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SUMMARY

This paper discusses various continuity and incremental-gain properties for neutrally stable
linear systems under linear feedback subject to actuator saturation. The results complement
our previous ones, which applied to the same class of problems and provided finite-gain stability.
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1 Introduction

We continue in this paper the study, which we started in [5], of operator stability properties
for saturated-input linear systems. In the previous paper, we studied feedback systems of the
form

&= Az + Bo(Fx + u). (%)

Here o denotes a vector of saturation-type functions, each of which satisfies mild technical
conditions that are recalled later (at this point, it suffices to say that all reasonable “sigmoidal”
maps such as o(x) = tanh(x) and the standard saturation function o((t) = sign(¢) min{|¢], 1}
are included). The matrix A is assumed to be neutrally stable and one uses the standard
passivity theory choice of feedback F' that makes the origin of the unforced closed-loop system
& = Ax + Bo(Fz) globally asymptotically stable. (For instance, if A has all eigenvalues in the
imaginary axis and the pair (A, B) is controllable, F' = —BT P, where P is a positive definite
matrix satisfying ATP + PA =0.)

We proved in [5] that this system is finite-LP-gain stable, that is, the zero-initial state
operator F,, mapping input functions u(-) to solutions z(-) is a well-defined and bounded
operator from LP([0,00),R™) to LP([0,00),IR™). The result is valid for each p in the range
[1,00]. Estimates were provided of the operator norms, in particular giving for p = 2 an upper
bound expressed in terms of the H*°-norm of the same input-state map for the system in which
the saturation o is not present. We also dealt with partially observed states, generalizing the
result to the case where an observer is inserted in the feedback construction. The assumption
of neutral stability is critical: we also obtained examples showing that the double integrator
cannot be stabilized in this operator sense by any linear feedback, contradicting what may
be expected from the fact that such systems are globally asymptotically stabilizable in the

state-space sense. (Recently, Lin, Saberi, and Teel in [4] obtained related results, showing
in particular that under the restriction that the input signals be bounded one can drop the
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stability assumption in obtaining finite-gain stability. See also 7, 8] and [9] for state-space
stabilization of linear systems subject to saturation, under minimal conditions.)

Finite-gain stability, studied in the above-mentioned papers, means that the “energy” of
inputs is amplified by a bounded amount when passing through the system. Another property
which is extremely important in the context of feedback systems analysis is that of incrementally
finite gain (“ifg”) stability. In mathematical terms, this latter property is the requirement
that the operator Iy, be globally Lipschitz. That is to say, if ynom is the output produced in
response to a nominal input 4,4y, then a new input e +Au produces an output whose energy
differs from that of y,,m by at most a constant multiple of the energy of the increment Auw.
This stronger notion measures sensitivity to input perturbations; for differentiable mappings,
one would be asking that the derivative be bounded. In the context of stability, the usual
formulations of the small-gain theorem involve ifg stability, because fg stability by itself is not
sufficient in order to guarantee the existence and uniqueness of signals (“well-posedness”) in

a closed-loop system; see [10] In the recent work [3], it is shown how to generalize the gap
metric, so successful in robustness analysis of linear systems, to the context of ifg stability of
nonlinear systems. Even stronger properties may sometimes be needed; for instance, the work
in 2] requires what the author of that paper calls “differential stability,” which means that
ifg stability holds and F,, is Fréchet differentiable as well. Motivated by this, we ask here if

stronger properties hold for the feedback configuration studied in [5]

Our results can be summarized in informal terms as follows:

1. The operator [y, is continuous if p is finite, but is not in general continuous for p = oo
(uniform norm).

2. F,, is locally Lipschitz under additional assumptions on the saturation (for p finite, a
sufficient condition is that the components of o be differentiable near the origin; for p = oo
one asks in addition that they be differentiable everywhere, with positive derivative). A
much stronger statement than the local Lipschitz property is established —which we call
“semiglobal Lipschitz”— as incremental gains are shown to depend only on the norms of
the controls; on the other hand, we also show by counterexample that these operators are
not generally globally Lipschitz (so ifg stability does not hold).

3. Assume that o is continuously differentiable. For p = oo, we show that F,, is Fréchet
differentiable (under the assumption that ¢’ is always positive), but this may fail for finite
p. In the latter case, however, we can prove that directional derivatives always exist.

The paper is organized as follows. First we review some needed facts from [5], to be used
in this paper. After that, we introduce our basic definitions and state the main results. Proofs
of the positive statements are given first, and we close with counterexamples that justify the
negative results.

2 Preliminaries

In order to state our results, we need to first recall some definitions and basic results from [5],
including those of “saturation function” and finite gain LP-stability.



By a saturation function (“S-function” for short) we mean any o : IR — IR which satisfies
the following properties:

e o is locally Lipschitz and bounded;
o to(t) >0ift #0;

e liminf; @ > 0, limsup,_,, @ < 00; and

. liminf|t‘_,oo lo(t)] > 0.

We remark that the locally Lipschitz assumption on o is not really needed in establishing
Theorem (FG) below. This purpose of this condition is only to guarantee that system (1) in
Theorem (FG) has uniqueness of solutions for any input w.

All the interesting saturation functions found in usual systems models, including the stan-
dard saturation function o (t) = sign(¢) min{|¢|, 1} as well as the functions arctan(t) and tanh(t)
are S-functions.

We say that o is an R"-valued S-function if o = (o4, ...,0,)T, where each component o; is
an S-function and ot
o(x) = (o1(z1),. .., 0n(z,))T
for ¥ = (x1,...,2,)T € R™. (Here we use (---)T to denote the transpose of the vector (---).)

We now turn to the stability definitions. These can be introduced for any initialized control

system
&= f(x,u), x(0)=0. (%)

The state x and the control u take values in R” and RR™ respectively. With appropriate
assumptions on f (for example f : IR" x IR™ — IR" is globally Lipschitz with respect to its
argument (x,u)), the solution = of (¥) corresponding to any input u € LP([0,00), R™) for
1 < p < oo is well defined for all ¢ € [0,00). When defined for all ¢t € [0,00), we denote this
solution z, which is a priori just a locally absolutely continuous (l.a.c for short) function, as
F () (u)

In general, for any 1 < p < oo and any vector function = € LP([0,00), R"), we’ll consider
the standard LP-norm

o 1/p
2l = ([ lz@lPa)” <o),
[l = ess suppescoolla(t)]] -
1
(For vectors in IR™ we use Euclidean norm ||¢|| = ( A 53) . We use the same notation for

matrices, that is, ||S|| is the Frobenius norm equal to the square root of the sum of squares of
entries, i.e. ||S||=Tr(SST)Y2, where Tr denotes trace.)

We define the LP-gain of a system (X) as the norm of the operator Fiy) that maps inputs
to solutions, assuming a zero initial state. That is, the LP-gain of (X), to be denoted by G,, is
the infimum (possibly +00) of the numbers M so that

[y (W) lle < M[ul]ze
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for all uw € LP([0,00), R™). (If F(s)(u) is undefined for any u € L*([0,00),IR™), we also write
G, = 00.) When this number is finite, we say that the operator is finite gain LP-stable (in more
usual mathematical terms, it is a bounded operator).

The main result in [?] concerns the finiteness of the LP-gain of (X) for a specific class of
input-saturated linear systems. We quote this result next.

