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summary

This paper discusses various continuity and incremental-gain properties for neutrally stable
linear systems under linear feedback subject to actuator saturation. The results complement
our previous ones, which applied to the same class of problems and provided finite-gain stability.
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1 Introduction

We continue in this paper the study, which we started in [5], of operator stability properties
for saturated-input linear systems. In the previous paper, we studied feedback systems of the
form

ẋ = Ax + Bσ(Fx + u). (Σ)

Here σ denotes a vector of saturation-type functions, each of which satisfies mild technical
conditions that are recalled later (at this point, it suffices to say that all reasonable “sigmoidal”
maps such as σ(x) = tanh(x) and the standard saturation function σ0(t) = sign(t) min{|t|, 1}
are included). The matrix A is assumed to be neutrally stable and one uses the standard
passivity theory choice of feedback F that makes the origin of the unforced closed-loop system
ẋ = Ax + Bσ(Fx) globally asymptotically stable. (For instance, if A has all eigenvalues in the
imaginary axis and the pair (A,B) is controllable, F = −BTP , where P is a positive definite
matrix satisfying ATP + PA = 0.)

We proved in [5] that this system is finite-Lp-gain stable, that is, the zero-initial state
operator Fσ,p mapping input functions u(·) to solutions x(·) is a well-defined and bounded
operator from Lp([0,∞), IRm) to Lp([0,∞), IRn). The result is valid for each p in the range
[1,∞]. Estimates were provided of the operator norms, in particular giving for p = 2 an upper
bound expressed in terms of the H∞-norm of the same input-state map for the system in which
the saturation σ is not present. We also dealt with partially observed states, generalizing the
result to the case where an observer is inserted in the feedback construction. The assumption
of neutral stability is critical: we also obtained examples showing that the double integrator
cannot be stabilized in this operator sense by any linear feedback, contradicting what may
be expected from the fact that such systems are globally asymptotically stabilizable in the

state-space sense. (Recently, Lin, Saberi, and Teel in [4] obtained related results, showing
in particular that under the restriction that the input signals be bounded one can drop the
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stability assumption in obtaining finite-gain stability. See also [7, 8] and [9] for state-space
stabilization of linear systems subject to saturation, under minimal conditions.)

Finite-gain stability, studied in the above-mentioned papers, means that the “energy” of
inputs is amplified by a bounded amount when passing through the system. Another property
which is extremely important in the context of feedback systems analysis is that of incrementally
finite gain (“ifg”) stability. In mathematical terms, this latter property is the requirement
that the operator Fσ,p be globally Lipschitz. That is to say, if ynom is the output produced in
response to a nominal input unom, then a new input unom+∆u produces an output whose energy
differs from that of ynom by at most a constant multiple of the energy of the increment ∆u.
This stronger notion measures sensitivity to input perturbations; for differentiable mappings,
one would be asking that the derivative be bounded. In the context of stability, the usual
formulations of the small-gain theorem involve ifg stability, because fg stability by itself is not
sufficient in order to guarantee the existence and uniqueness of signals (“well-posedness”) in

a closed-loop system; see [10]. In the recent work [3], it is shown how to generalize the gap
metric, so successful in robustness analysis of linear systems, to the context of ifg stability of
nonlinear systems. Even stronger properties may sometimes be needed; for instance, the work

in [2] requires what the author of that paper calls “differential stability,” which means that
ifg stability holds and Fσ,p is Fréchet differentiable as well. Motivated by this, we ask here if

stronger properties hold for the feedback configuration studied in [5].

Our results can be summarized in informal terms as follows:

1. The operator Fσ,p is continuous if p is finite, but is not in general continuous for p = ∞
(uniform norm).

2. Fσ,p is locally Lipschitz under additional assumptions on the saturation (for p finite, a
sufficient condition is that the components of σ be differentiable near the origin; for p =∞
one asks in addition that they be differentiable everywhere, with positive derivative). A
much stronger statement than the local Lipschitz property is established –which we call
“semiglobal Lipschitz”– as incremental gains are shown to depend only on the norms of
the controls; on the other hand, we also show by counterexample that these operators are
not generally globally Lipschitz (so ifg stability does not hold).

3. Assume that σ is continuously differentiable. For p = ∞, we show that Fσ,p is Fréchet
differentiable (under the assumption that σ′ is always positive), but this may fail for finite
p. In the latter case, however, we can prove that directional derivatives always exist.

The paper is organized as follows. First we review some needed facts from [5], to be used
in this paper. After that, we introduce our basic definitions and state the main results. Proofs
of the positive statements are given first, and we close with counterexamples that justify the
negative results.

2 Preliminaries

In order to state our results, we need to first recall some definitions and basic results from [5],
including those of “saturation function” and finite gain Lp-stability.
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By a saturation function (“S-function” for short) we mean any σ : IR → IR which satisfies
the following properties:

• σ is locally Lipschitz and bounded;

• tσ(t) > 0 if t 6= 0;

• lim inft→0
σ(t)
t

> 0, lim supt→0
σ(t)
t

<∞; and

• lim inf |t|→∞ |σ(t)| > 0.

We remark that the locally Lipschitz assumption on σ is not really needed in establishing
Theorem (FG) below. This purpose of this condition is only to guarantee that system (1) in
Theorem (FG) has uniqueness of solutions for any input u.

All the interesting saturation functions found in usual systems models, including the stan-
dard saturation function σ0(t) = sign(t) min{|t|, 1} as well as the functions arctan(t) and tanh(t)
are S-functions.

We say that σ is an IRn-valued S-function if σ = (σ1, . . . , σn)
T , where each component σi is

an S-function and
σ(x)

def
= (σ1(x1), . . . , σn(xn))

T

for x = (x1, . . . , xn)
T ∈ IRn. (Here we use (· · ·)T to denote the transpose of the vector (· · ·).)

We now turn to the stability definitions. These can be introduced for any initialized control
system

ẋ = f(x, u) , x(0) = 0 . (Σ)

The state x and the control u take values in IRn and IRm respectively. With appropriate
assumptions on f (for example f : IRn × IRm → IRn is globally Lipschitz with respect to its
argument (x, u)), the solution x of (Σ) corresponding to any input u ∈ Lp([0,∞), IRm) for
1 ≤ p ≤ ∞ is well defined for all t ∈ [0,∞). When defined for all t ∈ [0,∞), we denote this
solution x, which is a priori just a locally absolutely continuous (l.a.c for short) function, as
F(Σ)(u).

In general, for any 1 ≤ p ≤ ∞ and any vector function x ∈ Lp([0,∞), IRn), we’ll consider
the standard Lp-norm

‖x‖Lp :=
( ∫ ∞

0
‖x(t)‖pdt

)1/p
(p <∞) ,

‖x‖L∞ := ess sup0≤t<∞‖x(t)‖ .

(For vectors in IRn we use Euclidean norm ‖ξ‖ =
(∑n

i=1 ξ2
i

) 1
2 . We use the same notation for

matrices, that is, ‖S‖ is the Frobenius norm equal to the square root of the sum of squares of
entries, i.e. ‖S‖=Tr(SST )1/2, where Tr denotes trace.)

We define the Lp-gain of a system (Σ) as the norm of the operator F(Σ) that maps inputs
to solutions, assuming a zero initial state. That is, the Lp-gain of (Σ), to be denoted by Gp, is
the infimum (possibly +∞) of the numbers M so that

‖F(Σ)(u)‖Lp ≤M‖u‖Lp
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for all u ∈ Lp([0,∞), IRm). (If F(Σ)(u) is undefined for any u ∈ Lp([0,∞), IRm), we also write
Gp =∞.) When this number is finite, we say that the operator is finite gain Lp-stable (in more
usual mathematical terms, it is a bounded operator).

The main result in [5] concerns the finiteness of the Lp-gain of (Σ) for a specific class of
input-saturated linear systems. We quote this result next.

Theorem (FG) Let A,B be n × n, n × m matrices respectively and let σ be an IRm-valued
S-function. Assume that A is neutrally stable. Then there exists an m× n matrix F such that
the system

ẋ = Ax + Bσ(Fx + u) ,
x(0) = 0 ,

(1)

is finite gain Lp-stable for all 1 ≤ p ≤ ∞.

By neutral stability, we mean as usual that the origin of the differential equation ẋ = Ax is
stable in the sense of Lyapunov (not necessarily asymptotically stable, of course; otherwise the
result would be trivial from linear systems theory); equivalently, there is a symmetric positive
definite matrix Q which provides a solution of the Lyapunov matrix inequality ATQ+QA ≤ 0.

