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Nonlinear Regulation: The Piecewise
Linear Approach

EDUARDO D. SONTAG

Abstract— This paper approaches nonlinear control problems through
the use of (discrete-time) piecewise linear systems. These are systems
whose next-state and output maps are both described by PL maps, i.e., by
maps which are affine on each of the components of a finite polyhedral
partition. Various results on state and output feedback, observers, and
inverses, standard for linear systems, are proved for PL systems. Many of
these results are then used in the study of more general (both discrete- and
continuous-time) systems, using suitable approximations.

I. INTRODUCTION

HIS paper approaches nonlinear regulation through

the study of piecewise linear (PL) systems, with two
quite different sets of goals: the study of PL systems per se
(as a generalization of linear systems), and the use of the
tools and methods developed for PL systems in the control
of other. more general, classes of systems. This latter aspect
may be seen as constituting one systematic approach to
numerical nonlinear control, based on piecewise linear
approximations.

These are various reasons which suggest that it may be
worthwhile to investigate PL systems: simplicity of imple-
mentation, theoretical analysis, and calculation. The former
is due to the fact that digital controllers based on such
systems can be built easily using “if P(x) then f(x) else...”
programs, where P, f involve only affine combinations and
“greater than™ comparisons. This shifting of computational
emphasis from arithmetic to logic is especially convenient
when using microprocessors. Simplicity of analysis is in
principle less obvious, but the recent development of the
beginnings of a “PL algebra” in Sontag [12] indicates that
this may indeed be the case. The remarks in this paper
illustrate this simplicity on system theoretic grounds. The
last claimed advantage, regarding off-line calculation, is yet
to be explored in any serious detail. Preliminary investiga-
tions indicate that, at least for systems of reasonably small
dimension, low complexity algorithms may be available for
analysis and synthesis. Among other advantages, it should
be noted that the use of PL systems permits introducing
thresholds and other discontinuities in a natural way that is
not available in other algebraic approaches to nonlinear
system theory.
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In order to make this paper self-contained. we review
briefly the relevant definitions and results from [12]. A PL
subset of a finite-dimensional real vector space V' is the
union of a finite number of relatively open polyhedra. i.e..
of sets defined by (finitely many) linear equations f(x)=a
and linear inequalities f(x)>a. A PL set is a PL subset of
some V. A PL relation R: X— Y between PL sets is one
whose graph is a PL set, and similarly for PL maps.
Equivalently, the map f is PL if there is a covering of X by
PL subsets X, such that the restrictions f| X, are all affine
(=linear+ translation). A useful way of defining PL sets is
the following. Let L be the first-order language consisting
of constants » and unary function symbols r(-) for each
real r, variables x,, x,,- - -, binary function symbol +. and
relation symbols >, =. Then we have the following.

Lemma 1.1[12, Lemma (2.6)]: Every sentence in L de-
fines a PL set. Tx

When applying the above, one can include in L labels
for sets and functions already known to be PL: sentences
will still define PL sets. The study of “elementary” prob-
lems, those expressible by finitely many such sentences, is
considerably simplified by (1.1), as will be seen in Section
II. Another very useful tool is the existence of selection
(choice) functions.

Selection Lemma 1.2 [12, Theorem (2.11)]: Let R: X—>Y
be a PL relation with domain Z. There is then a PL map s:
Z— Y with s(x) in R(x) for all x. ,