Theorem (FG) Let A, B be n X n,n X m matrices respectively and let o be an R™-valued
S-function. Assume that A is neutrally stable. Then there exists an m X n matrix F' such that
the system
t = Ax+ Bo(Fzxr+u), (1)
z(0) = 0,

18 finite gain LP-stable for all 1 < p < o0.

By neutral stability, we mean as usual that the origin of the differential equation & = Az is
stable in the sense of Lyapunov (not necessarily asymptotically stable, of course; otherwise the
result would be trivial from linear systems theory); equivalently, there is a symmetric positive
definite matrix @ which provides a solution of the Lyapunov matrix inequality ATQ +QA < 0.

The results in this paper will refer to the specific feedback F' that is found in the proof
of the above-cited result. In order to understand the choice of F' (which is the most natural
choice of feedback to use in this context), we need to recall the preliminary steps in the proof of
Theorem (FG). The first step consisted of the observation that one can assume without loss of
generality that the pair (A, B) is controllable, because the trajectories lie in the controllability
space R(A, B). Next we applied a change of basis to reduce A to the block-diagonal form

Al 0

(5 ) 2
where A is an r x r Hurwitz matrix and Ay is an (n — r) x (n — r) skew-symmetric matrix.
(Recall that A is assumed to be neutrally stable.) Thus one only needs to obtain finite gain LP-
stability of the subsystem corresponding to As; then feeding-back a function of these variables
doesn’t affect the finite gain LP-stability of the first subsystem. Since A, is skew-symmetric
and the pair (Ay, Bs) is controllable, the non-saturated closed-loop matrix A=A,y — By,BT
is Hurwitz. Therefore, the proof of Theorem (FG) is reduced to showing that the following

system:
i = Az + Bo(—BTz +u),2(0) =0 (3)

is finite gain LP-stable for every 1 < p < oo, provided that A is skew-symmetric and A = A —
BB? is Hurwitz. Thus, except for two coordinate changes (first to restrict to the controllability
space and then to exhibit the above block structure), the I used in the proof of Theorem (FG)
is ' = —BT. This is the standard choice of feedback suggested by the passivity approach to
control —for a discussion and references see 9,

(For completeness, we point out that, after these trivial preliminary steps, the proof of
Theorem (FG) then centers upon the hard part, which consists of finding a suitable “storage
function” V,, and establishing for it a “dissipation inequality” of the form

dVp(z(t))

< =l + m )P (@)



for = F(s)(u), where now (X) is the system in Equation (1) and &, > 0 is some constant.
Surprisingly, a nonsmooth V,, is needed.)

In conclusion, we will denote by

F,, : L7([0,00), R™) — L*([0, 00), R")

the (nonlinear) input/state operator F(s) for system (1) when the feedback F' is chosen as in
the above discussion, for any fixed ¢ and any fixed p.

3 Regularity Properties of I,

Now we can turn to the precise statement of the regularity properties of Fy, , such as continuity,
incremental gains, differentiability, and so on, which we will study in this paper.

3.1 Statement of the Incremental Gain Results

Recall that a K-function g : IRT — IR is one that is continuous, strictly increasing, and satisfies
9(0) = 0.

Definition 1 The operator F,, satisfies the generalized incremental gain property (with re-
spect to LP) if

(GIG,) there exists a K-function g such that for all u, v in L?([0, c0), R™),

1o p(v) = Fop(w)llr < g(llv = ulls).

It is obvious that F}, satisfies the GIG, property if and only if it is uniformly continuous,
i.e. iff for any given € > 0, there exists a § > 0 such that || F,,(u) — F,,(v)||zr < & whenever
llu — v||zr < J. Note that if ¢ is linear, this is the standard “finite incremental gain” property,
or in mathematical terms, a global Lipschitz property.

It turns out that GIG, is a very strong property. For most S-functions, even smooth ones,
the operator F,, does not satisfy the GIG, property. For general S-functions o, Fj o, even
fails to be continuous. However, for restricted classes of S-functions, more precisely the classes
Ci) and C'* defined below, F,, satisfies the following SLP,, property (semiglobal Lipschitz

property):
(SLP,) there exist a K-function ¢ and a constant ¢ > 0 so that, for all u,v in LP([0, c0), R™),

[Eop(v) = Fop(u)llr < (¢ +g(llullze)) [l — ullr -

This property clearly implies the continuity of F, .

The class C(g) is defined as the class of functions ¢ : IR — IR which are globally Lipschitz,
differentiable at 0 and satisfy

U(t) — U(S> _ 0_/(0) ] (5)



An R"™-valued S-function o belongs to Cg) if each of its components belongs to C ).

The class Ct is defined as the class of functions o : R — IR which are continuously
differentiable and satisfy that ¢’ is everywhere positive. An R™-valued S-function o belongs to
CHT if each of its components belongs to Cb7.

The main results of this paper are summarized in the next theorem:
Theorem 1 Let 0 be an R™-valued S-function and let 1 < p < co. We have
(A) For each 1 < p < oo, the following conclusions hold:

1) F,, is continuous, but in general does not satisfy the SLP,, property.
» P
11) Assume that o belongs to Cyy. Then Fy, satisfies SLP,,.
(0) P P
(111) Even for smooth non-decreasing saturation functions o, F,, does not in general
satisfy the GIG, property.
(B) For p = oo, the following conclusions hold:

(1’) In general, F, » is not continuous.

(i1’) Assume that each component of o is non-decreasing. Then for n = 1, F, o is
globally Lipschitz. If n > 1, even for m =1 and o non-decreasing, Fy -, need not be
continuous.

(iii’) Assume that o belongs to C. Then F, ., satisfies SLP ..
(iv’) Even for a smooth o € Ct", F, ., need not satisfy the GIG, property.

3.2 Statement of the Differentiability Results

We can also discuss the differentiability properties of F, ,. First if ¢ is an IR™-valued S-function,

we say that o is of class C! if each component of ¢ is of class C*, i.e. continuously differentiable.
We have

Theorem 2 1. Forp=oc and o € CY", F,,, is Fréchet-differentiable.
2. For 1 <p < oo and o of class C* and globally Lipschitz, F,, is Gdteauz-differentiable.
We will give an example (Example 6 in Section 5) to show that F,; need not be Fréchet-

differentiable even for smooth o.

If o € CYF and u,v € L™=([0,00), R™), we will use DF, .(u).v to denote the differential of
F, o at u applied to v. For each 1 < p < oo and o of class C!, we use D,F,,(u) to denote
the Gateaux-differential of F,, , at v € LP(]0,00), R™) in the direction v. It is well known that
both DF, o (u).v and D,F, ,(u) are given by the linearization of (X) along the trajectory x of

(33) corresponding to u (cf. [6]) In other words, DF, (u).v and D,F, ,(u) are the respective
solutions of the following time-varying initialized systems

(Su(pow)) &= AE+ Bo'(Fa+u)(FE+v), £(0)=0, (6)

where F' is the m X n matrix given in the proof of Theorem (FG) and if o0 = (01,...,0m),
z € R™, then o'(2) = diag(oy(21), ..., 00, (2m)).
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4 Main Proofs

Now we prove the positive statements in Theorem 1 and Theorem 2. The negative results are
covered in the next section.

When the context is clear, for simplicity, we will drop the indices o,p or o,00 and simply
write F for F,, or F, -, and use D, F to denote D, F, ,(u) for 1 <p < oc.

4.1 Proof of (ii’)

When n = 1, system (1) is written as

it = —ax+ Bo(-BTz+u),
z(0) = 0, ()

where A = —a <0, B = (by,...,b,) is a row vector, and o = (0q,...,0,)".