The results in this paper will refer to the specific feedback F that is found in the proof
of the above-cited result. In order to understand the choice of F (which is the most natural
choice of feedback to use in this context), we need to recall the preliminary steps in the proof of
Theorem (FG). The first step consisted of the observation that one can assume without loss of
generality that the pair (A,B) is controllable, because the trajectories lie in the controllability
space R(A,B). Next we applied a change of basis to reduce A to the block-diagonal form(

A1 0
0 A2

)
, (2)

where A1 is an r × r Hurwitz matrix and A2 is an (n − r) × (n − r) skew-symmetric matrix.
(Recall that A is assumed to be neutrally stable.) Thus one only needs to obtain finite gain Lp-
stability of the subsystem corresponding to A2; then feeding-back a function of these variables
doesn’t affect the finite gain Lp-stability of the first subsystem. Since A2 is skew-symmetric
and the pair (A2, B2) is controllable, the non-saturated closed-loop matrix Ã := A2 − B2B

T
2

is Hurwitz. Therefore, the proof of Theorem (FG) is reduced to showing that the following
system:

ẋ = Ax + Bσ(−BTx + u) , x(0) = 0 (3)

is finite gain Lp-stable for every 1 ≤ p ≤ ∞, provided that A is skew-symmetric and Ã = A−
BBT is Hurwitz. Thus, except for two coordinate changes (first to restrict to the controllability
space and then to exhibit the above block structure), the F used in the proof of Theorem (FG)
is F = −BT . This is the standard choice of feedback suggested by the passivity approach to

control –for a discussion and references see [5].

(For completeness, we point out that, after these trivial preliminary steps, the proof of
Theorem (FG) then centers upon the hard part, which consists of finding a suitable “storage
function” Vp and establishing for it a “dissipation inequality” of the form

dVp(x(t))

dt
≤ −‖x(t)‖p + κp‖u(t)‖p , (4)
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for x = F(Σ)(u), where now (Σ) is the system in Equation (1) and κp > 0 is some constant.
Surprisingly, a nonsmooth Vp is needed.)

In conclusion, we will denote by

Fσ,p : Lp([0,∞), IRm) −→ Lp([0,∞), IRn)

the (nonlinear) input/state operator F(Σ) for system (1) when the feedback F is chosen as in
the above discussion, for any fixed σ and any fixed p.

3 Regularity Properties of Fσ,p

Now we can turn to the precise statement of the regularity properties of Fσ,p such as continuity,
incremental gains, differentiability, and so on, which we will study in this paper.

3.1 Statement of the Incremental Gain Results

Recall that a K-function g : IR+ → IR+ is one that is continuous, strictly increasing, and satisfies
g(0) = 0.

Definition 1 The operator Fσ,p satisfies the generalized incremental gain property (with re-
spect to Lp) if

(GIGp) there exists a K-function g such that for all u, v in Lp([0,∞), IRm),

‖Fσ,p(v)− Fσ,p(u)‖Lp ≤ g
(
‖v − u‖Lp

)
.

It is obvious that Fσ,p satisfies the GIGp property if and only if it is uniformly continuous,
i.e. iff for any given ε > 0, there exists a δ > 0 such that ‖Fσ,p(u) − Fσ,p(v)‖Lp ≤ ε whenever
‖u− v‖Lp ≤ δ. Note that if g is linear, this is the standard “finite incremental gain” property,
or in mathematical terms, a global Lipschitz property.

It turns out that GIGp is a very strong property. For most S-functions, even smooth ones,
the operator Fσ,p does not satisfy the GIGp property. For general S-functions σ, Fσ,∞ even
fails to be continuous. However, for restricted classes of S-functions, more precisely the classes
C(0) and C1,+ defined below, Fσ,p satisfies the following SLPp property (semiglobal Lipschitz
property):

(SLPp) there exist a K-function g and a constant c > 0 so that, for all u, v in Lp([0,∞), IRm),

‖Fσ,p(v)− Fσ,p(u)‖Lp ≤ (c + g(‖u‖Lp)) ‖v − u‖Lp .

This property clearly implies the continuity of Fσ,p.

The class C(0) is defined as the class of functions σ : IR → IR which are globally Lipschitz,
differentiable at 0 and satisfy

lim
t,s→0

t6=s

σ(t)− σ(s)

t− s
= σ′(0) . (5)
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An IRm-valued S-function σ belongs to C(0) if each of its components belongs to C(0).

The class C1,+ is defined as the class of functions σ : IR → IR which are continuously
differentiable and satisfy that σ′ is everywhere positive. An IRm-valued S-function σ belongs to
C1,+ if each of its components belongs to C1,+.

The main results of this paper are summarized in the next theorem:

Theorem 1 Let σ be an IRm-valued S-function and let 1 ≤ p ≤ ∞. We have

(A) For each 1 ≤ p <∞, the following conclusions hold:

(i) Fσ,p is continuous, but in general does not satisfy the SLPp property.

(ii) Assume that σ belongs to C(0). Then Fσ,p satisfies SLPp.

(iii) Even for smooth non-decreasing saturation functions σ, Fσ,p does not in general
satisfy the GIGp property.

(B) For p =∞, the following conclusions hold:

(i’) In general, Fσ,∞ is not continuous.

(ii’) Assume that each component of σ is non-decreasing. Then for n = 1, Fσ,∞ is
globally Lipschitz. If n > 1, even for m = 1 and σ non-decreasing, Fσ,∞ need not be
continuous.

(iii’) Assume that σ belongs to C1,+. Then Fσ,∞ satisfies SLP∞.

(iv’) Even for a smooth σ ∈ C1,+, Fσ,∞ need not satisfy the GIG∞ property.

3.2 Statement of the Differentiability Results

We can also discuss the differentiability properties of Fσ,p. First if σ is an IRm-valued S-function,
we say that σ is of class C1 if each component of σ is of class C1, i.e. continuously differentiable.
We have

Theorem 2 1. For p =∞ and σ ∈ C1,+, Fσ,p is Fréchet-differentiable.

2. For 1 ≤ p <∞ and σ of class C1 and globally Lipschitz, Fσ,p is Gâteaux-differentiable.

We will give an example (Example 6 in Section 5) to show that Fσ,1 need not be Fréchet-
differentiable even for smooth σ.

If σ ∈ C1,+ and u, v ∈ L∞([0,∞), IRm), we will use DFσ,∞(u).v to denote the differential of
Fσ,∞ at u applied to v. For each 1 ≤ p < ∞ and σ of class C1, we use DvFσ,p(u) to denote
the Gâteaux-differential of Fσ,p at u ∈ Lp([0,∞), IRm) in the direction v. It is well known that
both DFσ,∞(u).v and DvFσ,p(u) are given by the linearization of (Σ) along the trajectory x of

(Σ) corresponding to u (cf. [6]). In other words, DFσ,∞(u).v and DvFσ,p(u) are the respective
solutions of the following time-varying initialized systems(

Σ∗(p, σ, u)
)

ξ̇ = Aξ + Bσ′(Fx + u)(Fξ + v), ξ(0) = 0 , (6)

where F is the m × n matrix given in the proof of Theorem (FG) and if σ = (σ1, . . . , σm),
z ∈ IRm, then σ′(z) = diag(σ′1(z1), . . . , σ

′
m(zm)).
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4 Main Proofs

Now we prove the positive statements in Theorem 1 and Theorem 2. The negative results are
covered in the next section.

When the context is clear, for simplicity, we will drop the indices σ, p or σ,∞ and simply
write F for Fσ,p or Fσ,∞, and use DvF to denote DvFσ,p(u) for 1 ≤ p <∞.

4.1 Proof of (ii’)

When n = 1, system (1) is written as

ẋ = −αx + Bσ(−BTx + u) ,
x(0) = 0 ,

(Σα)

where A = −α ≤ 0, B = (b1, . . . , bm) is a row vector, and σ = (σ1, . . . , σm)T .

Let x = F (u). If v is also in L∞([0,∞), IRm), define y = F (v), z = F (v) − F (u) and
h = v − u. Let

D(t) = diag(d1(t), . . . , dm(t)) ,

where

di(t) =
σi(−biy(t) + vi(t))− σi(−bix(t) + ui(t))

−biz(t) + hi(t)
if − biz(t) + hi(t) 6= 0 ,

and di(t) = 1 if −biz(t) + hi(t) = 0. Since each σi is non-decreasing, di(t) ≥ 0 a.e..

Now z satisfies

ż(t) = −αz(t)−BD(t)BT z(t) + BD(t)h(t) ,

z(0) = 0 .

First assume that α > 0. Let d(t) = BD(t)BT . Then d(t) ≥ 0. Let τ(t) =
∫ t

0(α + d(s))ds.

Then τ is strictly increasing on [0,∞), and onto [0,∞). Let Z(s) = z(t) and H(s) = BD(t)h(t)
α+d(t)

,

if τ(t) = s. Then Z satisfies

dZ

ds
= −Z + H ,

Z(0) = 0 ,

on [0,∞). Therefore the sup-norm ‖Z‖L∞[0,∞) of Z on [0,∞) is bounded by the sup-norm
‖H‖L∞[0,∞) of H on [0,∞). Then

‖z‖L∞ = ‖Z‖L∞[0,∞) ≤ ‖H‖L∞[0,∞).

For each 0 ≤ α <∞, let

Cα = sup

 (
∑m
i=1 b2

i ξ
2
i )

1
2

α +
∑m
i=1 b2

i ξi

∣∣∣ 0 < ξi ≤ ‖σ′i‖L∞(≤ ∞) i = 1, . . . ,m

 .

7



Note that 0 < Cα ≤ C0 <∞. Now for α > 0, we have ‖H‖L∞[0,∞) ≤ Cα‖h‖L∞ . Therefore

‖F (v)− F (u)‖L∞ = ‖z‖L∞ ≤ Cα‖v − u‖L∞ .