Alternative ways of stating (1.2) are as a “global implicit
function theorem,” through sections of congruences, or as
a “PL axiom of choice.” Checking the truth of a sentence
in L, or constructing a set defined by such a sentence (as
those in Section II), can be carried out via three basic
algorithms: one for projecting polyhedra on hyperplanes.
another for checking feasibility of a linear program, and a
standard Boolean table. These procedures appear to be as
central as matrix multiplication is in the case of linear
algebra. The construction of sections in (1.2) can be also
accomplished via linear programming methods. Thus. all
constructions are “effective” in a very concrete sense. and
recent linear programming developments imply polynomial
time decidability of many types of formulas. Various useful
“closed-form” representations for PL maps have been in-
troduced by Kang and Chua [8], motivated by the network
theoretic applications developed by Chua [1]: the develop-
ment of software for PL algebra will probably include the
use of such representations. There are already a consider-
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able number of results relating to PL maps (see, for ins-
tance, Fujisawa and Kuh [3] and the references therein)
which deal with algorithms for checking various specific
algebraic properties. Our proofs in this paper are, however,
of a theoretical nature; the study of implementations
should, of course, be an important project in itself.

A fixed but arbitrary PL set U (the “input value set™)
will be used throughout. A special element “0” will be
singled out in U, to correspond to the notion of “no input
being applied.” Up to a translation, there is no loss of
generality in taking O to be the zero vector in a vector space
of which U is a PL subset. When output behavior is of
interest, Y will denote a fixed but arbitrary PL set (“output
value set”).

A system S=(U, X, Y, p,q) (where U, X, Y, or ¢ may be
omitted if clear from the context or if irrelevant) is given
by a pair of maps p, ¢ from XX U into X and Y, respec-
tively, for some set X (“state set”). One interprets S as
defining the equations

x(1+1)=p(x(1), u(1))

y()=q(x(r),u(t)), 1=0,1,---  (1.3)
with the x(7), u(t), y(¢) representing states, inputs, and
outputs at time r. A state output system has g independent
of u; S is autonomous if p is also independent of u. In both
cases one simply drops the corresponding u(¢) in display-
ing (1.3). A PL system is one for which X is a PL set and
both p, g are PL maps. A convenient way of specifying PL
systems is via algol-like “if-then-else” programs, and this
will be done when appropriate. Note that the class of PL
systems includes in particular finite automata and linear
systems; the former appear when every set is finite (hence
PL); any map among such sets is obviously PL. Various
(“‘hierarchical”) combinations of automata and linear sys-
tems are also PL: for example, a finite counter added to a
set of linear systems, deciding “which system” to use
depending on the value of the counter. Linear systems with
(polyhedral) input and state constraints (and /or saturation
effects) are also modeled by the theory. More general
nonlinear systems can be (under weak hypotheses) globally
approximated arbitrarily close by PL systems. Of course,
this generality means that one cannot expect to obtain
computationally trivial solutions to all control problems,
even though the basic procedures developed below are not
hard to understand. Efficient tools for the linear algebra
and combinatorics involved in the (off-line) computations
will have to be developed, and this should have high
priority in future research in this area. Similarly, the study
of approximations by PL systems is in itself basically open,
and it is clear that deeper results will depend upon a
systematic use of the powerful results developed for non-
linear systems during the past decade.

This paper should be seen as just a first step in the
development of a PL system theory. In contrast to most
previous approaches to the modeling of systems with dis-
continuities (“sliding mode systems,” “PL networks,” etc.),
the emphasis here will be first on discrete-time systems.
This different emphasis allows for the use of the algebraic
tools in [12], since the iterated transition maps are still PL.
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(Instead, for continuous-time systems with PL system maps,
the evolution map does not inherit the PL structure.) Since
the number of “linear pieces,” of course, increases with the
iterations, various compactness and other finiteness as-
sumptions are used at various points. The application to
non-PL systems is via approximations and, for continuous
time, the introduction of time sampling. For the latter the
theory is, then, one of sampled systems, suitable more for
digital control than for classical analog control. The con-
nections with the work of Aiserman, Gantmacher, and
others (e.g., see Minorski [10, chapters 6-10}) on continu-
ous time PL systems are not yet totally clear, however. For
a less systematic but very interesting discussion of various
problems for discrete-time systems with nonsmooth transi-
tions, see Vidal [16].