Let x = F(u). If v is also in L*>([0,00), R™), define y = F(v), 2z = F(v) — F(u) and
h =v—wu. Let
D(t) = diag(dy(t),...,dn(t)),

where

oi(=biy(t) + vi(t)) — o3(—bix(t) + wi(t))

di(t) = i — bia(t) + ha(t) £0),

and d;(t) = 1 if —b;z(t) + hi(t) = 0. Since each o; is non-decreasing, d;(t) > 0 a.e..

Now z satisfies
i(t) = —az(t)— BD(t)BTz(t) + BD(t)h(t),
2(0) = 0.
First assume that a > 0. Let d(t) = BD(t)B”. Then d(t) > 0. Let 7(t) = fj(a + d(s))ds.

Then 7 is strictly increasing on [0, 00), and onto [0,00). Let Z(s) = 2(t) and H(s) = Bfi%gt),
if 7(t) = s. Then Z satisfies

dZ
<= —7Z+H,
ds

Z(0) = 0,

on [0,00). Therefore the sup-norm ||Z||z~jp0) of Z on [0,00) is bounded by the sup-norm
|| H || >[0,00) of H on [0,00). Then

[2]|Lee = (| Z]| (0,000 < [[H L% [0,00)-
For each 0 < a < o0, let

(S, b2¢2)?

C, =su
P o+ 3 b6

| 0<& < olll=(£00)i=1,....,m



Note that 0 < C,, < Cy < 0o. Now for o > 0, we have ||H||1[0,00) < Ca||h||zoc. Therefore
[1F(v) = F(u)le = [[2]l e < Callv = ull -

This is also true for a« = 0 because C,, < C and the trajectories of (X,), for fixed u, v, converge
to the trajectories of (X¢), uniformly on compact intervals as a — 07.

In the last section, we will show (Example 7) that the above constant C,, is in general the
best possible Lipschitz constant.

4.2 Proof of (iii’)

First observe that from the sketch of the proof of Theorem (FG) and the definition of F,, we
may without loss of generality assume that A is skew symmetric and (A, B) is controllable.

Take now any two u,v in LP([0,00),R™), where 1 < p < co. We may also assume without
loss of generality, when proving both of statements (ii) and (iii’) on SLP,, that

[ —ulle < lullze- (7)

Indeed, assume that for any constant C' it would be the case that ||[v — u||z» > C|lu||zr. Then,
using finite gain LP-stability, we have

1Fop(0) = Fop(u)llr < [[Fop(0)lzr + [ Fop(u)]] o
< Gplllvllee + [lullze) < Gp(llo = ullr + 2ul| »)
2
< (1 + 5) Gpllv — u|| v -

Thus the desired result holds and there would be nothing more to prove.

Since A is skew-symmetric, in this case system (1) is written as

& = Ax+ Bo(—BTx +u),
z(0) = 0.

We will show that there exists a function x : IRy — IR, such that for any two functions
u,v € L*>([0,00), R™), we have

() = F(v)]|oe < sl oe)llu — vl < - (8)

Once this is proved, the conclusion of (iii’) would follow trivially, as follows: Consider the
function
g(r) = sup k(s) — x(0).

0<s<r

Then §(0) = 0 and g is increasing. Clearly we can take a IC-function g such that g(r) < g(r)
for all » € R,. Then we have

[ (u) = F(v)l[e < (5(0) + g([[ull o)) u = v]| L ,



as desired. Now we show (8). Let u,v € L*>([0,00),R™). Let h =v —u, x = F(u), y = F(v),
and z = y — x. We assume that (7) holds for u,v. Then z is the solution of

z = AZ+B{U(—BTy+U)—J(—BTJZ+U)}, ()
2(0) = 0.
Write
= (&1,...,@m)" = Bz,
g = (gla"'agm)T:BTya
7 = (4,....,%,)  =BTz.

For each t € [0,00), 1 < i < m, by the mean-value theorem, there exists a
&i(t) € min{—2;(t) + wi(t), —gi(t) + vi(t) }, max{—2;(t) + w;(t), =4 (t) + vi(t) }]

such that
0i(=7i(t) + vi(t)) — oi(=Z:(t) + wi(t)) = o3(&()) (= Z(F) + ha(t)) -
Let
di(t) = oi(&(t)), fori=1,...,m,
D(t) = diag(di(t),...,dmn(t)).
We may assume that each d;(t) is a measurable function, since whenever Z;(t) # h;(t) it is a

quotient of two measurable functions and if Z;(t) = h;(t) any value can be chosen. Then (9)
can be written as

(10)

2(t) = Az(t) — BD(t)(B"z(t) — h(t)),
2(0) = 0.

For r > 0, let e(r) = 3(|| B||Go + 1)r. Using (7) and the finite gain L*>°-stability, we have

&) < max{] —5:(t) + v, | — (1) +wi(t)]}
< | =Gi(t) F )] + | = Tit) + wi(?)]
< gllpe + lollze + |2z + ullze < e([Jullz) -

For each r > 0, let
m(r) = min inf ai(&),
(r) 1<i<m ge[—e(r),e(r)] ©

M(r) = max  sup  ol(€)
1SISm ee—e(r) e(r)]
Then we get
0 <mllullz=) < dit) < M(J|luflr~) < oo,

(Note that the positivity of m(||u||z~) and the finiteness of M (||u||r=) follow from the assump-
tion that o € C".) Now the existence of x : IRy — IR, such that (8) holds follows from the
next lemma. (We state the lemma for arbitrary p, not just p = oo, since it will be used again
later.)



Lemma 1 Let A be an n X n skew-symmetric matrix and B an n x m matrix. Assume that
A = A — BB?T is Hurwitz. Let D(t) be an m x m matrix with bounded measurable entries.
Assume that there exists a constant a > 0 such that

Ds(t) := D(t) + D*(t) > al for almost all ¢ in [0, +-00). (11)
Then the following initialized system

i = (A—-BD®#)BT)z +u, -
z(0) = 0, (%)

where u € LP([0,400),R"), is finite gain LP-stable, and the LP-gain depends only on p, a, A, B,
and b = supycg ) | D(0)]|

This lemma has been given in [5] For the sake of completeness, we enclose the proof here.

PROOF OF LEMMA 1: Fix a1l < p < co. Since A is Hurwitz, there exists a differentiable
function V,, : IR™ — R4 such that for all z € IR", we have

(1) apll][” < Vp(x) < byll[”,
(2) 1DV, ()| < epllf”~
(3) DVy(2) Az < —|a|,

where a,, by, ¢, are some positive constants. We can choose V, so that limsup,,_,;, ¢, = ¢; < 00.
For any 1 < p < o0, let

_ 2+ vmBl)”

p =

a

For 1 < p < o0, let
> ]|

\/})(x) =N D

+ 2V, (2).

Then along the trajectories of (X), we have

Ml (0) =2 ( = 5o () BDs (1B (t) + 2" (tyult))

A7 = e (®)I2 + @ IIBIIDE — I @] + e la@ | u(t)])
()72~ AN BTOI + Al [u(t)| — 2a(t)

26, (b -+ V| B 20| B 2(8)]| + 26, e @l u(t)])

— a2~ 2O ~ Nz (@) - 26,6 + V) | Blll=(® BT

+ (e + VBN IB 2012 + (A + 26) 2O [u(®)]).