This is also true for α = 0 because Cα ≤ C0 and the trajectories of (Σα), for fixed u, v, converge
to the trajectories of (Σ0), uniformly on compact intervals as α→ 0+.

In the last section, we will show (Example 7) that the above constant Cα is in general the
best possible Lipschitz constant.

4.2 Proof of (iii’)

First observe that from the sketch of the proof of Theorem (FG) and the definition of Fσ,p we
may without loss of generality assume that A is skew symmetric and (A,B) is controllable.

Take now any two u, v in Lp([0,∞), IRm), where 1 ≤ p ≤ ∞. We may also assume without
loss of generality, when proving both of statements (ii) and (iii’) on SLPp, that

‖v − u‖Lp ≤ ‖u‖Lp . (7)

Indeed, assume that for any constant C it would be the case that ‖v − u‖Lp > C‖u‖Lp . Then,
using finite gain Lp-stability, we have

‖Fσ,p(v)− Fσ,p(u)‖Lp ≤ ‖Fσ,p(v)‖Lp + ‖Fσ,p(u)‖Lp
≤ Gp(‖v‖Lp + ‖u‖Lp) ≤ Gp(‖v − u‖Lp + 2‖u‖Lp)

<
(
1 +

2

C

)
Gp‖v − u‖Lp .

Thus the desired result holds and there would be nothing more to prove.

Since A is skew-symmetric, in this case system (1) is written as

ẋ = Ax + Bσ(−BTx + u) ,

x(0) = 0 .

We will show that there exists a function κ : IR+ → IR+ such that for any two functions
u, v ∈ L∞([0,∞), IRm), we have

‖F (u)− F (v)‖L∞ ≤ κ(‖u‖L∞)‖u− v‖L∞ . (8)

Once this is proved, the conclusion of (iii’) would follow trivially, as follows: Consider the
function

g̃(r) = sup
0≤s≤r

κ(s)− κ(0) .

Then g̃(0) = 0 and g̃ is increasing. Clearly we can take a K-function g such that g̃(r) ≤ g(r)
for all r ∈ IR+. Then we have

‖F (u)− F (v)‖L∞ ≤ (κ(0) + g(‖u‖L∞))‖u− v‖L∞ ,
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as desired. Now we show (8). Let u, v ∈ L∞([0,∞), IRm). Let h = v − u, x = F (u), y = F (v),
and z = y − x. We assume that (7) holds for u, v. Then z is the solution of

ż = Az + B
{
σ(−BTy + v)− σ(−BTx + u)

}
,

z(0) = 0 .
(9)

Write

x̃ = (x̃1, . . . , x̃m)T = BTx,

ỹ = (ỹ1, . . . , ỹm)T = BTy,

z̃ = (z̃1, . . . , z̃m)T = BT z .

For each t ∈ [0,∞), 1 ≤ i ≤ m, by the mean-value theorem, there exists a

ξi(t) ∈ [min{−x̃i(t) + ui(t),−ỹi(t) + vi(t)}, max{−x̃i(t) + ui(t),−ỹi(t) + vi(t)}]

such that
σi(−ỹi(t) + vi(t))− σi(−x̃i(t) + ui(t)) = σ′i(ξi(t))(−z̃i(t) + hi(t)) .

Let
di(t) = σ′i(ξi(t)) , for i = 1, . . . , m ,
D(t) = diag(d1(t), . . . , dm(t)) .

(10)

We may assume that each di(t) is a measurable function, since whenever z̃i(t) 6= hi(t) it is a
quotient of two measurable functions and if z̃i(t) = hi(t) any value can be chosen. Then (9)
can be written as

ż(t) = Az(t)−BD(t)(BT z(t)− h(t)) ,

z(0) = 0 .

For r > 0, let e(r) = 3(‖B‖G∞ + 1)r. Using (7) and the finite gain L∞-stability, we have

|ξi(t)| ≤ max{| − ỹi(t) + vi(t)|, | − x̃i(t) + ui(t)|}
≤ | − ỹi(t) + vi(t)|+ | − x̃i(t) + ui(t)|
≤ ‖ỹ‖L∞ + ‖v‖L∞ + ‖x̃‖L∞ + ‖u‖L∞ ≤ e(‖u‖L∞) .

For each r > 0, let
m(r) = min

1≤i≤m
inf

ξ∈[−e(r),e(r)]
σ′i(ξ) ,

M(r) = max
1≤i≤m

sup
ξ∈[−e(r),e(r)]

σ′i(ξ) .

Then we get
0 < m(‖u‖L∞) ≤ di(t) ≤M(‖u‖L∞) <∞ .

(Note that the positivity of m(‖u‖L∞) and the finiteness of M(‖u‖L∞) follow from the assump-
tion that σ ∈ C1,+.) Now the existence of κ : IR+ → IR+ such that (8) holds follows from the
next lemma. (We state the lemma for arbitrary p, not just p = ∞, since it will be used again
later.)
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Lemma 1 Let A be an n × n skew-symmetric matrix and B an n ×m matrix. Assume that
Ã = A − BBT is Hurwitz. Let D(t) be an m × m matrix with bounded measurable entries.
Assume that there exists a constant a > 0 such that

DS(t) := D(t) + DT (t) ≥ aI for almost all t in [0, +∞). (11)

Then the following initialized system

ẋ = (A−BD(t)BT )x + u ,
x(0) = 0,

(Σ̃)

where u ∈ Lp([0, +∞), IRn), is finite gain Lp-stable, and the Lp-gain depends only on p, a, A,B,
and b = supt∈[0,∞) ‖D(t)‖.

This lemma has been given in [5]. For the sake of completeness, we enclose the proof here.

PROOF OF LEMMA 1: Fix a 1 < p < ∞. Since Ã is Hurwitz, there exists a differentiable
function Vp : IRn → IR+ such that for all x ∈ IRn, we have

(1) ap‖x‖p ≤ Vp(x) ≤ bp‖x‖p ,

(2) ‖DVp(x)‖ ≤ cp‖x‖p−1 ,

(3) DVp(x)Ãx ≤ −‖x‖p ,

where ap, bp, cp are some positive constants. We can choose Vp so that lim supp→1+ cp = c1 <∞.
For any 1 ≤ p <∞, let

λp =
2
(
cp(b +

√
m)‖B‖

)2

a
.

For 1 < p <∞, let

Ṽp(x) = λp
‖x‖p

p
+ 2Vp(x).

Then along the trajectories of (Σ̃), we have

˙̃V p(x(t)) ≤ λp‖x(t)‖p−2
(
− 1

2
xT (t)BDS(t)B

Tx(t) + xT (t)u(t)
)

+ 2‖x(t)‖p−2
(
− ‖x(t)‖2 + cp‖x(t)‖‖B‖‖D(t)− I‖‖BTx(t)‖+ cp‖x(t)‖‖u(t)‖

)
≤ ‖x(t)‖p−2

(
− a

2
λp‖BTx(t)‖2 + λp‖x(t)‖ ‖u(t)‖ − 2‖x(t)‖2

+ 2cp(b +
√

m)‖B‖‖x(t)‖‖BTx(t)‖+ 2cp‖x(t)‖‖u(t)‖
)

= ‖x(t)‖p−2
(
− ‖x(t)‖2 − [‖x(t)‖2 − 2cp(b +

√
m)‖B‖‖x(t)‖‖BTx(t)‖

+
(
cp(b +

√
m)‖B‖

)2
‖BTx(t)‖2] + (λp + 2cp)‖x(t)‖‖u(t)‖

)
.

Letting dp = λp + 2cp, we obtain

˙̃V p(x(t)) ≤ −‖x(t)‖p + dp‖x(t)‖p−1‖u(t)‖ .
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Integrating the above inequality from 0 to t, since Ṽp ≥ 0, we get∫ t

0
‖x(s)‖pds ≤ dp

∫ t

0
‖x(s)‖p−1‖u(s)‖ds. (12)

If we let d1 = λ1 + 2c1, by the Lebesgue Dominated Convergence theorem (applied to any
sequence {pj}∞j=1 decreasing to 1) we know that above inequality is also true for p = 1.

Now applying Hölder’s inequality to
∫ t

0 ‖x(s)‖p−1‖u(s)‖ds in (12) we get that

‖x‖Lp[0,t] ≤ dp‖u‖Lp .

Letting t → ∞ we conclude that ‖x‖Lp ≤ dp‖u‖Lp . This finishes the proof of the lemma for
1 ≤ p <∞.

For p =∞, consider Ṽ2. We have, along trajectories of (Σ̃),

˙̃V2(x(t)) ≤ −‖x(t)‖2 + d2‖x(t)‖ ‖u(t)‖ ≤ −‖x(t)‖
(
‖x(t)‖ − d2‖u‖∞

)
. (13)

Therefore,

Ṽ2

(
x(t)

)
≤ max
‖ξ‖=d2‖u‖∞

Ṽ2(ξ) ≤
λ2d

2
2

2
‖u‖2

L∞ + 2b2d
2
2‖u‖2

L∞ = d2
2

(λ2

2
+ 2b2

)
‖u‖2

L∞

Since Ṽ2(x) ≥ (λ2/2)‖x‖2, we end up with

‖x‖∞ ≤ d2

(
1 +

4b2

λ2

)1/2
‖u‖L∞ .

