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Multistationarity, the basis of cell differentiation and memory.
I. Structural conditions of multistationarity and other nontrivial behavior

R. Thomasa) and M. Kaufman
UniversitéLibre de Bruxelles, Centre for Non-linear Phenomena and Complex Systems,
Campus Plaine CP 231, B-1050 Brussels, Belgium

~Received 24 July 2000; accepted for publication 3 January 2001!

A biological introduction serves to remind us that differentiation is an epigenetic process, that
multistationarity can account for epigenetic differences, including those involved in cell
differentiation, and that positive feedback circuits are a necessary condition for multistationarity
and, by inference, for differentiation. The core of the paper is comprised of a formal description of
feedback circuits and unions of disjoint circuits. We introduce the concepts of full-circuit~a circuit
or union of disjoint circuits which involves all the variables of the system!, and of ambiguous circuit
~a circuit whose sign depends on the location in phase space!. We describe the partition of phase
space~a! according to the signs of the ambiguous circuits, and~b! according to the signs of the
eigenvalues or their real part. We introduce a normalization of the system versus one of the circuits;
in two variables, this permits an entirely general description in terms of a common diagram in the
‘‘circuit space.’’ The paper ends with general statements concerning the requirements for
multistationarity, stable periodicity, and deterministic chaos. ©2001 American Institute of
Physics. @DOI: 10.1063/1.1350439#
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In this paper we aim to revisit some classical aspects o
nonlinear dynamics under an unconventional light, in-
spired by the biological background of the authors. More
specifically, it emphasizes the key role of positive and
negative feedback circuits in biology and nonlinear dy-
namics. Positive circuits are a prerequisite for multista-
tionarity, whose biological modalities are differentiation
and memory. Negative circuits are a prerequisite for
stable temporal periodicity and, in biology, homeostasis.
Part of this work is a survey of the state of the art with
this approach in which we describe earlier results by oth-
ers and ourselves. The novel part deals with the concep
of ‘‘full-circuit,’’ i.e., a circuit or union of disjoint circuits
that involves all the variables of the system. The notion of
full-circuits has been used several times, under different
names, to determine nonsingularity criteria for matrices.
Here, we show that they play an important role in the
dynamics of nonlinear systems.

I. BIOLOGICAL INTRODUCTION

A. Differentiation is an epigenetic process

In multicellular organisms, cell lines differ, not by whic
genes are present, but by which genes are on and which
off. This was established by the pioneer work of King a
Bridges,1 of Gurdon2 and of Mintz,3 and has been recentl
illustrated in a dramatic way by the cloning of various ma
mals using nuclei from somatic cells.

In other words, differentiation is an epigenetic proce
Epigenetic differences are those which can be transmi
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from cell to cell generation in the absence of any gene
difference.

B. Multistationarity can account for epigenetic
differences, including those involved in
cell differentiation

Multistationarity is the property of systems whose stru
ture is such that they can display two or more distinct~iso-
lated! steady states under identical conditions. That epi
netic processes, including those involved in c
differentiation, can be understood in terms of multiple stea
states, has been suggested already long ago by Waddin4

and most clearly by Delbru¨ck.5 @Delbrück’s historical paper
was published in French. An English translation can
found in Thomas and D’Ari.6 We took the liberty of re-
translating ‘‘équilibres de flux’’ into ‘‘multiple steady
states,’’ and were lucky enough to find afterwards the ori
nal English manuscript~courtesy of Maurice Fox!, in which
‘‘multiple steady states’’ is indeed used.#

One of the very first and most beautiful cases of epi
netic differences was discovered and analyzed by Nov
and Weiner7 and by Cohn and Horibata.8–10 The genes in-
volved in the utilization of the sugar lactose by bacteria su
as Escherichia coliare expressed only in the presence o
small molecule related to lactose itself and called ‘‘induce
In the presence of moderate concentrations of inducer,
Lac genes inE. coli are lastingly on or lastingly off~for 150
cell generations or more! depending on whether or not th
culture has been previously exposed for a short period~some
minutes! to a high extracellular concentration of inducer. T
crucial point is that in this system two cell cultures which a
genetically identical, and immersed in identical external co
ditions, can lastingly display either of two deeply differe
phenotypes: ‘‘induced,’’ if they express the Lac gene
© 2001 American Institute of Physics
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‘‘noninduced’’ if not. Which phenotype is expressed d
pends on the previous history, more specifically on the
currence or not of a brief signal.

The mechanism of this process is well understood;
fact, it had been clearly elucidated already by the early
perimentators. The presence of intracellular inducer is
quired for the synthesis ofb-galactoside permease, and
the condition of the experiments~moderate extracellular con
centration of inducer! the presence of permease is requir
for the penetration of the inducer. Thus, in the absence
permease there is a vicious cycle: the inducer does not
etrate for lack of permease, and no permease is synthes
for a lack of intracellular inducer. Clearly, the two epigene
situations are nothing else than multiple steady states in
parlance of chemists and physicists.