Letting d, = A\, + 2¢,, we obtain

Vip(x(t))

IN

IN +

+

Vy(w(t)) < —llo@®)? + dylla(®) [~ lu(t)]
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Integrating the above inequality from 0 to ¢, since ‘71, >0, we get

[ at)lPds < dy [ el fu(s)ds (12)

If we let d; = A1 + 2¢;1, by the Lebesgue Dominated Convergence theorem (applied to any
sequence {p’ }32, decreasing to 1) we know that above inequality is also true for p = 1.

Now applying Holder’s inequaliy 10 [ ()]~ u(s)]ds in (12) we get. that
2]l oo, < dpllullze.

Letting ¢ — oo we conclude that ||z||z» < d,||u||L-. This finishes the proof of the lemma for
1<p<oo.
For p = oo, consider V. We have, along trajectories of (EN]),

Va(a () < —lla(®)1? + dalla@|l [l < —lx@ ()] - dalullo)- (13)

Therefore,

~ ~ Aod A
Va(z(t) < max  Th(¢) < “H 7 + 2ol = d5 (5 + 2b2) lull7~

l€ll=dzlu]loo
Since Va(z) > (A2/2)||z|?, we end up with

4by\1/2

lolloe < da(1+ ) " ulle=. "

Thus the proof of (iii’) is completed. It remains to show that the positive parts of (i) and
(ii) hold. Let 1 <p < 0.
4.3 Proof of (i)
Let’s fix a w in LP([0,00), R™). To prove the continuity of F', it is enough to show that for any
sequence {u/}52, in L?([0,00),IR™) such that lim; . [/ — u||z» = 0, then lim;_ || F(v/) —

F(u)||zr = 0. Let v/ and u be functions in L?([0, c0), R™) such that ||u/ —u||z» — 0 as j — oo.
Let x = F(u) and 27 = F(u?). For any T > 0 and j > 0, we have

Jo? 2l < [ i(s) — a(s)rds +22 [ () s + 20 [ (s) s
Recalling (4) and integrating it from 7" to oo we have

[N < V(@) + 5, [ (s)]ds
Vo (27(1)) + 27, ([lu? = ullf + [l )

IN

Next we observe that x(t) — 0 as ¢ — oo. (This has been remarked in 5] in a similar context.
We only need to consider ¢;(t) = z?(t) for i = 1,...,m. Then we know that ; is integrable on

11



[0,00). It is easily verified by a direct computation that ¢; is also in L” on [0, 00). Therefore
@i(t) — 0 as t — oo as claimed.)

Fix an € > 0. There exists 7" > 0 such that
2( [ la(s)l7ds + 2V, (2(1)) + 4ryllullfppr oy < /2.

For the fixed T', it can be proved that the 27 converge uniformly to x on [0, 7]. Therefore there
exists a J > 0 such that, if j > .J, V,(2/(T)) < 2V, (2(T)) and

T . .
/0 127 (s) — 2(s)[|Pds + 47rpl[w” — ullzy < e/2.

Therefore, when j > J, we have |27 — z|}, <.

4.4 Proof of (ii)

As in the proof of (iii’), we again assume that A is skew-symmetric and (A, B) is controllable.

Assume that o = (01,...,0,)". Since A is skew-symmetric and (A, B) is controllable. The
matrix A = A — BDB” is Hurwitz, where D = diag(c}(0),...,07 (0)). Let P > 0 satisfy
PA+ATP=—T. (14)
Let Az and A, be respectively the largest and smallest eigenvalue of P and let
g 1
4ym||B| [|PB]

Since o belongs to C(g), there exists an o > 0 such that, for |s| < a, [t] < o and t # s:

oi(t) — oi(s)

P —0(0)|<B for i=1,...,m.

Fix v and v in LP([0,00), R™) for which (7) holds. As in the proof of (iii’), letting x = F'(u)
and y = F(v), then x,y satisfy
& = Ax+ Bo(—BTz4u),
y = Ay+ Bo(-BTy+v),
z(0) = y(0)=0.
Write 2 = y — o, h = v — u and let &, §;, %, denote respectively the i-th component of BTz,

BTy, BTz. We have
= Az+ BD(t)(-BTz+h),

z(()§ = 0, (15)
where
D) ¥ diag(di(t),...,dn(t)),
et 0i(—0i(t) +vi(t)) — o(=Z(t) + ui(t))
W = 50+ hi(®)



(If Z;(t) — hi(t) = 0 we just let d;(t) = 0}(0).) Let K > 0 be a Lipschitz constant for ¢ (more
precisely, let K be a Lipschitz constant for each component of o). Then ||d;||~ < K. So

ID@)|| < vmK.
Let
B =Uz, {t]ldi(t) - 0(0)] > 5} .
Clearly
E CUr {{t]17:) — w(t)] > o} U {t][5:(t) —vi(t)] > a} } .

Therefore, by Tchebychev’s inequality we get
Bl < C(llull + vz

for some constant C' > 0 independent of u and v. Noticing (7) we have |E| < C||ul|},, where
C > 0 is a constant independent of u, v.

If we let V(2) = 2T Pz for z € R", where P is defined in (14), we get along the trajectories
of (15):

V(z(t) = —[=0))* = 2:(t)" PB[(D(t) — D)B 2(t) — D(t)h(t)]
< —[1=21BIIPB|ID@) — D] 1) + 2/mK | PB[|=(#)|| | 2]l

Therefore, along the trajectories of (15), V' satisfies the differential inequality

V(z(t)) < 200V (2(8) +2CV2(z(1) [|h(t)]] (16)
V() = 0,
where
. Co ifte F,
Alt) = { —C3 ift¢ FE,
and the constants C, C'y and C3 are respectively equal to
VEE|PB| 1+ 4ymK|BI|PB] 1
)\1/2 ’ /\min 2/\ma:c '

Let A(t) = [¢ M(s)ds. From (16), if W (t) = 6*2/\(’5)‘/(2@)), we obtain
W(t) < 20w 2 (e 2O (1)),

and then .
W) < €y [ e (s) Jds,
0
which gives

t
V() < O [ MO (s) |ds.
0

But for 2 € R™, VY/2(2) > A2 Iz, and if t > s, A(t) — A(s) < (Cy + C3)|E| — Cs(t — s).

min
Therefore, we have

t
=)l < Ca [ e @0lh(s) ds. thy
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(Co+C3)|E| C(Ca+C3)lul? . . .
where Oy = Q&2 2 ( <Ge L ) We conclude from the previous inequality that
min min

Izllze < T(lfullze )Pl 2

for some I'(||u||r») > 0. |

4.5 Proof of Theorem 2, Part 1.

Again we may assume that (A, B) is controllable. We first show conclusion 1 under the extra
assumption that A is skew-symmetric.

Let u,v € L*([0,00),R™), and let DF, (u).v be the solution of (6). For simplicity, we
write F' for F,, . Let x = F(u),y = F(v) and w = F(v) — F(u) — DF(u).(v — u). Assume now
that u is fixed. We want to show that

[wllzee = o(llv = ullz=) as [lv—wul[re — 0.

Let h = v —w and z = y — x. Then from Theorem 1 part (iii’) we know that ||z]| -~ <
C(|lullg=)||h||re for some constant C(||u =) > 0. Let 2 = BTz, = BTy and z = BT2.
Again by the mean-value theorem, for each i, there exists a

&(t) € min{—2;(¢) + wi(t), —9:(t) + v;(t) }, max{—7;(t) + w;(t), =7 (t) + vi(¢) }]

such that
oi(=i(t) +vi(t)) — oi( =Ti(t) + ui(t)) = 0i(& (1) (—Zi(t) + hi(t)) - (18)

§) = (&), &m(1)),
D(t) = o'(&(t) = diag(a1(&1(1)), - -, 07, (61(2))) -

As in the proof of (iii"), D(t) can be taken to be measurable. Then w satisfies

Let

W = (A= Bo'(=B"x(t) + u(t))B" Jw+ B |(D(t) — o' (=B x(t) + u(t)) ( = B 2(t) + h(1))] .