Thus the proof of (iii’) is completed. It remains to show that the positive parts of (i) and
(ii) hold. Let 1 ≤ p <∞.

4.3 Proof of (i)

Let’s fix a u in Lp([0,∞), IRm). To prove the continuity of F , it is enough to show that for any
sequence {uj}∞j=1 in Lp([0,∞), IRm) such that limj→∞ ‖uj − u‖Lp = 0, then limj→∞ ‖F (uj) −
F (u)‖Lp = 0. Let uj and u be functions in Lp([0,∞), IRm) such that ‖uj−u‖Lp → 0 as j →∞.
Let x = F (u) and xj = F (uj). For any T > 0 and j > 0, we have

‖xj − x‖pLp ≤
∫ T

0
‖xj(s)− x(s)‖pds + 2p

∫ ∞
T
‖xj(s)‖pds + 2p

∫ ∞
T
‖x(s)‖pds .

Recalling (4) and integrating it from T to ∞ we have∫ ∞
T
‖xj(s)‖pds ≤ Vp

(
xj(T )

)
+ κp

∫ ∞
T
‖uj(s)‖pds

≤ Vp
(
xj(T )

)
+ 2pκp

(
‖uj − u‖pLp + ‖u‖pLp[T,∞)

)
Next we observe that x(t)→ 0 as t→∞. (This has been remarked in [5] in a similar context.
We only need to consider ϕi(t) = xpi (t) for i = 1, . . . ,m. Then we know that ϕi is integrable on
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[0,∞). It is easily verified by a direct computation that ϕ̇i is also in Lp on [0,∞). Therefore
ϕi(t)→ 0 as t→∞ as claimed.)

Fix an ε > 0. There exists T > 0 such that

2p
( ∫ ∞

T
‖x(s)‖pds + 2Vp

(
x(T )

))
+ 4pκp‖u‖pLp[T,∞) ≤ ε/2 .

For the fixed T , it can be proved that the xj converge uniformly to x on [0, T ]. Therefore there

exists a J > 0 such that, if j ≥ J , Vp
(
xj(T )

)
≤ 2Vp

(
x(T )

)
and∫ T

0
‖xj(s)− x(s)‖pds + 4pκp‖uj − u‖pLp ≤ ε/2 .

Therefore, when j ≥ J , we have ‖xj − x‖pLp ≤ ε.

4.4 Proof of (ii)

As in the proof of (iii’), we again assume that A is skew-symmetric and (A,B) is controllable.

Assume that σ = (σ1, . . . , σm)T . Since A is skew-symmetric and (A,B) is controllable. The
matrix Ã = A−BD̃BT is Hurwitz, where D̃ = diag(σ′1(0), . . . , σ′m(0)). Let P > 0 satisfy

PÃ + ÃTP = −I . (14)

Let λmax and λmin be respectively the largest and smallest eigenvalue of P and let

β =
1

4
√

m‖B‖ ‖PB‖ .

Since σ belongs to C(0), there exists an α > 0 such that, for |s| ≤ α, |t| ≤ α and t 6= s:∣∣∣∣∣σi(t)− σi(s)

t− s
− σ′i(0)

∣∣∣∣∣ ≤ β for i = 1, . . . , m .

Fix u and v in Lp([0,∞), IRm) for which (7) holds. As in the proof of (iii’), letting x = F (u)
and y = F (v), then x, y satisfy

ẋ = Ax + Bσ(−BTx + u) ,

ẏ = Ay + Bσ(−BTy + v) ,

x(0) = y(0) = 0 .

Write z = y − x, h = v − u and let x̃i, ỹi, z̃i denote respectively the i-th component of BTx,
BTy, BT z. We have

ż = Az + BD(t)(−BT z + h) ,
z(0) = 0 ,

(15)

where

D(t)
def
= diag(d1(t), . . . , dm(t)) ,

di(t)
def
=

σi(−ỹi(t) + vi(t))− σ(−x̃i(t) + ui(t))

−z̃i(t) + hi(t)
.
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(If z̃i(t) − hi(t) = 0 we just let di(t) = σ′i(0).) Let K > 0 be a Lipschitz constant for σ (more
precisely, let K be a Lipschitz constant for each component of σ). Then ‖di‖L∞ ≤ K. So
‖D(t)‖ ≤ √mK.

Let
E = ∪mi=1

{
t
∣∣∣|di(t)− σ′i(0)| > β

}
.

Clearly
E ⊆ ∪mi=1

{ {
t
∣∣∣ |x̃i(t)− ui(t)| > α

}
∪
{

t
∣∣∣ |ỹi(t)− vi(t)| > α

} }
.

Therefore, by Tchebychev’s inequality we get

|E| ≤ C̃(‖u‖pLp + ‖v‖pLp) ,

for some constant C̃ > 0 independent of u and v. Noticing (7) we have |E| ≤ C‖u‖pLp , where
C > 0 is a constant independent of u, v.

If we let V (z) = zTPz for z ∈ IRn, where P is defined in (14), we get along the trajectories
of (15):

V̇ (z(t)) = −‖z(t)‖2 − 2z(t)TPB
[
(D(t)− D̃)BT z(t)−D(t)h(t)

]
≤ −

[
1− 2‖B‖‖PB‖ ‖D(t)− D̃‖

]
‖z(t)‖2 + 2

√
mK‖PB‖‖z(t)‖ ‖h(t)‖.

Therefore, along the trajectories of (15), V satisfies the differential inequality

V̇ (z(t)) ≤ 2λ(t)V (z(t)) + 2C1V
1/2(z(t))‖h(t)‖ ,

V (0) = 0 ,
(16)

where

λ(t) =

{
C2 if t ∈ E,
−C3 if t /∈ E,

and the constants C1, C2 and C3 are respectively equal to
√

mK‖PB‖
λ

1/2
min

,
1 + 4

√
mK‖B‖ ‖PB‖

λmin
and

1

2λmax
.

Let Λ(t) =
∫ t

0 λ(s)ds. From (16), if W (t) = e−2Λ(t)V
(
z(t)

)
, we obtain

Ẇ (t) ≤ 2C1W
1/2(t)e−Λ(t)‖h(t)‖,

and then

W 1/2(t) ≤ C1

∫ t

0
e−Λ(s)‖h(s)‖ds ,

which gives

V 1/2(z(t)) ≤ C1

∫ t

0
e(Λ(t)−Λ(s))‖h(s)‖ds .

But for z ∈ IRn, V 1/2(z) ≥ λ
1/2
min‖z‖, and if t ≥ s, Λ(t) − Λ(s) ≤ (C2 + C3)|E| − C3(t − s).

Therefore, we have

‖z(t)‖ ≤ C4

∫ t

0
e−C3(t−s)‖h(s)‖ds , (17)
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where C4 = C1e(C2+C3)|E|

λ
1/2
min

(
≤ C1e

C(C2+C3)‖u‖p
Lp

λ
1/2
min

)
. We conclude from the previous inequality that

‖z‖Lp ≤ Γ(‖u‖Lp)‖h‖Lp ,

for some Γ(‖u‖Lp) > 0.

4.5 Proof of Theorem 2, Part 1.

Again we may assume that (A,B) is controllable. We first show conclusion 1 under the extra
assumption that A is skew-symmetric.

Let u, v ∈ L∞([0,∞), IRm), and let DFσ,∞(u).v be the solution of (6). For simplicity, we
write F for Fσ,∞. Let x = F (u), y = F (v) and w = F (v)−F (u)−DF (u).(v−u). Assume now
that u is fixed. We want to show that

‖w‖L∞ = o (‖v − u‖L∞) as ‖v − u‖L∞ → 0.

Let h = v − u and z = y − x. Then from Theorem 1 part (iii’) we know that ‖z‖L∞ ≤
C(‖u‖L∞)‖h‖L∞ for some constant C(‖u‖L∞) > 0. Let x̃ = BTx, ỹ = BTy and z̃ = BT z.
Again by the mean-value theorem, for each i, there exists a

ξi(t) ∈ [min{−x̃i(t) + ui(t),−ỹi(t) + vi(t)}, max{−x̃i(t) + ui(t),−ỹi(t) + vi(t)}]

such that
σi(−ỹi(t) + vi(t))− σi(−x̃i(t) + ui(t)) = σ′i(ξi(t))(−z̃i(t) + hi(t)) . (18)

Let
ξ(t) = (ξ1(t), . . . , ξm(t)) ,
D(t) = σ′(ξ(t)) = diag(σ′1(ξ1(t)), . . . , σ

′
m(ξ1(t))) .

As in the proof of (iii′), D(t) can be taken to be measurable. Then w satisfies

ẇ =
(
A−Bσ′(−BTx(t) + u(t))BT

)
w + B

[(
D(t)− σ′(−BTx(t) + u(t))

)(
−BT z(t) + h(t)

)]
.