An increasing number of experimental~e.g., Refs. 11
and 12! and theoretical~e.g., Refs. 13–15! works substanti-
ate the notion that multiple steady states can indeed acc
for epigenetic differences. What is common to all cases is
occurrence of a positive feedback circuit~see Thomas16 and
Thomas and D’Ari6!.

Circuits will be defined in a rigorous way below~Sec.
II !. Nevertheless, we describe them already very briefly
this point.

~1! When elements of a system interact with each other
cyclic way, we say that these elements form a feedb
circuit ~for short, a circuit!.

~2! There are two types of circuits, positive and negati
depending on the parity of the number of negative int
actions: if this number is even~including zero!, we have
a positive circuit, if odd, negative.

~3! The properties of positive and negative circuits are ra
cally different. In short, negative circuits generate h
meostasis, while positive circuits are involved in diffe
entiation.

C. Positive feedback circuits are a necessary
condition for multistationarity and, by inference, for
differentiation

Initially ~e.g., Thomaset al.16!, we thought that the oc
currence of a positive circuit in a system was merely
simple way to generate multistationarity. It was progre
sively realized that this statement was too soft and con
tured that a positive circuit is in fact anecessary condition
for multistationarity. In addition to the many biological ex
amples discovered in the meantime, this conjecture has b
subjected to formal proofs.17–21In our opinion, however, the
domain of validity of these proofs still needs to be extend
because so far they hold only for ‘‘quasi-monotonous’’ d
mains of phase space.

Consider a gene whose product exerts a positive con
on its own synthesis. To simplify, we will reason as if th
presence of the gene product were both necessary and
cient for its own synthesis. Clearly, in the absence of
product, the gene will be and indefinitely remain off. In t
presence of the product, the gene will be on, and since
on, more of its product will be synthesized and the gene w
remain on.
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This one-element positive circuit~‘‘direct autocataly-
sis’’! suffices to account for the fact that a gene subjec
positive autocontrol can persist lastingly in either of tw
stable states, ‘‘on’’ or ‘‘off,’’ in the same environment. How
ever, in such a case, we have no idea of why the gene i
or off. We do not know either how to switch it from ‘‘on’’ to
‘‘off’’ or vice versa.

In the biological reality, the decision depends on ad
tional factors. For example, in bacteria carrying bacter
phage lambda, the viral gene~cI!, whose product represse
all the other genes of the bacteriophage, operates in the p
ence of its own product or of the product of another ge
cII. The cII product serves to switch gene cI on, and as s
as enough cI product has been synthesized, the gene rem
on even though the cI repressor soon switches off gene

In a positive circuit comprising two positive interaction
~1 1!, the genes are inter-dependent: they are eventu
either both on or both off. Here as well, the absence of
product~s! results in a vicious circle. In contrast, for a pos
tive circuit comprising two negative interactions~22!, the
genes behave as mutually exclusive: eventually, either g
X is on and gene Y is off, or gene X is off and gene Y is o
If both products are initially absent, either of the two stea
states~X on, Y off, or X off, Y on! will take place, depend-
ing on such factors as the relative rates of synthesis of
two gene products. Here, in contrast with~1 1! circuits, no
vicious cycle is involved. The intuitive feeling that this situ
ation might result in an alternate periodic expression of
genes is widespread but erroneous, as shown by both
differential and~asynchronous! logical analyses.

Assuming that regulatory interactions are sigmoid
shape, which is very often the case in biological systems
single positive circuit, whatever its number of elements, c
only generate three steady states, two of which are sta
This is because sigmoids compose into steeper sigmoids
not into curves with several inflection points~Reignier
et al.22!. In order to account formany~hundred or more! cell
types in terms of steady states, one needsseveralpositive
circuits, or else anambiguouscircuit ~see Sec. II!. In fact,m
isolated positive circuits can generate up to 3m steady states
2m of which are stable. For example, 8 genes, each locate
a positive circuit, can account for up to 256 (28) cell types.

In view of the ubiquity and crucial role of feedback ci
cuits in biological processes, we give here an in-depth an
sis of the conditions for multistationarity in terms of circuit
It is followed by a less detailed analysis, again in terms
circuits, of other nontrivial behavior such as stable tempo
periodicity and deterministic chaos. The examples given
low are abstract ones, which have been chosen to illust
how simple circuits can generate complex behavior, with
any reference to biological application.

II. FORMAL DEFINITION OF FEEDBACK CIRCUITS
„FOR SHORT, CIRCUITS…

When a system is described by ordinary different
equations, circuits can be defined in terms of the element
the Jacobian matrix~see, for example, Eisenfeld and d
Lisi23 and Refs. 17, 21!. The idea of describing the interac
tions in complex systems in terms of the signs of the terms
license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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the Jacobian matrix has been described already long ag
the economists Quirck and Ruppert,24 without, however, ex-
plicit reference to feedback circuits, and by May25 and
Tyson.26

Consider the Jacobian matrix of a system of ordin
differential equations. If a termai j 5(] f i /]xj ) is nonzero, it
means that variations of variablej influence the time deriva
tive of variablei. In this case, we say for short that variab
j acts on variablei and we writexj→xi . This action is de-
fined as positive or negative according to the sign ofai j .