Since || — BTz + ul|z is finite and o is in CYF, there exist 0 < a < b < oo such that
al <o'(=BTz(t) +u(t)) < bl a.e. in [0,00). Applying Lemma 1, we have
GoollBI|(D = o' (=B 2 +u)) (B2 = b)) _

Jwllze <
< Gool BIH(C(lull =) B + 1) 1D = 0" (=B @ + ) ||| = . (19)

where G, is the L>-gain of the system w = (A — Bo'(—BTx(t) + u(t))BT)w + a,w(0) = 0.
By definition we have
D(t) — o' (=B"x(t) + u(t)) =

diag (0} (&1(£)) — o4 (=F1(t) + ws(1)), .., 0% (Em(t)) = T (—Em(t) + um (1)) -
But we know that

[6i(1) = Zi(t) + wi(t)| < |Z:(t) — hi()] < (C(llullze) + DAl -

14



If we assume that ||h||p~ < 1, then |§;(t)] is bounded. Let M be such that |&;(t)| < M, |Z;(t) —
wy(t)] < M if ||h||p < 1 (M may depend on u). Let K = Gu|B|| (C(||u||z=)||B|| + 1). Then
by the uniform continuity of o} on [—M, M] we conclude that for any given € > 0 there exists
a0 < ¢ < 1such that |D — o'(—B"2 + u)| 1~ < £ if ||A]|r~ < d. So from (19) we conclude
that ||w|p~ < €||h| L.

This was all assuming that A was skew-symmetric. Now consider a general (neutrally stable)
A. Let u,v € L*°([0,00),IR™) with u being fixed. Then we know that under a suitable change
of coordinates, system (1) can be written as

jﬁ'l = Al.’lil —{—Bla'(—Bg.iEg —|—U) y
jﬂ'g = AQZ’Q —+ BQU(—Bg.fg + U) y (20)
z1(0) = 0, 25(0) =0,

where A; is Hurwitz and A, is skew-symmetric. Now (6) is written as

§f1 A€y + Bio' (=Bj xg + u)(— B & + ),
& = Ayéo+ Byo'(—Blag +u)(—BIé +0),
£(0) 0.

Againlet h=v —u,z2 =y —z,w = z — DF(u)h. Write w = (wy,w;)". Then the above proof
implies that ||ws||L~ = o(||h||z=). We need to show that

[willzee = o([[ ]| o) - (21)

Clearly w; satisfies

iy = Aywy + By(0'(6(8) = o' (=B wa(t) + u(t) ) (=B za(t) + h(1)

— B0/ (—BTxy(t) + u(t)) Biws(t), (22)

where ¢ is defined similar to (18). Since ||BY zy—h/|ze < C(|Ju||zo)||h]| o for some C(|Ju|ze) >
0, Ay is Hurwitz, ||0’(§) =o' (=BT xq+u)|| 1= = o(1), and || Byo’(— B o +u) B ws || = o(||h|| =),
(22) implies that (21) holds too. This finishes the first part of Theorem 2.

4.6 Proof of Theorem 2, Part 2.

Let 1 < p < oo and u,v € LP([0,00),IR™). As in establishing Part 1, we will first show
Conclusion 2 under the assumption that A is skew-symmetric. Let v be a real number such
that 0 < |v| < 1. Write

Yy — T
1%

x=F(u), y,=F(u+rv), z, = and w, = 2z, — D, F(u), (23)
where D, F(u) is the solution of (6). We have to show that lim, . ||w,|z» = 0. In the sequel,

C; will denote positive constants depending on A, B, o, u,v and p.

Now z, satisfies

2= Az+ BD,(t)(-BTz +v(t)), (24)
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with
D, (t) = diag(o}(&1(t)), -, 0 (Em(t)))
where the &,,; satisfy
0i(=Tui(t) + wi(t) + vvi(t)) — oi(=Z:(t) + ui(t)) = 03(&0i () (=Goa(t) + (L) + voi(t)) .

Exactly by the same proof as in part (ii) of Theorem 1 (cf. (17)), we can prove that there exist
constants C1,Cy > 0 (independent of v € [—1, 1]) such that

t

() < Cr [ e D]ju(s)ds.
0

Let g(t) = Oy f¢ e“2¢=Y||u(s)||ds. Then ||g||zq is finite for any p < ¢ < co. The above inequality
can be written as

Iz @) < g(t), (25)
for all t € [0,00). So ||z,||z~ < ||g|lL=. By the definition of z, we have

19y — | < {lgllLelv]- (26)

Let D = diag(c}(0),...,0! (0)). Let A = A— BDB”. Then A is Hurwitz. Let P > 0
satisfy o
PA+ ATP=—1.

& L Let € be such that 0 < ¢ < &;. We show that ||w,||r» < € if v is small

Deﬁne g1 = W
enough.

Write & = BTz. For any constant M > 0, let Hy; = U™ {t||%;(t) — u;(t)| > M}. Then we
know that there exists C3 > 0 such that |Hy| < C5/MP. Let’s fix an M > 1 large enough such
that

[ labirae < e (ot 25)), (27)
Hys
[ @i < e (28)
Hu
By the continuity of the o/ there exists 0 < &’ < 1/2 such that fori =1,...,m

|03(§) —ai(m)| < e, (29)

if {,n e [-2M,2M] and | —n| < €.

Let E; = {t’ |Z;(t) — ui(t)]| > 5/} and £ = U, E;. By Tchebychev’s inequality we have
|E| < C4 for some constant Cy > 0.

Write 9, = (Ju1,- -+ Uvm)’ = BTy,. Define

Gy = ULy {t][Ga(t) = &:(t) — vui(t)] > €'} .
Noticing (26), we have for |v| small enough

G, C UL, {t]lvu(t)] > ¢'/2} .
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Therefore by Tchebychev’s inequality again we have
2PyP 1

> lvillfs (30)

(e =

G| <

Notice that if t ¢ Hy; UG, then
|G (t) = wi(t) = voi(8)] < [Ga(t) — Ta(t) — voi(t)] + [3:(t) — wi(t)] < &'+ M < 2M.
Now w,, satisfies
iy, = (A=Bo' (= B x(t)+u(t)) B" )w,+B(D,(t)—c' (=B x(t)+u(t) ) (=B 2,(t)+u(t)) . (31)
If we let V(£) = T P¢ for € € R™, we get
V(w,(t) = —llw, (8)]* = 2w] () PB(o' (= B x(t) + u(t)) — D) B w, (1)
+2uw] () PB(D,(t) — o' (=B x(t) + u(t)) (= B 2,(t) +v(t)). (32)

Therefore, we conclude that there exist positive constants C5, Cg, C7 such that for almost all
t€0,00)/(EUHyUG,),

