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Question 1.

(i) Let V = { (a1, a2) | a1, a2 ∈ R }. For (a1, a2), (b1, b2) ∈ V and c ∈ R, define

(a1, a2) + (b1, b2) = (a1 + b1, a2b2)

and

c(a1, a2) = (ca1, ca2).

Determine whether V is a vector space over R with these operations. Justify

your answer.

(ii) Determine whether W = { (a, b, c) ∈ R3 | ab+ c2 = 0 } is a subspace of R3.

Justify your answer.

Question 2.

(i) Suppose that V , W are vector spaces over a field F and that T : V → W

is a linear transformation. Give the definitions of N(T ) and R(T ).

(ii) State the Dimension Theorem.

(iii) Let T : R4 → R2 be the linear transformation defined by

T (a1, a2, a3, a4) = (a1 + a2 − 3a3, a3 − 2a4).

Find bases for R(T ) and N(T ).

Question 3.

Let β = { e1, e2, e3 } be the standard ordered basis of R3 and let T : R3 → R3 be

the linear transformation such that

• T (e1) = 2e1;

• T (e2) = −e1 − e2 − 2e3;

• T (e3) = e1 + 4e2 + 5e3.

Compute [T ]γ , where γ is the ordered basis { e1 + 2e2 + e3, e1, e2 + e3 } of R3.
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Question 4.

(i) Let V , W be vector spaces over a field F and let T : V → W be a linear

transformation. Let {w1, · · · , wk } ⊆W be a set of k linearly independent

vectors. Prove that if the vectors { v1, · · · , vk } ⊆ V satisfy T (vi) = wi for

1 ≤ i ≤ k, then { v1, · · · , vk } is linearly independent.

(ii) Let V , W be finite-dimensional vector spaces over a field F and let

T : V → W be a linear transformation. Prove that if dim(V ) < dim(W ),

then T is not onto.