Consider now in the Jacobian matrix a sequence of n
zero terms such asa13,a21,a32 in which i ~row! indices 1, 2,
3 andj ~column! indices 3, 1, 2 are circular permutations
each other. Nonzeroa13 meansx3→x1, nonzeroa21 means
x1→x2 and nonzeroa32 meansx2→x3; thus, we have the
three-element circuit:

In this way, all the circuits that are present in a syst
can be read from its Jacobian matrix. More generally, a
cuit can be defined as a sequence of terms of the Jaco
matrix such that the sequences of itsi ~row! and of its j
~column! indices are circular permutations of each other.

It is convenient to label circuits asn-circuits according
to the number of their elements. As mentioned above, a
cuit is positive or negative depending on the parity of t
numberq of its negativeinteractions; the sign of a circuit i
thus defined as (21)q.

Unions of disjoint circuitsare sets of circuits that fail to
share any variable. For example, if termsa12,a21 anda33 are
nonzero, we have two disjoint circuits: a 2-circuit betwe
variablesx1 andx2 and a 1-circuit involving variablex3.

Eisenfeld and de Lisi23 have already introduced a gene
alization of the concept of circuit, for which they hav
coined the term ‘‘generalized cycle’’ ~‘‘ g-cycle’’!: ‘‘a
g-cycle is a set of vertex disjoint cycles, i.e., any two cyc
do not share a common vertex.’’ They also introduced
important concept of the ‘‘sign of ag-cycle’’ defined as
(21)(p11), in which p is the number of positive cycles in
volved. In other words, ag-cycle is positive if it comprises
an odd number ofpositive cycles. One can check that thi
definition of the sign of ag-cycle includes the particular cas
of a simple cycle.

We prefer to use ‘‘circuit’’ rather than ‘‘cycle’’~or
‘‘loop’’ ! in order to remain consistent with the nomenclatu
used in graph theory. In addition, we are often lead to tr
the sign of simple circuits and of unions of two or mo
disjoint circuits separately, because the sign of a circuit h
simple and obvious functional meaning, while it is not t
case for the sign of a union. Yet, a general and elegant d
nition suggested by Cahen27 applies both to circuits and
unions of disjoint circuits. They can be identified by the e
istence of a set of nonzero terms of the matrix, such that
Downloaded 02 May 2001 to 128.6.62.9. Redistribution subject to AIP 
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sets of theiri ~row! and j ~column! indices are equal.
Circuits as well as unions of disjoint circuits can be d

scribed in three equivalent ways: as a graph of interactio
as sets of elements of a Jacobian matrix or as the produ
relevant terms of this matrix.

We wish to emphasize that whenever one deals wit
nonlinear system one or more terms of the Jacobian matr
a function of variable~s! of the system. It ensues thata given
circuit can have a different sign depending on the location
phase space.Such ‘‘ambiguous’’ circuits occur very often
and when this is the case, phase space can be partitioned
domains within each of which the signs of the circuits a
constant~see Sec. III B!.

From the Jacobian matrix, one derives the characteri
equation, whose solutions are the eigenvalues of the ma
In what follows, however, rather than calculating the valu
of the eigenvalues near the steady states only, we will k
their analytical expression, and consider them not only at
level of steady states but everywhere in phase space. P
space can then be partitioned into domains according to
signs of the eigenvalues or their real part, and the natur
any steady state will depend on the domain within which i
located. It was found informative to compare this partiti
with that based on the signs of the circuits.

The prominent role played by the circuits is no mo
surprising once it is recognized that among the terms of
Jacobian matrix, only those belonging to a circuit are pres
in the characteristic equation. Consequently, only th
terms of the Jacobian matrix that belong to a circuit contr
ute directly to the eigenvalues. The off-circuit terms of t
Jacobian matrix provide a one-directional connection
tween otherwise disjoint circuits; as a result, they may infl
ence the steady state values of the variables. Although
are not present in the Jacobian matrix, constant terms in
ODE’s also influence the location of the steady states. Th
both off-circuit terms of the Jacobian matrix and consta
terms in the ODE’s play a role in the system’s dynami
However, their role is only indirect via their effect on th
location of the steady states.

