n-dimensional differentiable manifold Z, parameterized by a set A. Then,

there exists an open dense subset Zo C Z with the following property: For each zo € Zo there exist an
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integer v = r(z0), an open neighborhood V' of zo in Zy, and parameter values A1, ..., Ar, so that, for

each parameter A € A,
ha(z) = Fa(ha,,..x.(2) Vz eV,

,,,,, A (2) = (R, (2), ..., hx, (2) and Fx is some C* function from some neighborhood U of
hay,..oa (V) to R. Moreover, the rank of the differential of hx,,. x.(2) is v at all z € V (so the

nonempty fibres h;11,~»~,AT (q) intersect V at submanifolds of dimension n — r). In particular, if it is

where hy,

known that z — (hx(2),A € A) is one-to-one on any open subset of Z, then r(zo) = n for some
20 € Zo.

Proof. Consider for any s and any Ai,...,As the rank px,,..a, (%) of the differential of hx, ... x,
at z, and let p(z) be the maximum possible value of this rank over all s and A1,...,As. A point z is
regular if p(z) is constant in a neighborhood of z. The regular points form an open set by definition,
and it is an easy exercise to show, by induction on n,n —1,...,1 that the set Zy of such points is also
dense. Pick now any zo in Zo, and let p(z0) = r. By definition of p, there are parameters Aq,..., A,
so that px,,...z,.(z) = r for all z in some neighborhood of zy. By the Rank Theorem, there are local
changes of coordinates in Z so that, in some neighborhood V' of zg, hx,(z) = z; fori =1,...,r, and
without loss of generality one may assume that px,,...,.(2) = r for all z in this same V. Now pick
any A € A. Let f = hy. If it were the case that g—fj(z) is nonzero for some z € V and some j > r
then the map hx, ... x,,» would have rank r+ 1 at z, contradicting the choice of V. It follows that hx
depends only on zi,..., 2, on this neighborhood, as desired. 0O

REMARK B.2. Observe that, when dealing with analytic mappings and Z connected, the rank is
constant on regular points, and one could pick the elements A1, ..., A, globally on an open dense set.
Also, in general this argument shows that locally there are always n control sequences that (locally)

distinguish states, even in the nonanalytic case. O
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