V(1)) < —2C5V(w, (1) + 2CeeV V2w, (6))| = B 2, () + v(t)]]
for almost all t € E/(Hy UG,),
V(w, () < 207V (w, () + 206V 2 (w, ()] — B 2 () + v(t)]]
and for almost all t € Hy; UG,
V(1)) < 265V (w,(8)) + 206V 2(w, ()] - BT 2,(8) + o(t)] .
The previous inequalities imply
V(w, () < 22 (0)V (w, (1)) + 20 (0) V2 (w, (1)) || = B 2,(1) + v(t)]], (33)

where

. —05 ift¢EUHMUGV7 . 065 ift%HMUGV,
A1@)_{07 ift € BUHy UG, andA?(t)_{cﬁ if t € Hy UG,

Similar to the proof of part (ii) in Theorem 1 we obtain an inequality similar to (17), namely
t
Jw, ()] < 08/0 e~ DD (T)][(BT 2 (1) — v(7)|ldr, (34)

for some constants Cg, Cy > 0. Using (34) and the definition of A, there exists C1g > 0 such
that

w2, < olo(ngBsz—ngﬁ/H IB"z(r) o) dr)
M v

IN

Cuo(Z1B 2 = vl + ZIBIP [ Na(nlPdr+2 [ |o(r)|ar
Hyy Hy
BTz, (1) — Pdr).
+ [ 1B () = o))
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Noticing (25), (27) and (28) we get that
ol < Cuo (1B 2 — ol + 2B + )z +22 [ (IBIP () + ()P

Now from (30) we get that the last integral in the right hand side of the above inequality goes
to 0 as v — 0. Since ¢ is arbitrary, we have lim,_q ||w,| > = 0.
Assume now that A is not skew-symmetric. Let 1 < p < oo, u,v € LP([0,00), R™) and for
0 < |v] <1 use the functions introduced in (23). Write w, = (w,1,w,2)". Then we need to
show that
tim e 0 = 0. (35)

As in (22), w,,; satisfies

w1 = Ayw,1 + B (DV,Q(t) — o' (—=BFxy(t) + u(t)))(—B;Fzy,Q(t) +u(t))

— Byo'(=Bfwy(t) + u(t)) BYw,, (36)

where D, 5(t) is defined in the same manner as D, (t), with the difference that 7,; and g, are
now equal respectively to the i-th component of BI x5 and Bly, 5. Fix ¢ > 0. Then taking into
account the fact that A; is Hurwitz, lim, ¢ ||w, 2|z = 0 and (25), we can get that there exists
a constant C' > 0 independent of v such that

i ll7e < C(llwnallze + 1 BS 202 = w2 / IIBTZn ™) = o(r)|Pdr).

From the previous paragraph, the proof of Conclusion 2 is now complete. |

5 Counterexamples

We now turn to the negative statements in Theorem 1. These are established by exhibiting
counterexamples. More precisely, examples 1, 2, 3, and 4 below refer respectively to (i’), (ii’),
(iv’), and (i), while example 5 refers to (iii). Finally, example 6 refers to the fact that F,,; need
not be Fréchet-differentiable in general.

5.1 [, Need Not Be Continuous
Example 1 Consider the 1-dimensional initialized control system

y = —o(z+u),

20) = 0, (37)

where the S-function o verifies the following condition: there exists an a > 0 such that for
e =21 and || < «a, we have
ole+t)=ec—t.

Let

_ >
h(t):{ 1 on [2n,2n+1),n >0,

1 on [2n+1,2n+2),n>0,
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and z = — [ o(h(s))ds. Then ||z|z~ = 1. Letting u(t) = h(t) — z(t), we know that x is the
solution of (37) corresponding to u. Clearly ||u|/p~ = 2.

m

For m > 1, let s,, = ae™ and

on(t) = h() + sme + [ " (h(r) + sme”)dr

for 0 <t <m and v,,(t) = u(t) for t > m. Let y,, be the solution of (37) corresponding to v,.
If we let z,, = y,, — = and h,, = v,, — u, then on [0, m] we have

Zm(t) = spm(e’ — 1) and A, (t) = s, -

Therefore, [[Ap||re = sm and ||2p,| e > spm(e™

for m large enough, F'is not continuous at w.

—1). Since limy, oo 5 = 0 and [[zp ||~ > §

5.2 [, Need Not Be Continuous Even for Non-Decreasing o

Note that the example that follows could of course also be used to establish (i), instead of
using Example 1. However, it is far more complicated to analyze than the preceding one.

Example 2 We provide an example in which the input to state operator defined at the very
end of Section 2, F,, o (or F') corresponding to the system

r = Ax —boo(zy+u),
z(0) = 0,

is not continuous. The data are

=7 5h=()

and og is the standard saturation function. The idea is to argue by contradiction: in a first
step, we construct an lLa.c. curve Z(t) such that
lim [[2()]] = oo (38)

and a bounded input iL; in a second step, using the curve Z(t) we exhibit another lLa.c. curve
x(t) such that there exists an input u for which

Jullze < 00, @ = Flu).

Now define . ; »
2y = (U + s ) - (U)’ (39)

S

and assuming that F'is continuous at u, we have lim,_,g sz, = 0. We show then that for s > 0
small enough, z; = Z, which contradicts (38). Therefore, F' cannot be continuous at u.

Let us start by the construction of Z. In the plane (z1, 25), define for ¢t > 0 the La.c. curve
z(t) as follows:

19



a) 2(0) = (V2,0);
b) 4 — Az +bz if |z <1,
7 Az if |z >1.

Since 272 > 0, ||z()|| is nondecreasing and in particular
@)l > 20l = V2,

at the times t > 0 for which z(t) is defined.
Furthermore, one checks that in fact, the curve z(¢) is well defined for ¢ > 0. (The times
t so that |29(t)| = 1 are isolated because for each of them, there exists an open neighborhood
(t —7,t + 7) where |2| > 0).
Now, by writing z(¢) in polar coordinates, if
Zo21 — 122
“ v

is the angular velocity, we have for all t > 0,

<0<

N W

N | —

The previous remarks imply that there exist two increasing sequences (7},)n>0, (1}, )n>0 and two
positive numbers C7, Cs such that

1): Ty =0,T, <T, < T, forn > 0;

l Cy .
2): T, _TnNnHoo nl—/237

n

3

. , .
lim, oo Typ1 — 1), = 7;

5): [[2()]| ~emoo Crt!;

(1):
(2):
(3):
(4): |22 <1 on [T, T2 and |2| > 1 on (T7, Tys) for n > 0;
(5):
(6):

From this construction, we have lim; ., ||2(t)|| = co. Let

|1 on [1,T)],
do(t) _{ 0 on (7),Th41),n>0,

ho(t) = —22(t) on [T,,T)],
0 on (T),T,41),n>0.

Then z is the solution of the system (Ej)

5= Az —do(t)b(z + ho(t)),
2(0) = 2.
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Let (E;) be the planar system

T = A:U—bao(f(x,t)),
z(0) = o,

where A, b are defined as above, xg # 0 is small and

0 if te[l, Ty,

Fla,t) = if te (1), Thi1), |v1] > 2 and 29 >0,
) =2 it te (T, Thi), |z1] > 2and z9 <0,
2 it te(T),T,1) and |21 < 2.

Once again, one checks that the previous curve is well defined for ¢ > 0. Note that if [|2(t)]| >
3v/2, then 1/2 < § < 3/2 and 227 (t) > 0 if and only if t € (7, T,,41) for some n > 0, |z, ()| < 2
and z5(t) < 0.