III. FULL-CIRCUITS

A. Definition of full-circuits

Those circuits and unions of disjoint circuits that involv
all the variables of a systemplay a special role in the relation
between circuits and steady states. This concept is not n
It appears in the literature under different names, e.g.,g-
cycles of lengthn,’’ 23 ‘‘diagonal products’’28 or ‘‘transversal
products.’’29 We call them ‘‘full-circuits,’’ irrespective of
whether they are circuits or unions of two or more disjo
circuits. Figure 1 shows three of them in the case of thr
variable systems. More generally, there is a very simple
gorithm for extracting the complete list of the full-circuit
from the Jacobian matrix. It simply consists of writing th
analytic form of the determinant of the matrix. In a
n-variable system, this determinant is a sum ofn-factor prod-
ucts and each product corresponds to one of the ‘‘fu
circuits’’ of the system. For example, for a three-variab
system, the determinant of the Jacobian matrix is
license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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FIG. 1. Three examples of ‘‘full-circuits’’~circuits and
unions of disjoint circuits which involve all the vari-
ables! in three-variable systems.
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a11.a22.a332a11.a23a322a22.a31a132a33.a12a21

1a12a23a311a13a32a21.

The six terms correspond to the six full-circuits that c
exist in a three-variable system. Note that in the express
of the determinant, they are affected by a ‘‘signature’’~1 or
2!, but this point will not have to be taken into account he

Consider a system made of a single full-circuit witho
any additional terms~a ‘‘pure’’ full-circuit !. In such a sys-
tem, the nature of the eigenvalues~their signs, real or com-
plex character! is entirely determined by the signs of th
circuits. This results from the following.

~1! For an isolated circuit ofn elements, whatever its de
tailed structure~nonlinearities, parameter values, sig
of the individual elements, etc.,...!, then real or complex
eigenvalues are nothing else than then values of l
5p1/n, in which p is the product of the relevant terms o
the Jacobian matrix. In particular, the eigenvalue cor
sponding to a one-element circuit~diagonal term of the
Jacobian matrix! is identical with this term itself.

~2! If the pure full-circuit is a union of disjoint circuits, thes
disjoint circuits can be treated independently of ea
other, and the eigenvalues of a system made of disj
circuits is the union of the eigenvalues corresponding
these disjoint circuits.

Consequently, a pure~and nonambiguous! full-circuit
can generate only a well-definedtype of steady state: the
signs and real vs complex nature of the eigenvalues are
tirely determined by the signs of the component circuits. F
this reason, it is justified to denote this type of steady stat
characteristic of the full-circuit in question. In contrast,
ambiguous full-circuit can generate~and be characteristic of!
two or more types of steady states, as we will see in S
III B.

Table I gives, for 2-variable systems, all the combin
tions of signs in nonambiguous pure full-circuits, and in ea
case the nature of the corresponding eigenvalues and o
type of steady state. For 3-variable systems, we give o
some examples. As can be shown analytically, systems c
prising only a positive 3-circuit have a steady state~a saddle-
focus! with eigenvalues of the type~1/22!, that is, there is
one real positive root and a pair of conjugate complex ro
with a negative real part. To illustrate this point, consider
system:

ẋ5y, ẏ5z, ż5x3,

whose Jacobian matrix is

S 0 1 0

0 0 1

3x2 0 0
D .
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In view of the choice of the nonlinearity, the 3-circuit
necessarily positive (3x2 has a constant sign! and there is, as
just mentioned, a steady state of type~1/22!

Similarly, a system composed of a negative 3-circuit h
a steady state with eigenvalues of type~2/11!. A system
which consists of a two-element positive circuit~11 or
22! and a one-element negative circuit on the third varia
has a steady state with eigenvalues of type~122!. A sys-
tem with only diagonal terms has eigenvalues equal to th
diagonal terms.

B. Ambiguous full-circuits

A circuit can be positive or negative depending on t
location in phase space, and we then call itambiguous. A
full-circuit is ambiguous if one or more of its compone
circuits is itself ambiguous. Whenever a full-circuit is am
biguous, it can generate two or more types of steady sta
depending on the location in phase space. The example g
below has intentionally been chosen as simple as possib

ẋ5y, ẏ5x221,

whose Jacobian matrix is

S 0 1

2x 0D .

There is a single, two-element full-circuit. As regards t
sign of this circuit, phase space is cut into two regions:
circuit is positive forx.0, negative forx,0. There are two
steady states~21,0! and ~11,0!, one in each region, and, a

TABLE I. Strictly speaking, this table is valid only for pure full-circuits. T
what extent it also holds for nonzero values of the other elements of
Jacobian matrix, is described in Sec. IV B.

Pure full-circuits in 2 variables

The 2-circuit Eigenvalues Steady state

Positive S 2

2
D or S 1

1
D ~1,2! Saddle point

Negative S 1

2
D or S 2

1
D complex Centera

The unions of two 1-circuits

S 2

2
D ~2,2! Stable ‘‘node’’

S 2

1
D or S 1

2
D ~1,2! ‘‘Saddle point’’

S 1

1
D ~1,1! Unstable ‘‘node’’

aIf the diagonal elements are nonzero, the steady state is a focus, stab
unstable depending on the sign of the trace.
license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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expected from the sign of the circuit, the first steady stat
a saddle point and the second steady state is a center~see
Fig. 2!.