Since ‖ − BTx + u‖L∞ is finite and σ is in C1,+, there exist 0 < a ≤ b < ∞ such that
aI ≤ σ′(−BTx(t) + u(t)) ≤ bI a.e. in [0,∞). Applying Lemma 1, we have

‖w‖L∞ ≤ G̃∞‖B‖
∥∥∥(D − σ′(−BTx + u)

)(
BT z − h

)∥∥∥
L∞

≤ G̃∞‖B‖ (C(‖u‖L∞)‖B‖+ 1) ‖D − σ′(−BTx + u)‖L∞‖h‖L∞ , (19)

where G̃∞ is the L∞-gain of the system ẇ =
(
A − Bσ′(−BTx(t) + u(t))BT

)
w + ũ, w(0) = 0.

By definition we have
D(t)− σ′(−BTx(t) + u(t)) =

diag
(
σ′1(ξ1(t))− σ′1(−x̃1(t) + u1(t)), . . . , σ

′
m(ξm(t))− σ′m(−x̃m(t) + um(t))

)
.

But we know that

|ξi(t)− x̃i(t) + ui(t)| ≤ |z̃i(t)− hi(t)| ≤ (C(‖u‖L∞) + 1)‖h‖L∞ .
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If we assume that ‖h‖L∞ ≤ 1, then |ξi(t)| is bounded. Let M be such that |ξi(t)| ≤M, |x̃i(t)−
ui(t)| ≤ M if ‖h‖L∞ ≤ 1 (M may depend on u). Let K = G̃∞‖B‖ (C(‖u‖L∞)‖B‖ + 1). Then
by the uniform continuity of σ′i on [−M,M ] we conclude that for any given ε > 0 there exists
a 0 < δ < 1 such that ‖D − σ′(−BTx + u)‖L∞ ≤ ε

K
if ‖h‖L∞ ≤ δ. So from (19) we conclude

that ‖w‖L∞ ≤ ε‖h‖L∞ .

This was all assuming that A was skew-symmetric. Now consider a general (neutrally stable)
A. Let u, v ∈ L∞([0,∞), IRm) with u being fixed. Then we know that under a suitable change
of coordinates, system (1) can be written as

ẋ1 = A1x1 + B1σ(−BT
2 x2 + u) ,

ẋ2 = A2x2 + B2σ(−BT
2 x2 + u) ,

x1(0) = 0, x2(0) = 0 ,
(20)

where A1 is Hurwitz and A2 is skew-symmetric. Now (6) is written as

ξ̇1 = A1ξ1 + B1σ
′(−BT

2 x2 + u)(−BT
2 ξ2 + v) ,

ξ̇2 = A2ξ2 + B2σ
′(−BT

2 x2 + u)(−BT
2 ξ2 + v) ,

ξ(0) = 0 .

Again let h = v − u, z = y − x,w = z −DF (u)h. Write w = (w1, w2)
T . Then the above proof

implies that ‖w2‖L∞ = o(‖h‖L∞). We need to show that

‖w1‖L∞ = o(‖h‖L∞) . (21)

Clearly w1 satisfies

ẇ1 = A1w1 + B1

(
σ′(ξ(t))− σ′(−BT

2 x2(t) + u(t))
)
(−BT

2 z2(t) + h(t))

− B1σ
′(−BT

2 x2(t) + u(t))BT
2 w2(t) ,

(22)

where ξ is defined similar to (18). Since ‖BT
2 z2−h‖L∞ ≤ C̃(‖u‖L∞)‖h‖L∞ for some C̃(‖u‖L∞) >

0, A1 is Hurwitz, ‖σ′(ξ)−σ′(−BTx2+u)‖L∞ = o(1), and ‖B1σ
′(−BT

2 x2+u)BT
2 w2‖ = o(‖h‖L∞),

(22) implies that (21) holds too. This finishes the first part of Theorem 2.

4.6 Proof of Theorem 2, Part 2.

Let 1 ≤ p < ∞ and u, v ∈ Lp([0,∞), IRm). As in establishing Part 1, we will first show
Conclusion 2 under the assumption that A is skew-symmetric. Let ν be a real number such
that 0 < |ν| ≤ 1. Write

x = F (u), yν = F (u + νv), zν =
yν − x

ν
and wν = zν −DvF (u), (23)

where DvF (u) is the solution of (6). We have to show that limν→0 ‖wν‖Lp = 0. In the sequel,
Ci will denote positive constants depending on A,B, σ, u, v and p.

Now zν satisfies
ż = Az + BDν(t)(−BT z + v(t)) , (24)
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with
Dν(t) = diag

(
σ′1(ξν,1(t)), . . . , σ

′
m(ξν,m(t))

)
,

where the ξν,i satisfy

σi(−ỹν,i(t) + ui(t) + νvi(t))− σi(−x̃i(t) + ui(t)) = σ′i(ξν,i(t))(−ỹν,i(t) + x̃i(t) + νvi(t)) .

Exactly by the same proof as in part (ii) of Theorem 1 (cf. (17)), we can prove that there exist
constants C1, C2 > 0 (independent of ν ∈ [−1, 1]) such that

‖zν(t)‖ ≤ C1

∫ t

0
eC2(s−t)‖v(s)‖ds .

Let g(t) = C1

∫ t
0 eC2(s−t)‖v(s)‖ds. Then ‖g‖Lq is finite for any p ≤ q ≤ ∞. The above inequality

can be written as
‖zν(t)‖ ≤ g(t) , (25)

for all t ∈ [0,∞). So ‖zν‖L∞ ≤ ‖g‖L∞ . By the definition of zν we have

‖yν − x‖L∞ ≤ ‖g‖L∞|ν|. (26)

Let D = diag(σ′1(0), . . . , σ′m(0)). Let Ã = A − BDBT . Then Ã is Hurwitz. Let P > 0
satisfy

PÃ + ÃTP = −I .

Define ε1
def
= 1

4
√
m‖B‖ ‖PB‖ . Let ε be such that 0 < ε ≤ ε1. We show that ‖wν‖Lp ≤ ε if ν is small

enough.

Write x̃ = BTx. For any constant M > 0, let HM = ∪mi=1{t | |x̃i(t)− ui(t)| ≥M}. Then we
know that there exists C3 > 0 such that |HM | ≤ C3/M

p. Let’s fix an M > 1 large enough such
that ∫

HM
‖zν(t)‖pdt ≤ ε (cf. (25)) , (27)∫

HM
‖v(t)‖pdt ≤ ε . (28)

By the continuity of the σ′i there exists 0 < ε′ ≤ 1/2 such that for i = 1, . . . ,m

|σ′i(ξ)− σ′i(η)| < ε , (29)

if ξ, η ∈ [−2M, 2M ] and |ξ − η| < ε′.

Let Ei =
{

t
∣∣∣ |x̃i(t)− ui(t)| > ε′

}
and E = ∪mi=1Ei. By Tchebychev’s inequality we have

|E| ≤ C4 for some constant C4 > 0.

Write ỹν = (ỹν,1, . . . , ỹν,m)T = BTyν . Define

Gν = ∪mi=1

{
t
∣∣∣ |ỹν,i(t)− x̃i(t)− νvi(t)| > ε′

}
.

Noticing (26), we have for |ν| small enough

Gν ⊆ ∪mi=1

{
t
∣∣∣ |νvi(t)| > ε′/2

}
.
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Therefore by Tchebychev’s inequality again we have

|Gν | ≤
2pνp

(ε′)p

m∑
i=1

‖vi‖pLp . (30)

Notice that if t /∈ HM ∪Gν , then

|ỹν,i(t)− ui(t)− νvi(t)| ≤ |ỹν,i(t)− x̃i(t)− νvi(t)|+ |x̃i(t)− ui(t)| ≤ ε′ + M < 2M .

Now wν satisfies

ẇν =
(
A−Bσ′(−BTx(t)+u(t))BT

)
wν+B

(
Dν(t)−σ′(−BTx(t)+u(t))

)(
−BT zν(t)+v(t)

)
. (31)

If we let V (ξ) = ξTPξ for ξ ∈ IRn, we get

V̇ (wν(t)) = −‖wν(t)‖2 − 2wT
ν (t)PB

(
σ′(−BTx(t) + u(t))−D

)
BTwν(t)

+2wT
ν (t)PB

(
Dν(t)− σ′(−BTx(t) + u(t))

)(
−BT zν(t) + v(t)

)
. (32)

Therefore, we conclude that there exist positive constants C5, C6, C7 such that for almost all
t ∈ [0,∞)/(E ∪HM ∪Gν),

V̇ (wν(t)) ≤ −2C5V (wν(t)) + 2C6εV
1/2(wν(t))‖ −BT zν(t) + v(t)‖ ,

for almost all t ∈ E/(HM ∪Gν),

V̇ (wν(t)) ≤ 2C7V (wν(t)) + 2C6εV
1/2(wν(t))‖ −BT zν(t) + v(t)‖ ,

and for almost all t ∈ HM ∪Gν ,

V̇ (wν(t)) ≤ 2C7V (wν(t)) + 2C6V
1/2(wν(t))‖ −BT zν(t) + v(t)‖ .