The first part will deal with bounded-time problems for
PL systems per se, while the second deals with “asymp-
totic” properties for PL and other systems. The number of
problems left open for further research is very large. Prob-
lems for PL systems of decoupling, disturbance rejection,
and many others treated successfully by the linear theory
are not studied here, although it is reasonable to expect
that similar methods will apply to these. Even for the
problems which are treated, many improvements in state-
ments and proofs should be possible, and open problems
are pointed out throughout.

II. ELEMENTARY PL CONTROL PROBLEMS

This section deals with the control and observation of
PL systems over finite time intervals. Besides being of
interest in themselves, the understanding of the corre-
sponding problems is helpful in the study of asymptotic
properties. The general approach is to express the proper-
ties of interest in the first-order language L, and to apply
tools from PL algebra to obtain easly the desired results.
The latter say in essence that for most reasonable bounded-
time problems for PL systems, if a solution exists ab-
stractly, then there is also a solution which can be imple-
mented using PL systems. Throughout this part, S will
denote a fixed PL system ( p,g). The extension of p to
input sequences will be denoted by P. An arbitrary PL
subset Z of the state space X will be also fixed, with all
definitions made relative to Z.

A. State Feedback

All the properties in this section will be stated relative to
a fixed equilibrium state x, i.e., an x for which p(x,0)=0;
for simplicity x will be taken to be zero. Both of the
definitions below describe, for fixed n, elementary first-
order properties of Z, since they include quantification
only over states and input values.

Definition 2.1: The subset Z is (n-step, globally) control-
lable (to zero) if for each state x in Z there is some input
sequence w of length at most n for which P(x,w)=0.

Definition 2.2: The subset Z is (n-step, globally) finitely
stable if the state 0 is an (n-step) attractor relative to Z, i.e.,
if P(x,0*)=0 for all x in Z and for any null input
sequence 0* of length (at least) n.
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Remark 2.3: For discrete-time linear systems (with un-
bounded inputs) it is well known that, with Z=X, (2.1) is
equivalent to the property that for any state x there be an
input sequence driving x to the origin, with no a priori
bounds on the length of such sequences. In fact, one may,
by Cayley— Hamilton, take n there as the dimension of the
system. For more general systems such a property is, of
course, not equivalent to the above (bounded-time) control-
lability—any nonnilpotent linear system with bounded
controls serves as a counterexample. Consequences of such
more general definitions will be studied in Section III
Clearly, various technical restrictions (of compactness, con-
vexity, etc.) could in any case be used, as linearity, to
ensure the above controllability under weaker conditions.

#*H

The analog of the following result is well known in the
linear case (“‘dead-beat controllers™).

Theorem 2.4 The subset Z is controllable if and only if
there exists a (feedback) PL map K: X— U with K(0)=0
such that Z is finitely stable for the closed-loop system
x(t+1)=p(x(t1), K(x(1))). )

Proof: When a stabilizing feedback exists, the original
set Z must be controllable [use u(7)=K(x(¢))]. The con-
verse is proved via a dynamic programming argument: let
X(1) denote the set of states controllable to zero in ¢ (but
not less) steps. Thus, X(0) is just {0} and the union of the
disjoint sets X(t), t=0,- - -,n, covers Z for some n. Each of
the X(¢) is a PL set, since it can be defined by first-order
sentences. Consider for each t=1,---,n the set R(¢) con-
sisting of all the pairs (x, 4) with x in X(7) and p(x, ) in
X(r—1), seen as a PL relation with domain X(¢). By the
selection lemma there is a PL section K(r): X(t1)—> U of
R(?). Define K(0) as the zero map and K as the union of
the K(1), and extend K to all of X arbitrarily. Any state x
of Z is in some X(t) and is hence driven to zero in ¢ steps
under u(t)=K(x(t)). (Note this K gives a minimal-time
controller.) ®HH#