C. A tight relation between full-circuits and steady
states

1. Absence of any full-circuit

As mentioned above, the full-circuits of a system are
nonzero terms of the analytic expression of the determin
of the Jacobian matrix. If there are no full-circuits, this d
terminant is thus zero everywhere in phase space. In
condition ~in which the Jacobian matrix is singular and o
or more eigenvalue is zero!, the system of steady state equ
tions is under-determinate. This has in fact been shown
ready by others~see e.g., Refs. 23, 25 and 28! using another
terminology.

2. Multistationarity requires the presence, either of
two full-circuits of opposite signs, or of an
ambiguous full-circuit

We realized long ago that the presence of a posi
circuit in the Jacobian matrix of a system is a necessary,
not sufficient, condition for multistationarity. The presen
of a positive circuit can generate two basins delimited b
separatrix, and this even in a linear system. However
order actually to have multistationarity, the presence of
appropriate nonlinearity is of course required, if only f
trivial algebraic reasons. In addition, when there is more t
one steady state, invariably there is more than onetype of
steady state. In view of the tight relationship between
nature of steady states and the structure of full-circuits,
would thus expect multistationarity to require at least t
types of full-circuits, or else an ambiguous full-circuit.

FIG. 2. ẋ5y,ẏ5x221, whose Jacobian matrix is (2x
0

0
11). An ambiguous

full-circuit. Phase space is partitioned byx50 into two domains. Forx
.0 the circuit is positive, forx,0, the circuit is negative. There are tw
steady states, a saddle point in the positive domain, a center in the neg
domain.
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This concept of two ‘‘types’’ of full-circuits remained
somewhat unclear until we realized that the two ‘‘type
might be nothing else than two full-circuits of opposite sig
according to the definition of Eisenfeld and de Lisi given
Sec. II. The conjecture thus becomes ‘‘In order to have more
than one steady state, one needs an ambiguous full-circ
or two full-circuits of opposite signs.’’

This statement encompasses our older statement tha
presence of a positive circuit~of any length! somewhere in
phase space is a necessary condition for multistationa
Indeed, a full-circuit that is positive according to the defin
tion of Eisenfeld comprises necessarily a positive~simple!
circuit. Thus, the presence of a full-circuit of each sign do
imply the presence of a simple positive circuit.

In contrast, the presence of a negative full-circuit do
not imply the presence of a negative circuit: a negative fu
circuit comprises an even number of positive circuits, ind
pendently of the number of negative circuits, which may
zero. That multistationarity does not require the presence
any negative circuit, is demonstrated by a simple syst
which comprises two nonambiguous full-circuits, one po
tive, made of a positive 2-circuit, one negative, made of t
positive 1-circuits~although there are only positive circuits
the two full-circuits are of opposite signs according to t
definition of Eisenfeld!:

ẋ5x1y, ẏ5x31y,

whose Jacobian matrix is

S 11 11

3x2 11D .

~To show that processb is a necessary condition fo
processa, one needs a formal demonstration. To show t
processb is not a necessary condition for processa, a single
example of the occurrence ofa in the absence ofb is suffi-
cient.!

This system has three steady states,~21,1!, ~0,0! and
~1,21!, two saddle points and an unstable node. The rea
for usingx3 as the nonlinearity of the system is again that
derivative, present in the Jacobian matrix, has a constant
~1!; in other words, there is no ambiguity. If the nonlineari
had been ratherx2, a single full-circuit would have been
sufficient to generate multistationarity~see Sec. III B!.

We mentioned above that the conjecture concerning
requirement for two full-circuits of opposite signs has
formal proof yet but strong circumstantial evidence. In ad
tion to the occurrence of a number of favorable cases an
the absence, so far, of any counter-example, we can ad
the present time the following argument. We have co
structed the complete list of the 2*2 and 3*3 matrices with 0,
11 and21’s. There are 81~34) matrices in the first case an
19683 (39) in the second case. From these lists we ha
selected the matrices that contain no full-circuit, those wit
single full-circuit, with two or more full-circuits of the sam
sign, with two or more full-circuits of different signs, etc
From these matrices, we have constructed differential eq
tions with random coefficients and independent terms an
nonlinearity (x3) such that the circuits cannot be ambiguou

tive
license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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It was found that in every case tested~all for 2 variables,
several arrays of 100 for 3 variables!, the systems of equa
tions created from the matrices without a full-circuit led
under-determinacy, in agreement with statement~1!. Those
from matrices with a single nonambiguous full-circuit
with two nonambiguous full-circuits of the same sign
yielded a single real root for any choice of parameters in
differential equations. As for the equations from matric
with two nonambiguous full-circuits of different signs, the
have three solutions, in agreement with the nature (x3) of the
nonlinearity chosen. Depending on the case, one finds t
real solutions~and thus multistationarity! or one real and two
complex solutions. In the latter case, we repeated the
with other choices of the random coefficients and indep
dent terms; each time this was done, cases with three
roots were found after some runs. This strongly sugge
that, provided the above-mentioned conditions on the f
circuits are fulfilled, one can find simple nonlinearities a
parameter values such that the system displays multista
arity.