The previous inequalities imply

V̇ (wν(t)) ≤ 2λ1(t)V (wν(t)) + 2λ2(t)V
1/2(wν(t))‖ −BT zν(t) + v(t)‖, (33)

where

λ1(t) =

{
−C5 if t /∈ E ∪HM ∪Gν ,
C7 if t ∈ E ∪HM ∪Gν ,

and λ2(t) =

{
C6ε if t /∈ HM ∪Gν ,
C6 if t ∈ HM ∪Gν .

Similar to the proof of part (ii) in Theorem 1 we obtain an inequality similar to (17), namely

‖wν(t)‖ ≤ C8

∫ t

0
e−C9(t−τ)|λ2(τ)| ‖(BT zν(τ)− v(τ)‖dτ , (34)

for some constants C8, C9 > 0. Using (34) and the definition of λ2, there exists C10 > 0 such
that

‖wν‖pLp ≤ C10

(
εp‖BT zν − v‖pLp +

∫
HM∪Gν

‖BT zν(τ)− v(τ)‖pdτ
)

≤ C10

(
εp‖BT zν − v‖pLp + 2p‖B‖p

∫
HM
‖zν(τ)‖pdτ + 2p

∫
HM
‖v(τ)‖pdτ

+
∫
Gν
‖BT zν(τ)− v(τ)‖pdτ

)
.
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Noticing (25), (27) and (28) we get that

‖wν‖pLp ≤ C10

(
εp‖BT zν − v‖pLp + 2p(‖B‖p + 1)ε + 2p

∫
Gν

(‖B‖p gp(τ) + ‖v(τ)‖p)dτ
)
.

Now from (30) we get that the last integral in the right hand side of the above inequality goes
to 0 as ν → 0. Since ε is arbitrary, we have limν→0 ‖wν‖Lp = 0.

Assume now that A is not skew-symmetric. Let 1 ≤ p < ∞, u, v ∈ Lp([0,∞), IRm) and for
0 < |ν| ≤ 1 use the functions introduced in (23). Write wν = (wν,1, wν,2)

T . Then we need to
show that

lim
ν→0
‖wν,1‖Lp = 0. (35)

As in (22), wν,1 satisfies

ẇν,1 = A1wν,1 + B1

(
Dν,2(t)− σ′(−BT

2 x2(t) + u(t))
)
(−BT

2 zν,2(t) + v(t))

− B1σ
′(−BT

2 x2(t) + u(t))BT
2 wν,2 ,

(36)

where Dν,2(t) is defined in the same manner as Dν(t), with the difference that x̃ν,i and ỹν,i are
now equal respectively to the i-th component of BT

2 x2 and BT
2 yν,2. Fix ε > 0. Then taking into

account the fact that A1 is Hurwitz, limν→0 ‖wν,2‖Lp = 0 and (25), we can get that there exists
a constant C > 0 independent of ν such that

‖wν,1‖pLp ≤ C
(
‖wν,2‖pLp + εp‖BT

2 zν,2 − v‖pLp +
∫
HM∪Gν

‖BT
2 zν,2(τ)− v(τ)‖pdτ

)
.

From the previous paragraph, the proof of Conclusion 2 is now complete.

5 Counterexamples

We now turn to the negative statements in Theorem 1. These are established by exhibiting
counterexamples. More precisely, examples 1, 2, 3, and 4 below refer respectively to (i’), (ii’),
(iv’), and (i), while example 5 refers to (iii). Finally, example 6 refers to the fact that Fσ,1 need
not be Fréchet-differentiable in general.

5.1 Fσ,∞ Need Not Be Continuous

Example 1 Consider the 1-dimensional initialized control system

ẋ = −σ(x + u) ,
x(0) = 0,

(37)

where the S-function σ verifies the following condition: there exists an α > 0 such that for
ε = ±1 and |t| ≤ α, we have

σ(ε + t) = ε− t .

Let

h(t) =

{
−1 on [2n, 2n + 1), n ≥ 0,
1 on [2n + 1, 2n + 2), n ≥ 0 ,
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and x = − ∫ t0 σ(h(s))ds. Then ‖x‖L∞ = 1. Letting u(t) = h(t) − x(t), we know that x is the
solution of (37) corresponding to u. Clearly ‖u‖L∞ = 2.

For m ≥ 1, let sm = αe−m and

vm(t) = h(t) + smet +
∫ t

0
σ(h(τ) + smeτ )dτ

for 0 ≤ t ≤ m and vm(t) = u(t) for t > m. Let ym be the solution of (37) corresponding to vm.
If we let zm = ym − x and hm = vm − u, then on [0,m] we have

zm(t) = sm(et − 1) and hm(t) = sm .

Therefore, ‖hm‖L∞ = sm and ‖zm‖L∞ ≥ sm(em − 1). Since limm→∞ sm = 0 and ‖zm‖L∞ ≥ α
2

for m large enough, F is not continuous at u.

5.2 Fσ,∞ Need Not Be Continuous Even for Non-Decreasing σ

Note that the example that follows could of course also be used to establish (i’), instead of
using Example 1. However, it is far more complicated to analyze than the preceding one.

Example 2 We provide an example in which the input to state operator defined at the very
end of Section 2, Fσ0,∞ (or F ) corresponding to the system

ẋ = Ax− bσ0(x2 + u) ,

x(0) = 0 ,

is not continuous. The data are

A =
( 0 −1

1 0

)
, b =

( 0
1

)
,

and σ0 is the standard saturation function. The idea is to argue by contradiction: in a first
step, we construct an l.a.c. curve z̃(t) such that

lim
t→∞
‖z̃(t)‖ =∞ (38)

and a bounded input h̃; in a second step, using the curve z̃(t) we exhibit another l.a.c. curve
x(t) such that there exists an input u for which

‖u‖L∞ <∞, x = F (u) .

Now define

zs =
F (u + sh)− F (u)

s
, (39)

and assuming that F is continuous at u, we have lims→0 szs = 0. We show then that for s > 0
small enough, zs ≡ z̃, which contradicts (38). Therefore, F cannot be continuous at u.

Let us start by the construction of z̃. In the plane (z1, z2), define for t ≥ 0 the l.a.c. curve
z(t) as follows:

19



a) z(0) = (
√

2, 0);

b) ż =

{
Az + bz2 if |z2| ≤ 1 ,
Az if |z2| > 1 .

Since zT ż ≥ 0, ‖z(t)‖ is nondecreasing and in particular

‖z(t)‖ > ‖z(0)‖ =
√

2,

at the times t > 0 for which z(t) is defined.

Furthermore, one checks that in fact, the curve z(t) is well defined for t ≥ 0. (The times
t so that |z2(t)| = 1 are isolated because for each of them, there exists an open neighborhood
(t− τ, t + τ) where |ż2| > 0).

Now, by writing z(t) in polar coordinates, if

θ̇ =
ż2z1 − ż1z2

z2
1 + z2

2

is the angular velocity, we have for all t ≥ 0,

1

2
≤ θ̇ ≤ 3

2
.

The previous remarks imply that there exist two increasing sequences (Tn)n≥0, (T ′n)n≥0 and two
positive numbers C1, C2 such that

(1): T0 = 0, Tn < T ′n < Tn+1 for n ≥ 0;

(2): T ′n − Tn ∼n→∞ C2

n1/3 ;

(3): limn→∞ Tn+1 − T ′n = π;

(4): |z2| ≤ 1 on [Tn, T
′
n] and |z2| > 1 on (T ′n, Tn+1) for n ≥ 0;

(5): ‖z(t)‖ ∼t→∞ C1t
1/3;

(6): limt→∞ θ̇(t) = 1.

From this construction, we have limt→∞ ‖z(t)‖ =∞. Let

d0(t) =

{
1 on [Tn, T

′
n] ,

0 on (T ′n, Tn+1), n ≥ 0 ,

h0(t) =

{
−2z2(t) on [Tn, T

′
n] ,

0 on (T ′n, Tn+1), n ≥ 0 .

Then z is the solution of the system (E0)

ż = Az − d0(t)b
(
z2 + h0(t)

)
,

z(0) = z0 .
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Let (E1) be the planar system

ẋ = Ax− bσ0

(
f(x, t)

)
,

x(0) = x0 ,

where A, b are defined as above, x0 6= 0 is small and

f(x, t) =


0 if t ∈ [Tn, Tn′ ] ,
2 if t ∈ (T ′n, Tn+1), |x1| > 2 and x2 ≥ 0 ,
−2 if t ∈ (T ′n, Tn+1), |x1| > 2 and x2 < 0 ,
2 if t ∈ (T ′n, Tn+1) and |x1| ≤ 2 .

Once again, one checks that the previous curve is well defined for t ≥ 0. Note that if ‖x(t)‖ ≥
3
√

2, then 1/2 ≤ θ̇ ≤ 3/2 and ẋxT (t) ≥ 0 if and only if t ∈ (T ′n, Tn+1) for some n ≥ 0, |x1(t)| ≤ 2
and x2(t) < 0.

Let us show that ‖x‖L∞ <∞. Fix an integer n0 such that for all n ≥ n0

9π

10
≤ Tn+1 − T ′n ≤

11π

10
.

Then writing (E1) in polar coordinates gives

ṙ = − sin θσ0

(
f(x, t)

)
, |θ̇ − 1| ≤ 1

r
. (40)

Consider the positive constant r0 = 15 and the first time t0 ≥ Tn0 such that ‖x(t0)‖ = r(t0) ≥ r0.
Define also

r1 = sup
t≤t0
‖x(t)‖ ≥ r0.