Let us show that ||z||~ < co. Fix an integer ng such that for all n > ny

A N
10 10

Then writing (E;) in polar coordinates gives

1

f*:—sin&ao(f(ﬂf,t))’ 6 —1] < r (40)

Consider the positive constant 1o = 15 and the first time ¢ty > T,,, such that ||z (to)|| = r(to) > 70-
Define also

If such ¢y does not exist then we are done. Otherwise, in the worst case, there exist 7" < T” in
(17, Tho+1) such that for ¢t € [T7,T"

no’
r1(T) = =2,2:(T") = 2, |z1(t)] <2 and x5(t) < 0.

A direct computation shows that one of the two following cases occurs:

(1) lz(Thg41) || < 7o, or

(2) for n > ng, ||x(T,)| is decreasing and

sup [z(8)[| < 2y,
tOStSTn

as long as ||z(T,)|| > ro.

Therefore, if the n > ng for which (2) is satisfied are unbounded, we are again done. Otherwise,
there exists an n; > ng for which [|z(T,, )| < 9. Once again, consider the first time t; > ny
such that

l2(T5,) = lla(Ta) || = r(T7,) = 7o.
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If ¢; does not exist, the assertion is proved. Otherwise one shows that ||z(7},,+1)|| < 7o and

sup  |lz(t)] < 2ro.
Tn1 StSTn1+1

By repeating this argument if necessary, it follows that
|z]| e <2 < 00 and [Jug||pe < ||z]|z~ + 2.
Furthermore, there exist ¢, > 0 and two bounded inputs u; and h; such that:
(i) the solution of

T = Ax —boo(ry+uy),
z(0) = 0,
reaches zo in time ¢, and |za(t) +u1(¢)| < 1/2 for t € [0, t();

(ii) the solution of

z = AZ—b(22+h1),
2(0) = 0,
reaches (v/2,0) in time #.

Concatenate u; and uy % f(z(t),t) — z2(t), hy and hg to respectively the bounded inputs u

and h. For x the solution of

T = Ax —bog(xs +u),
z(0) = 0,

we get ||z||L~ < co. Note that for all ¢t > 0, |z2(t) + u(t)| < 1/2 or |xa(t) + u(t)| = 2. Then, Z,
the solution of

2 = Az—d(t)b(zo+h),
2(0) = 0,
where

d(t):{ 1 on [0,%o),

dg(t — to) on [to, OO) s

is in fact the solution of

(Ey) 2 = Az —op(xe +u)b(zg+h),
2(0) = 0,

where o((-) stands for the derivative of oy with respect to its argument.
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Suppose that F' is continuous at u. For 0 < s < 1, define z; by (38) and note that it is the
solution of
o0 (xg +u+ s(z+ h)) — oo(ze + u)

S
: : s(zg +h)

b(ZQ —|— h) s
2(0) = 0.

Since F' is continuous at wu,
[5(2e2(t) + h(1))] < 1/4
for s small enough, and then z, is the solution of (E) and then z, = Z.

Therefore, for s > 0 and small enough, lim; ., s||zs(t)|| = oo, which contradicts the conti-
nuity of F' at u.

5.3 Failure of GIG,,, Even for ¢ € C\'*

Example 3 The next example serves to show that GIG., does not hold for all o € CY'*. Pick
any element o of C1'* (i.e., o is continuously differentiable and ¢’ > 0) such that in addition, o
is smooth, o(t) =t for t € [—ay, ap], where oy > 0 is a positive constant, ¢” > 0 on (—oo, —ay)
and ¢” < 0 on (ap,00). Let A and b be as in the previous example. Thus, the system that we
consider now is essentially the same as in Example 2, with the only difference that the standard
saturation function o is now replaced by any ¢ which satisfies the above properties.

If F, = F is the corresponding input-to-state operator, we will prove that for any «,
B > 0, there exist u,v in L>([0,00), R) such that:

[o = ulle < aand [[F(v) = Fu)|= = 5.
The strategy is to construct two lLa.c. curves z(t) and h(t) such that
Jim 2(8)] = 00, hllz= < o
and then two other La.c. curves z(t) and y(t) such that:
(a) y(t) — x(t) = z(t) for t € [0,t)] where ] is chosen so that ||z(t})| > 3;

(b) there exist two essentially bounded inputs u, v such that z = F(u),y = F(v), v(t) —u(t) =
h(t) for t € [0,¢}] and v(t) = u(t) =0 for t > t}.

Consider a, > 0. We choose a 2y = (2,0) # 0 so that |z| <1 and there exist t, > 0 and a
bounded input h for which

() [2llo= < a;

(ii) the solution ¢ = (1, () of

¢ = AC—o(Gt)+h),
¢(0) =0,
reaches z at time ¢, and (y(t) + h(t) # 0 a.e. in [0,1,).
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Define the constants o > 0 and rq such that

To = .
a’3

For € in (0,1) and for t > ¢, consider z.(t) the la.c. curve defined by
a) z:(t.) = 2o;

b 2 — Az, + bz i |20 <o,
C | Az —bezes if Jzo| > d.

(Note that for a given € € (0, 1), z. need not be defined for all ¢ > t,.) It is easy to see by using
polar coordinates, that if we choose €9 > 0 small enough, then there exists t, > t, such that

r(to) = |22 (to)|] > 270, 2e02(to) > 0 and 2z, 2(tg) = —’.
Now, for ¢ > to consider the La.c. curve z/(t) defined by
a) 2'(tg) = z(to);
by ¥ — { Az:—i-bzéz/ %f |zé\ Sa:,
Az — b if |2 > o
Write 2/(t) and 2/(t) in polar coordinates 7(t),(t) and define for n > 1
Tn =1(t,_1) with 21(t,_1) > 0 and 25(t,_1) = —d'.
By an induction argument, we show that
1. the sequences (t,)n>0, (rn)n>1 are well-defined,
2.Vn>1,r(t) >r,ift >ty
3. there exists a constant C' > 0 depending only on 7y such that for all n > 0,
e >+ Cry .

Therefore lim; ., 7(t) = oco.

Concatenate ¢, z., and 2’ to obtain an La.c. curve z(¢) from [0, 00) to IR%. Then, define for
t > 0, the functions d(t), h(t) by

U(Cz(t)—&-ﬁ(t)) )
W a.c. 1n [O, t*) N
d(t) = 1 if >t (b)) < o,
€o if t, <t <ty and ’Zg(t)‘ > Oé/,
A if t > to and |2o(t)| > o,

l=()11*
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and

ht) =4 —2z(t) if t>t,|=() <,
0 if  t>t,|n(@) > .

We observe that z is actually the solution of

5= Az —d(t)b(z+ h(t)),
z2(0) = 0,

and therefore we get that ||hl|z~ < a and limy_, ||2(t)|| = oo.

In order to construct z and y as we want, it is enough to know £(t) % z,(t) + u(t), because
of the following formula:

x(t) = e /Ot e’ASba(f(s))ds. (41)
This is simply done by considering the equation in &
f£§+22(t)+h(t) o
25(t) + h(t)

with 2z9(t) + h(t) # 0 and o'(§) = d(t) if 29(t) + h(t) = 0. The times ¢ > ¢, for which
2(t) + h(t) = 0 are isolated and then zy + h is a piecewise continuous function. Therefore, for
the times t > ¢, such that |2;(¢)| < o' it is enough to set & = 0 in (42) and for the other times
t > t,, we can choose a piecewise continuous selection for £ in (42).