3. Multistationarity generated by a single, ambiguous
full-circuit

A system that comprises a single but ambiguous f
circuit may display multistationarity for proper values of th
parameters and an appropriate nonlinearity, as illustrate
the section on ambiguous circuits.

4. Location of the nonlinearity

The nonlinearity in the differential equations and t
corresponding variable term~s! in the Jacobian matrix do no
have to be located on the positive circuit required for gen
ating multistationarity. However, as far as we can tell fro
many examples, it has to be located on a full-circuit. In
system

ẋ5x2y3, ẏ5x2y,

with the Jacobian matrix

S 11 23y2

1 21 D ,

the only positive circuit is ina11 but the nonlinearity is on
the 2-circuit.

IV. SYSTEMS COMPRISING A FULL-CIRCUIT AND
ADDITIONAL NONZERO ELEMENTS IN THE
JACOBIAN MATRIX

It has been stressed above that in the case of a
full-circuit the nature of the steady state~s! can be inferred by
simple inspection of the analytic expression of the Jacob
matrix. The situation is of course less simple if other e
ments of the Jacobian matrix are nonzero in addition to
full-circuit considered. We will now do the following.

~i! Describe simple examples of two-variable syste
comprising the two full-circuits and nonlinearities on the d
agonal or on the nondiagonal elements.

~ii ! Develop a normalization that permits one to descr
any two-variable system, whatever the parameter values
Downloaded 02 May 2001 to 128.6.62.9. Redistribution subject to AIP 
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the number and location of the nonlinearities, in terms o
common diagram in the ‘‘circuit space’’ and briefly allude
three-variable systems.

A. Two-variable systems

Consider the system

ẋ5x2x31cy, ẏ5dx1y2y3, with c,dPR,

whose Jacobian matrix is

S 123x2 c

d 123y2D .

Each of the two terms of the form (123u2) is positive
for uuu,1/A3 and negative outside. Thus, phase space is
into 9 (32) boxes in which the 1-circuits are alternative
positive and negative. Let us first consider the extreme c
in which the nondiagonal elements are absent. As in this c
one deals with a pure full-circuit, the partition of phase spa
according to the signs of the eigenvalues or their real p
coincides with the partition according to the signs of t
circuits. These signs can be directly translated into the si
of the eigenvalues according to Table I. There are in fac
steady states of the expected nature, one per box@Fig. 3~a!#.

We are of course more interested in the general case
which the nondiagonal terms have to be considered. Fig
3~b! shows the partition of phase space according to
signs of the eigenvalues forc50.2 andd520.2. It can be
seen that the partition strongly resembles that found in
absence of the nondiagonal terms, and, hence, to the part
based on the signs of the circuits. Phase space is still div
into 9 basins, each of which contains a steady state of
expected nature. Figure 3~b! shows, in addition, the curve
inside which the eigenvalues are complex. As the abso
values of parametersc andd still increase, the situation pro
gressively departs from the initial one and steady states
lost.

If the nonlinear terms had been placed instead at
nondiagonal positions, the partition lines would have be
the same but the signs of the eigenvalues would have b

FIG. 3. ẋ5x2x31cy,ẏ5dx1y2y3, whose Jacobian matrix is

( d
123x2

123y2
c ), ~a! with c5d50; ~b! with c50.2 andd520.2. The parti-

tion according to the signs of the 1-circuits~whatever the values ofc andd!
is shown in~a!. The partition according to the signs of the eigenvalues
their real part is shown, again by~a! for c5d50, and by~b! for c50.2 and
d520.2. The eigenvalues are complex inside the dotted curves. Th
steady states are represented by points.
license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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different ~and just as easily predictable!. Figures 4~a! and
4~b! shows trajectories for the two systems~both with c
50.2 andd520.2!.

B. Normalization

In n variables, we have up ton2 termsai j corresponding
to nonzero elements of the Jacobian matrix. As these te
form products that represent circuits, one can reduce t
number and simplify the description by applying a norm
ization according to an appropriate circuit. Normalizing a
cording to ann-circuit represented by the productc consists

FIG. 4. Trajectories of the systems,~a! ẋ5x2x310.2y,ẏ520.2x1y

2y3, whose Jacobian matrix is (20.2
123x2

123y2
10.2 ); ~b! ẋ50.2x1y2y3,ẏ5x

2x320.2y, whose Jacobian matrix is (123x2
10.2

20.2
123y2

). In both cases, the par-
tition follows the unbroken lines of Fig. 3~b!. However, in the second cas
the 9 steady states are an unstable node, four saddle points and four ce
Downloaded 02 May 2001 to 128.6.62.9. Redistribution subject to AIP 
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of dividing all the terms of the Jacobian matrix by the po
tive real ucu(1/n). At the level of the eigenvalues, this simp
results in dividing them by the positive real number in que
tion, without affecting their signs. This approach is a refo
mulation of the standard classification of the dynamics.
interest lies in classifying the dynamic properties in terms
the sign and relative weight of the circuits. For the sake
simplicity, we describe the approach in 2 variables, althou
it is only for higher dimensionalities that it will become re
ally useful.