As an easy illustration take the (almost-) linear system
for which Z is the set of real numbers x with |x|<B, X is
the union of Z and a distinguished state e, U is the set of
reals with |u|<1, and whose transitions are given by:
x(t+1)=x(t)+u(t) when x(t) is not e and the right-hand
side has absolute value less than B, and x(¢+1)=e other-
wise. (This kind of system arises if B is a bound on the
domain of linearity of a given model and e denotes an
error situation.) Then every state except e is controllable,
and a natural (and obvious) choice of K on Z is K(x):=if
|x|>1 then —sign (x) else —x. #®#

B. Observers

The iterated output map h gives the output resulting
from state x after the application of the input sequence
w=u(0) - - -u(t), ie, h(x,w) is q(P(x, u(0)---u(t—
1)), u(t)); the sequence of all the outputs is H(x,w)=
h(x, u(0)),- - -, h(x,w).

Definition 2.5: The input sequence w determines the
states of Z iff the outputs H(x,w) for x in Z are sufficient
to uniquely determine P(x,w).
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Remark 2.6: A w as above is called a “homing se-
quence” in automata theory (e.g., see Gill [5]). For linear
systems any input sequence whose length is at least equal
to the dimension of the system serves to determine Z,
provided that at least one such w exists, and in particular
observable systems admit such w. For various classes of
nonlinear systems there are similar results; see Sontag [11]
and Sussmann [14]. H#H#

The cascade S#S’ of two systems S=(U, X, Y, p.q) and
S’=WUXY, X,Y, p,hq) is the system (U, XX
X', Y, p*, q*), where

p*((x, x"), u)=(p(x,u), p'(x',(u,q(x,u))). (2.7)
q*((x,x’),u)=q’(x’,(u,q(x,u))). (2.8)

Definition 2.9: The system S’ is an observer for (the
states of) Z, relative to a set W of input sequences, iff
Y’= X and for each initial state (x, x’) of S#S5” having x in
Z, and each sequence w in W, h*((x, x"),w)=P(x,w).

If S’ and W are as above then any w in W determines
the states of Z. The converse is as follows.

Theorem 2.10: Let W be a set of length-n input se-
quences each of which determines the states of Z. There
exists then a PL observer S’ for Z relative to W.

Proof: Replace W by the set consisting of all those w
of length n which determine Z. This (larger) set is PL, since
(2.5) is a first-order definition. Let D be the PL subset of
Y”" consisting of all H(x,w) with x in Z and w in W.
Consider the set of all triples ( H(x,w),w, P(x,w)) with x
in Z and w in W. This is the graph of amap f: DXu" - X
and it is a PL set, so fis a PL map. The observer S’ is now
constructed as follows. The memory of S’ is composed of a
pair of shift registers which store the past n—1 input and
output values, as well as of an extra register for storing the
last output y’ of S’. If the past (n— 1) outputs and inputs
together with the present (y,u) constitute a pair in the
domain of f, then S’ outputs the corresponding value of f.
Otherwise, S’ simply evaluates p(y’,u), where u is the
present input. Clearly, S’ is an observer, and in fact the
output of S’ is equal to the state of S for any time r=n, as
long as the first n input values constitute a sequence in W.

#® 8

C. Input—Output Regulation

There are various ways to pose problems of input—output
regulation, i.e., problems of constructing a system S’ (regu-
lator) which, on the basis of the output of a given system S,
calculates the inputs necessary to force S to behave in a
desired way. Only stabilization is considered; other topics
like disturbance rejection, tracking, etc., will not be studied
in this note. The situation here has, of course, strong
overlaps with the results for linear systems (e.g., see
Wonham [17] for the linear case), and with those for finite
automata (for which see Gatto and Guardabassi [4]). Even
when restricting attention to I/0O stabilization there are
still many possibilities in the choice of definitions. The
main choice is in how one wants to model a situation in
which unobservable (finite-time) disturbances may in-
fluence S. If S’ is to regulate S but is “unaware” of when a

