— (), (42)

Therefore, if t; is picked so that [|z(t1)]| > [ (without loss of generality we can suppose
t1 > to), we construct x on [0,t,) by taking x = 0, then on [t.,?;), by using the solution of (42)
in (41) and finally w = 0 for ¢t > t;. As for y, it is defined by x + 2z on [0,¢;) and v = 0 for
t > t1. To conclude the construction, notice that

h(t) on [0,41),
on [t;,00).
5.4 Failure of SLP, for Arbitrary o

Example 4 Next, we deal with counterexamples to property SLP,. Let o(t) = [; o'(s)ds,
where ¢’ is an even function and for ¢t > 0 is given by

0 if t>1,
O'/(t>: 1 if te[m%—m,#),nZl,
: 1 1 1
-1 i telgm myp tmop)n L

It is easy to verify that o is an S-function and obviously o does not belong to C(). Consider
the system
T = —o(r+u),

+(0) = 0. (43)
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Let
0 on [0,1],
h(t) = ¢ uy, on [n,n+1/2), n>1,
—u, on [n+1/2n+1),

with wu, = (Hll)Q + 2(n41r1)4 for n > 1. Let (t) = — f; o(h(s))ds. Then, if we let u = h — z, x is
the solution of (43). Clearly for all 1 < p < oo, |||l < o0, [Ju|r < c0.

For m > 1, define s,, = 2(5;2)4 and let w,, = — 3 o(g(s))ds, where
0 it ¢ € [0,1]
g(t) =3 h(t)+ spet if t e [l,m]
0 if t € (m,00).

Now let v, = g(t) — wy,(t) on [0,m] and v, = w for ¢ > m. Let y,, be the solution (43)
corresponding to v,,. Then, if z,, = y,, — x and h,, = v, — u, we have on [1,m]:

Zm(t) = sm(e’ —e) and h,,(t) = spe.

}Up. Let

Therefore, for m large enough, A || < m'/Ps,,e and ||z > sm{flm(es — e)Pds

Ay, = [/Om_l(es — e)pds]l/p.

We get

P
o =l = |

which goes to oo as m — oo. Therefore F' does not satisty SLP,, at u.

5.5 Failure of GIG,, Even for Non-Decreasing o

Example 5 Let 0 be an S-function that satisfies the following condition. There exists a § > 0
such that o(t) =t if |t| < 0 and o(t) = sign(t) if || > 1 + 0. For example, o could even be the
standard saturation function. Consider the 1-dimensional system

T = —o(z+u),

20) = 0. (44)

Let 1 < p < oo be a real number. Let a > 149, 0 < € < ¢ be two real numbers. Take two
inputs u,v € LP([0,00),IR) as follows:

u(t) =v(t)=—t—1—-0, for 0<t<a,

(
(t) = —a,v(t) = —e(t—a)—a—e, for a<t<a+1,
wt) =v(t) =0, ift >a+1.

I~

Let x,y be the solutions of (44) corresponding to u, v respectively. Then we have for a <t <
a—+1,
z(t) = a,y(t) = a+¢e(t —a).
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and
(t)=2a+1—ty(t) =2a+e+1—t

fora+1<t<2a— 4. Therefore
0o 2a—0
| ) = w()ds > [ lys) = als)Pds = '(a— 1= 9)
0 a+1

So, ||y — x||z» > e(a — 1 —&)/P. On the other hand,

a+1 1/ ortl _q
||U—u||Lp:5(/ |t—a—|—1|pdt) p:s(

1
i)

Noticing that a and € could be almost arbitrary, we have shown that for any «, 8 > 0, there
exist u, v in LP([0,00),R) such that

lo —ullir < o and [[F(v) — Fu)]0 > 5.

5.6 Nondifferentiability of F,;

Example 6 Consider a saturation function o continuously differentiable, linear in a neighbor-
hood of 0 ( i.e. o(t) =t for |t| small enough) and the control system

T = —o(r+u),
20) = 0. (49)
Fix an o > 1 and let K = ||o|[z~. Take u = 0 and consider the sequence {u/}32, of inputs

defined by

iy J g on 0,57,
w(t) { 0 on (j7% 00).
Then ||u/||;1 = j77% — 0 as j — oo. Note that for any v € L'([0,00),R), D,F(0) is the
solution of
Z=—z+wv, z(0)=0.

07

Then for j large enough and ¢t > j=%, we have

|F(u)(t)] < Kj~%e " and Dy F(0)(t) = j(1 — e ")e 7.

Then .
| F(w) — Dy F(0)

o
: >1/2
Tl 2 1/2,

for j large enough. Therefore, F} ; is not Fréchet-differentiable at 0.
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5.7 One Last Example

The last example shows that the Lipschitz constant C' obtained in the proof of part (ii’),
Theorem 1 is the best possible one. We keep the notations used in the proof of Theorem 1.

Example 7 Let o be a saturation function. Consider the system

: _ _pT
;O) ; O.ax—l—Ba( Bz +u), (46)
With no loss of generality, we can assume that b, > 0 for k =1,---,m. Fix e > 0 and an
w = (wq, -+, wy) such that
0 <wp < |loplli=(<00), k=1,...,m,
and )
(o< (T

T a+ 30 biwy

We can pick € > 0 small enough so that a+ 37, biw, —e > 0. Let & = (&1, -+, &y) be chosen

so that for £ =1,...,m, o} is differentiable at &, and
|07.(6) — wi| <€/2.
Define Q2 = diag(wy, - -+, wm). Furthermore, there exists an ¢ > 0 such that if || — & < €/,
e (©) = (&)
o — O0(Qo ’
— = —0'(&)| < g/2.
Fe=ay 7@l <=
For a > 0, let =, be the solution of the system
t = —ax+ Bo(&),
z(0) = 0.

If we let uy(t) = & + BTz, (t), then z, is the solution of (46) corresponding to .
Pick a constant hg > 0 so that ho(1 + || B||Cy) < &’. Let h = ——"0——(bjwy, ..., bpwp,)
(o, et)”
and v, = & + BTx, + h. Let y, be the solution of (46) corresponding to v,. Let 24 = Yo — T4
Then z, satisfies

2 = —az—d(t)z+ BD(t)h,
2(0) 0,

where

o0&+ BTz + h) —a(&)
N BTz, +h

By the choice of hy and the fact that F, ., is globally Lipschitz, we have ||BTz, + h||1~ <
| B||Coho + ho < €. Then, for t > 0, we get

D(t) and d(t) = BD(t)BT.

I1D(t) - <e,
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In that case, ||xa| L, ||Yallr= < 0o and a direct computation shows that there exists a positive
constant p (independent of €) such that

1 Za(t)
h{gg}f I ’ZCa—MS-

Letting ¢ — 0, we prove that C, is the desired Lipschitz constant.
Now assume that a = 0. For 7' > 0, define x7(t) = Bo (&)t on [0,7] and as the solution of

i = Bo(~B"z), z(T) = Bo(&)T,

for t > T. Then consider yr defined on [0,7] as the solution of (46) corresponding to v =
& + BTxp + h and for t > T, defined as the solution of

i = Bo(—B"z), 2(T) = yr(T),

Finally set zp = yr — xp. If we define the input hy = h for t € [0,7] and 0 for t > T', we obtain
for T large enough, there exists a positive constant p (independent of €) such that

2 oo
ol o0~ g 1)e.
||| Lo

As in the case o > 0, we conclude that Cj is the desired Lipschitz constant.

One can also notice that C, — Cp as @« — 07 and under the extra assumption that
lok |l = oo for some integer k, C,, is independent of a > 0 and is equal to (infg—1..,, |bx]) "
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