In 2-variable systems, one can normalize by the circ
a12a21 by dividing all four terms of the Jacobian matrix b
ua12a21u(1/2) provided, of course, neithera12 nor a21 is zero.
The diagonal terms are thus replaced bya
5a11/ua12a21u(1/2) andb5a22/ua12a21u(1/2). Note that in gen-
eral a andb are not simply parameters, but functions of t
variables of the system. As for the product of the normaliz
nondiagonal terms, it is 1 or21 depending on whether th
2-circuit is positive or negative. Although there is a unifie
expression~in which one uses thesign of the 2-circuit! it is
convenient to treat these two cases separately.

If the 2-circuit is positive, the argument of the squa
root in the analytic expression of the eigenvalues is posit
The eigenvalues are thus necessarily real@in agreement with
the necessity of negative 2-~or more! circuits for temporal
periodicity#. The eigenvalues will be of the same or of o
posite signs depending simply on whetherab.1 or ab,1.
The partition is thus ensured by the pair of branches of
hyperbola described byab51. Accordingly, any steady stat
will be of the nature indicated by its location in spaceab, the
space of the normalized circuits. The situation is describe
Fig. 5~a!.

If the 2-circuit is negative, the argument of the squa
root is positive or negative depending on whetherua2bu
.2 or ua2bu,2. Thus, between the straight linesb5a
62 the eigenvalues are complex, outside these lines they
real. Within the straight lines, the sign of the real part of t
eigenvalues is the sign ofa1b. Outside the straight lines
the domains of equal and opposite signs of the eigenva
are delimited by the pair of branches of the hyperbola
scribed byab521 @Fig. 5~b!#.

ters.

FIG. 5. Normalization of 2-variable systems~for the 2-circuit!. ~a! The
2-circuit is positive.~b! The 2-circuit is negative. The signs of the eigenva
ues correspond to the signs of the quadrants, except in the crescents be
the axes and the hyperbola~in these regions,ua bu,1, which means that the
diagonal full-circuit is ‘‘dominated’’ by the nondiagonal full-circuit!. In ~b!,
the eigenvalues are complex between the two dotted lines.
license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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These general diagrams permit a direct comparison
tween~1! the partition according to the signs of the norm
ized one-element circuits, which is nothing else than the p
tition into four quadrants by axesa and b, and ~2! the
partition according to the signs of the eigenvalues or th
real part. A pair of branches of a hyperbola, whose orien
tion depends on whether the 2-circuit is positive or negat
delimits the domains. It may be noticed that the two types
partitioning coincide except for the crescents between
branches of the hyperbola and the axes.

Three- ~or more! variable systems can also be norm
ized by an appropriate circuit or a union of disjoint circui
This permits one to grasp in quite general terms in wh
way the dynamics of a system changes when a full-circu
complemented by additional terms of increasing size. T
analysis will be described in a subsequent paper.

V. FUNCTIONS OF CIRCUITS IN GENERATING
PERIODICITY

In order to have stable temporal periodicity, one need
negative circuit of at least two elements~at least in differen-
tial systems without delays!. In linear systems, this only
leads to spiraling inwards or outwards without stabilizati
on a closed trajectory. To stabilize periodicity, one need
nonlinearity such that the real part of the eigenvalues is p
tive in the vicinity of a steady state but negative at so
distance. Since in two dimensions the real part of the eig
values is simply equal to half the trace of the Jacobian m
trix, this can be achieved even by a single diagonal term
appropriate structure like in the system

ẋ5x2x31y, ẏ52x,

whose Jacobian matrix is

S 123x2 1

21 0D .

This generates a limit cycle, as shown by Fig. 6. T
example also shows that even though stable periodicity
quires both a negative two-~or more! element circuit and a
proper nonlinearity, the nonlinearity does not have to be
cated on the circuit that generates the periodicity~here, the
negative 2-circuit!. As far as we can tell, the nonlinearity ha
to be located on a circuit; which, however, definitely do
not have to be full-circuit, in contrast with the requiremen
for multistationarity. The two statements are demonstra
by the example above.

Periodicity and multistationarity.Consider the system

ẋ52cx1y, ẏ52x1d tanh~y!,

whose Jacobian matrix is

S 2c 11

21 d sech2~y!
D .