If such t0 does not exist then we are done. Otherwise, in the worst case, there exist T ′ < T ′′ in
(T ′n0

, Tn0+1) such that for t ∈ [T ′, T ′′]

x1(T
′) = −2, x1(T

′′) = 2, |x1(t)| ≤ 2 and x2(t) ≤ 0 .

A direct computation shows that one of the two following cases occurs:

(1) ‖x(Tn0+1)‖ ≤ r0, or

(2) for n ≥ n0, ‖x(Tn)‖ is decreasing and

sup
t0≤t≤Tn

‖x(t)‖ ≤ 2r1,

as long as ‖x(Tn)‖ ≥ r0.

Therefore, if the n ≥ n0 for which (2) is satisfied are unbounded, we are again done. Otherwise,
there exists an n1 ≥ n0 for which ‖x(Tn1)‖ ≤ r0. Once again, consider the first time t1 ≥ n1

such that
‖x(T ′n1

) = ‖x(Tn1)‖ = r(T ′n1
) ≥ r0.
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If t1 does not exist, the assertion is proved. Otherwise one shows that ‖x(Tn1+1)‖ ≤ r0 and

sup
Tn1≤t≤Tn1+1

‖x(t)‖ ≤ 2r0.

By repeating this argument if necessary, it follows that

‖x‖L∞ ≤ 2r1 <∞ and ‖u0‖L∞ ≤ ‖x‖L∞ + 2 .

Furthermore, there exist t′0 ≥ 0 and two bounded inputs u1 and h1 such that:

(i) the solution of

ẋ = Ax− bσ0(x2 + u1) ,

x(0) = 0,

reaches x0 in time t′0 and |x2(t) + u1(t)| ≤ 1/2 for t ∈ [0, t′0];

(ii) the solution of

ż = Az − b(z2 + h1) ,

z(0) = 0,

reaches (
√

2, 0) in time t′0.

Concatenate u1 and u0
def
= f(x(t), t) − x2(t), h1 and h0 to respectively the bounded inputs u

and h̃. For x the solution of

ẋ = Ax− bσ0(x2 + u) ,

x(0) = 0 ,

we get ‖x‖L∞ <∞. Note that for all t ≥ 0, |x2(t) + u(t)| ≤ 1/2 or |x2(t) + u(t)| = 2. Then, z̃,
the solution of

ż = Az − d(t)b(z2 + h) ,

z(0) = 0 ,

where

d(t) =

{
1 on [0, t0) ,
d0(t− t0) on [t0,∞) ,

is in fact the solution of

(E2) ż = Az − σ′0(x2 + u)b(z2 + h) ,

z(0) = 0 ,

where σ′0(·) stands for the derivative of σ0 with respect to its argument.
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Suppose that F is continuous at u. For 0 < s < 1, define zs by (38) and note that it is the
solution of

ż = Az −
σ0

(
x2 + u + s(z2 + h)

)
− σ0(x2 + u)

s(z2 + h)
b(z2 + h) ,

z(0) = 0 .

Since F is continuous at u,
|s
(
zs,2(t) + h(t)

)
| ≤ 1/4

for s small enough, and then zs is the solution of (E2) and then zs ≡ z̃.

Therefore, for s > 0 and small enough, limt→∞ s‖zs(t)‖ = ∞, which contradicts the conti-
nuity of F at u.

5.3 Failure of GIG∞, Even for σ ∈ C1,+

Example 3 The next example serves to show that GIG∞ does not hold for all σ ∈ C1,+. Pick
any element σ of C1,+ (i.e., σ is continuously differentiable and σ′ > 0) such that in addition, σ
is smooth, σ(t) = t for t ∈ [−α0, α0], where α0 > 0 is a positive constant, σ′′ > 0 on (−∞,−α0)
and σ′′ < 0 on (α0,∞). Let A and b be as in the previous example. Thus, the system that we
consider now is essentially the same as in Example 2, with the only difference that the standard
saturation function σ0 is now replaced by any σ which satisfies the above properties.

If Fσ,∞ = F is the corresponding input-to-state operator, we will prove that for any α,
β > 0, there exist u, v in L∞([0,∞), IR) such that:

‖v − u‖L∞ ≤ α and ‖F (v)− F (u)‖L∞ ≥ β .

The strategy is to construct two l.a.c. curves z(t) and h(t) such that

lim
t→∞
‖z(t)‖ =∞, ‖h‖L∞ ≤ α,

and then two other l.a.c. curves x(t) and y(t) such that:

(a) y(t)− x(t) = z(t) for t ∈ [0, t′1] where t′1 is chosen so that ‖z(t′1)‖ ≥ β;

(b) there exist two essentially bounded inputs u, v such that x = F (u), y = F (v), v(t)−u(t) =
h(t) for t ∈ [0, t′1] and v(t) = u(t) = 0 for t ≥ t′1.

Consider α, β > 0. We choose a z0 = (z̄, 0) 6= 0 so that |z̄| ≤ 1 and there exist t∗ ≥ 0 and a
bounded input h̃ for which

(i) ‖h̃‖L∞ ≤ α ;

(ii) the solution ζ = (ζ1, ζ2) of

ζ̇ = Aζ − σ
(
ζ2(t) + h̃(t)

)
,

ζ(0) = 0,

reaches z0 at time t∗ and ζ2(t) + h̃(t) 6= 0 a.e. in [0, t∗).
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Define the constants α′ > 0 and r0 such that

α′ = min
(
1,

α

2
,
‖z0‖

2

)
,

r0 =
28π3

α′3
.

For ε in (0, 1) and for t ≥ t∗ consider zε(t) the l.a.c. curve defined by

a) zε(t∗) = z0;

b) żε =

{
Azε + bzε,2 if |zε,2| ≤ α′ ,
Azε − bεzε,2 if |zε,2| > α′ .

(Note that for a given ε ∈ (0, 1), zε need not be defined for all t ≥ t∗.) It is easy to see by using
polar coordinates, that if we choose ε0 > 0 small enough, then there exists t0 ≥ t∗ such that

r(t0) = ‖zε0(t0)‖ > 2r0, zε0,2(t0) > 0 and zε0,2(t0) = −α′.

Now, for t ≥ t0 consider the l.a.c. curve z′(t) defined by

a) z′(t0) = zε(t0);

b) ż′ =

{
Az′ + bz′2 if |z′2| ≤ α′ ,

Az′ − b
z′2
‖z′‖4 if |z′2| > α′ .

Write z′(t) and ż′(t) in polar coordinates r(t), θ(t) and define for n ≥ 1

rn = r(tn−1) with z′1(tn−1) > 0 and z′2(tn−1) = −α′.

By an induction argument, we show that

1. the sequences (tn)n≥0, (rn)n≥1 are well-defined,

2. ∀n ≥ 1, r(t) ≥ rn if t ≥ tn+1,

3. there exists a constant C > 0 depending only on r0 such that for all n ≥ 0,

r4
n+1 ≥ r4

n + Crn .

Therefore limt→∞ r(t) =∞.

Concatenate ζ, zε0 and z′ to obtain an l.a.c. curve z(t) from [0,∞) to IR2. Then, define for
t ≥ 0, the functions d(t), h(t) by

d(t) =



σ

(
ζ2(t)+h̃(t)

)
ζ2(t)+h̃(t)

a.e. in [0, t∗) ,

1 if t ≥ t∗, |z2(t)| ≤ α′ ,
ε0 if t∗ ≤ t ≤ t0 and |z2(t)| > α′ ,

1
‖z(t)‖4 if t ≥ t0 and |z2(t)| > α′ ,
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and

h(t) =


h̃(t) on [0, t∗) ,
−2z2(t) if t ≥ t∗, |z2(t)| ≤ α′ ,
0 if t ≥ t∗, |z2(t)| > α′ .

We observe that z is actually the solution of

ż = Az − d(t)b
(
z2 + h(t)

)
,

z(0) = 0 ,

and therefore we get that ‖h‖L∞ ≤ α and limt→∞ ‖z(t)‖ =∞.

In order to construct x and y as we want, it is enough to know ξ(t)
def
= x2(t) + u(t), because

of the following formula:

x(t) = eAt
∫ t

0
e−Asbσ

(
ξ(s)

)
ds. (41)

This is simply done by considering the equation in ξ

∫ ξ+z2(t)+h(t)
ξ σ′

z2(t) + h(t)
= d(t) , (42)

with z2(t) + h(t) 6= 0 and σ′(ξ) = d(t) if z2(t) + h(t) = 0. The times t ≥ t∗ for which
z2(t) + h(t) = 0 are isolated and then z2 + h is a piecewise continuous function. Therefore, for
the times t ≥ t∗ such that |z2(t)| ≤ α′ it is enough to set ξ = 0 in (42) and for the other times
t ≥ t∗, we can choose a piecewise continuous selection for ξ in (42).