This system is illustrated by Fig. 7 forc50.73 andd
52. In agreement with the presence of two full-circuits
opposite signs and of a negative 2-circuit, there is multis
tionarity and stable periodicity for proper values of the p
rameters. There is no ambiguous circuit since tanh is a
Downloaded 02 May 2001 to 128.6.62.9. Redistribution subject to AIP 
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notonous function and its derivative sech2(y) is positive
everywhere. Thus, phase space is not partitioned accor
to the sign of any circuit. The plain horizontal lines in Fig.
show the partition of phase space according to the sign
the eigenvalues or their real part. In the region outside
dashed horizontal lines, the eigenvalues are complex.
cordingly, the steady state located at~0,0! is a saddle point
and the outer steady states are stable foci. In addition, t
is a stable limit cycle and, as kindly remarked by Holmes30

two unstable limit cycles~see Fig. 7!.

VI. FUNCTIONS OF CIRCUITS IN DETERMINISTIC
CHAOS

The role played by circuits in deterministic chaos h
been analyzed in Thomas.31–33 Suffice to mention here ou

FIG. 6. ẋ5x2x31y,ẏ52x, whose Jacobian matrix is (21
123x2

0
11). There is

a single steady state, in agreement with the fact that there is a single,
ambiguous full-circuit. The negative 2-circuit generates periodicity. C
finement is ensured by the fact that the trace is positive for small value
x but negative outside.

FIG. 7. ẋ52cx1y,ẏ52x1d tanh(y), whose Jacobian matrix is
(21

2c
d sech2(y)

11 ), with c50.73 andd52. The unbroken horizontal lines corre
spond to the values ofy for which the eigenvalues~or their real part! switch
from 1 to 2. Outside the dashed lines, the eigenvalues are complex.
license or copyright, see http://ojps.aip.org/chaos/chocr.jsp
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provisional conclusions and show an example. In order
generate the types of deterministic chaos we have analy
one needs two or more coupled, yet distinct periodiciti
‘‘Distinct’’ means that they are organized around distin
~full or partial! steady states. Nevertheless, the same nega
circuit can generate them. Thus, one would need at lea
negative circuit with two or more elements to generate p
odicity and a positive circuit to generate full or partial mu
tistationarity. All the many~pre-existing or synthesized here!
chaotic systems we checked indeed fulfill these criteria. F
ure 8 shows the trajectory of the system

ẋ50.49x1z, ẏ5x2y, ż52x35y,

whose Jacobian matrix is

S 10.49 0 11

11 21 0

23x2 11 0
D .

This system, which comprises a positive 3-circuit r
sponsible for multistationarity, a negative 2-circuit respo
sible for periodicities and two linear diagonal terms, displa
a nice chaotic dynamics.

It is worthwhile to recall that the two types of circui
one negative, one positive, can be provided by a single
biguous circuit with three or more elements, so that de
ministic chaos can be generated by a single ambiguous
cuit with three or more elements.33

FIG. 8. ẋ5cx1z,ẏ5x2y,ż52x31y, whose Jacobian matrix is

(
23x2

c
11

11

0
21

0

11
0 ) . There is multistationarity~three steady states, a sadd

point of type1/22, and two saddle points of type2/11!, in agreement
with the presence of two full-circuits of opposite signs. There is a posi
circuit responsible for multistationarity~from that viewpoint, the positive
1-circuit is dispensable! and a negative 2-circuit responsible for periodici
around the two external foci. Forc near 0.49, the dynamics is chaotic.
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VII. CONCLUSIONS

Nonlinear dynamics has already been considered
terms of circuits by May,25 by Tyson26 and by Eisenfeld and
de Lisi,23 with a special emphasis on stability.

Probably in view of our biological background, we a
less interested in the criteria for stability~or for instability!
per seas in the conditions which lead to the two deep
divergent modalities of instability. One modality leads
multistationarity~and, in biology, to differentiation! via posi-
tive real roots of the characteristic equation, generating
sins delimited by separatrices. The other modality leads
stable periodicity or its punctual variant~and, in biology, to
homeostasis!, via pairs of complex roots of the characterist
equation. We provide statements concerning the role of
cuits in these two types of instability and their involveme
in various nontrivial processes.

On the other hand, as linear stability analysis is so e
cient, one might question the utility of developing another
not alternative, but rather complementary—method. One
tification is that in many cases a simple look at the Jacob
matrix of a system in terms of circuits can give precio
information about its dynamical possibilities. Consider, f
example, the matrix

S 2 2 0

1 2 2

2 0 2
D .

This matrix comprises three full-circuits, a 3-circuit, th
union of a 2-circuit inxy and of a 1-circuit inz, and the union
of three 1-circuits. This indicates the possibility of thre
types of steady states, a saddle-focus of type2/11, a stable
focus of type2/22 and a stable node. However, the a
sence of any positive circuit precludes any multistationar
Consequently, in this system, one can have either of th
three types of steady states depending on the values o
parameters, but they cannot coexist.

We have seen that when a system is restricted to a p
full-circuit the nature of the steady state~s! can be directly
derived from the signs of the elements of the Jacobian
trix. The situation is of course more complex in the presen
of additional terms. However, the way in which the add
tional terms modify the eigenvalues can be, and has alre
been, partly analyzed. For this work, the normalization d
scribed in this paper is of a great help.
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