Therefore, if t1 is picked so that ‖z(t1)‖ ≥ β (without loss of generality we can suppose
t1 ≥ t0), we construct x on [0, t∗) by taking x = 0, then on [t∗, t1), by using the solution of (42)
in (41) and finally u = 0 for t ≥ t1. As for y, it is defined by x + z on [0, t1) and v = 0 for
t ≥ t1. To conclude the construction, notice that

v(t)− u(t) =

{
h(t) on [0, t1) ,
0 on [t1,∞) .

5.4 Failure of SLPp for Arbitrary σ

Example 4 Next, we deal with counterexamples to property SLPp. Let σ(t) =
∫ t

0 σ′(s)ds,
where σ′ is an even function and for t > 0 is given by

σ′(t) =


0 if t ≥ 1 ,
1 if t ∈ [ 1

(n+1)2 + 1
(n+1)4 ,

1
n2 ), n ≥ 1 ,

−1 if t ∈ [ 1
(n+1)2 ,

1
(n+1)2 + 1

(n+1)4 ), n ≥ 1.

It is easy to verify that σ is an S-function and obviously σ does not belong to C(0). Consider
the system

ẋ = −σ(x + u) ,
x(0) = 0 .

(43)
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Let

h(t) =


0 on [0, 1] ,
un on [n, n + 1/2), n ≥ 1 ,
−un on [n + 1/2, n + 1) ,

with un = 1
(n+1)2 + 1

2(n+1)4 for n ≥ 1. Let x(t) = − ∫ t0 σ(h(s))ds. Then, if we let u = h− x, x is

the solution of (43). Clearly for all 1 ≤ p <∞, ‖x‖Lp <∞, ‖u‖Lp <∞.

For m ≥ 1, define sm = e−m

2(m+1)4 and let wm = − ∫ t0 σ(g(s))ds, where

g(t) =


0 if t ∈ [0, 1]
h(t) + smet if t ∈ [1,m]
0 if t ∈ (m,∞) .

Now let vm = g(t) − wm(t) on [0,m] and vm = u for t > m. Let ym be the solution (43)
corresponding to vm. Then, if zm = ym − x and hm = vm − u, we have on [1,m]:

zm(t) = sm(et − e) and hm(t) = sme .

Therefore, for m large enough, ‖hm‖Lp ≤ m1/psme and ‖zm‖Lp ≥ sm
[ ∫m

1 (es − e)pds
]1/p

. Let

am =
[ ∫ m−1

0
(es − e)pds

]1/p
.

We get
‖ym − x‖Lp
‖vm − u‖Lp

≥ m−1/pam,

which goes to ∞ as m→∞. Therefore F does not satisfy SLPp at u.

5.5 Failure of GIGp, Even for Non-Decreasing σ

Example 5 Let σ be an S-function that satisfies the following condition. There exists a δ > 0
such that σ(t) = t if |t| ≤ δ and σ(t) = sign(t) if |t| ≥ 1 + δ. For example, σ could even be the
standard saturation function. Consider the 1-dimensional system

ẋ = −σ(x + u) ,
x(0) = 0 .

(44)

Let 1 ≤ p < ∞ be a real number. Let a > 1 + δ, 0 < ε < δ be two real numbers. Take two
inputs u, v ∈ Lp([0,∞), IR) as follows:

u(t) = v(t) = −t− 1− δ , for 0 ≤ t ≤ a,

u(t) = −a, v(t) = −ε(t− a)− a− ε , for a < t ≤ a + 1 ,

u(t) = v(t) = 0 , if t > a + 1 .

Let x, y be the solutions of (44) corresponding to u, v respectively. Then we have for a ≤ t ≤
a + 1,

x(t) = a, y(t) = a + ε(t− a).
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and
x(t) = 2a + 1− t, y(t) = 2a + ε + 1− t

for a + 1 ≤ t ≤ 2a− δ. Therefore∫ ∞
0
|y(s)− x(s)|pds >

∫ 2a−δ

a+1
|y(s)− x(s)|pds = εp(a− 1− δ).

So, ‖y − x‖Lp ≥ ε(a− 1− δ)1/p. On the other hand,

‖v − u‖Lp = ε
( ∫ a+1

a
|t− a + 1|pdt

)1/p
= ε

(2p+1 − 1

p + 1

) 1
p .

Noticing that a and ε could be almost arbitrary, we have shown that for any α, β > 0, there
exist u, v in Lp([0,∞), IR) such that

‖v − u‖Lp ≤ α and ‖F (v)− F (u)‖Lp ≥ β .

5.6 Nondifferentiability of Fσ,1

Example 6 Consider a saturation function σ continuously differentiable, linear in a neighbor-
hood of 0 ( i.e. σ(t) = t for |t| small enough) and the control system

ẋ = −σ(x + u) ,
x(0) = 0 .

(45)

Fix an α > 1 and let K = ‖σ‖L∞ . Take u = 0 and consider the sequence {uj}∞j=1 of inputs
defined by

uj(t) =

{
j on [0, j−α],
0 on (j−α,∞).

Then ‖uj‖L1 = j1−α → 0 as j → ∞. Note that for any v ∈ L1([0,∞), IR), DvF (0) is the
solution of

ż = −z + v, z(0) = 0.

Then for j large enough and t ≥ j−α, we have

|F (uj)(t)| ≤ Kj−αe−t+j
−α

and DujF (0)(t) = j(1− e−j
−α

)e−t+j
−α

.

Then
‖F (uj)−DujF (0)‖L1

‖uj‖L1

≥ 1/2,

for j large enough. Therefore, Fσ,1 is not Fréchet-differentiable at 0.
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5.7 One Last Example

The last example shows that the Lipschitz constant C obtained in the proof of part (ii’),
Theorem 1 is the best possible one. We keep the notations used in the proof of Theorem 1.

Example 7 Let σ be a saturation function. Consider the system

ẋ = −αx + Bσ(−BTx + u) ,
x(0) = 0 .

(46)

With no loss of generality, we can assume that bk > 0 for k = 1, · · · ,m. Fix ε > 0 and an
ω = (ω1, · · · , ωm) such that

0 < ωk < ‖σ′k‖L∞(≤ ∞), k = 1, . . . ,m,

and

Cα − ε ≤

(∑m
k=1 b2

kω
2
k

) 1
2

α +
∑m
k=1 b2

kωk
< Cα.

We can pick ε > 0 small enough so that α +
∑m
k=1 b2

kωk− ε > 0. Let ξ0 = (ξ1, · · · , ξm) be chosen
so that for k = 1, . . . ,m, σk is differentiable at ξk and

|σ′k(ξk)− ωk| ≤ ε/2.

Define Ω = diag(ω1, · · · , ωm). Furthermore, there exists an ε′ > 0 such that if ‖ξ − ξ0‖ < ε′,
then ∥∥∥σ(ξ)− σ(ξ0)

(ξ − ξ0)
− σ′(ξ0)

∥∥∥ < ε/2.

For α > 0, let xα be the solution of the system

ẋ = −αx + Bσ(ξ0) ,

x(0) = 0 .

If we let uα(t) = ξ0 + BTxα(t), then xα is the solution of (46) corresponding to uα.

Pick a constant h0 > 0 so that h0(1 + ‖B‖Cα) < ε′. Let h = h0(∑m

k=1
b2
k
ω2
k

) 1
2
(b1ω1, . . . , bmωm)

and vα = ξ0 + BTxα + h. Let yα be the solution of (46) corresponding to vα. Let zα = yα− xα.
Then zα satisfies

ż = −αz − d(t)z + BD(t)h ,

z(0) = 0 ,

where

D(t) =
σ(ξ0 + BT zα + h)− σ(ξ0)

BT zα + h
and d(t) = BD(t)BT .

By the choice of h0 and the fact that Fσ,∞ is globally Lipschitz, we have ‖BT zα + h‖L∞ ≤
‖B‖Cαh0 + h0 < ε′. Then, for t ≥ 0, we get

‖D(t)− Ω‖ ≤ ε,
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In that case, ‖xα‖L∞ , ‖yα‖L∞ <∞ and a direct computation shows that there exists a positive
constant µ (independent of ε) such that

lim inf
t→∞

∣∣∣zα(t)
h0

∣∣∣ ≥ Cα − µε.

Letting ε→ 0, we prove that Cα is the desired Lipschitz constant.

Now assume that α = 0. For T > 0, define xT (t) = Bσ(ξ0)t on [0, T ] and as the solution of

ẋ = Bσ(−BTx), x(T ) = Bσ(ξ0)T ,

for t ≥ T . Then consider yT defined on [0, T ] as the solution of (46) corresponding to v =
ξ0 + BTxT + h and for t ≥ T , defined as the solution of

ẋ = Bσ(−BTx), x(T ) = yT (T ) ,

Finally set zT = yT −xT . If we define the input hT = h for t ∈ [0, T ] and 0 for t ≥ T , we obtain
for T large enough, there exists a positive constant µ (independent of ε) such that

‖zT‖L∞
‖hT‖L∞

≥ C0 − (µ + 1)ε .

As in the case α > 0, we conclude that C0 is the desired Lipschitz constant.

One can also notice that Cα → C0 as α → 0+ and under the extra assumption that
‖σ′k‖L∞ =∞ for some integer k, Cα is independent of α ≥ 0 and is equal to (infk=1,···,m |bk|)−1.
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