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Suppose we are given a finite sequence of non-negative integers t,, o, . . ., .
We extend this to an infinite sequence as follows. For all n > k, we define

tn+1 = mex(tl +tn,t2 +tn_1, e ,tn + tl)

where mez(ay, . .., a,) denotes the minimum excludent, or the least non-
negative integer not appearing in the sequence a, as, ..., a,.

In [1,E27], it is asked if these mex sequences are ultimately periodic.
The motivation for studying these sequences comes from the analysis of oc-
tal games using Sprague Grundy Theory, where ordinary addition is replaced
by nim-addition.

We restrict ourselves to input sequences with all terms positive, and pro-
pose the following:

Conjecture 1 The extended sequence is periodic with period 3k + 2,
where k is the length of the input sequence.

Clearly, the truth of the above conjecture will imply that all such se-
quences are bounded. We conjecture that the upper bound depends only on
the length of the input sequence, and not on the terms themselves.

Conjecture 2 The extension of any input sequence of length k£ has upper
bound 2k.

We begin by proving the following lemma, which shows that appearances
are not always deceptive.



Lemma 1 Let ty,19,...,t be the given input sequence and let ¢,, denote
the n'* term in the extended sequence. Suppose there exist integers ¢ and
m, £ < m, such that the first 2(m + £) terms of the sequence are

a1,CLQ,...,ae,b1,b2,...,bm,bl,bz,...bm,bl,bQ,...,bg

Then t, = t,_,, for all n > m + £.

Proof We proceed by induction on j, and it will be clear from the induc-
tion step that the base case holds.

Let n =2m+ £+ 3,7 > £+ 1. Observe that if s < |%] < 2m + 7, then
n—s>m-+4¥ sothat t,_, =1, ..

Thus ¢, = mex({ts + tn_s : 1 < s < [5]}) = mex({ts +tpm-s: 1 <5 <
[%J} = t,—m. This completes the proof. |

We now prove Conjecture 1 for a special case.

Theorem 1 Suppose all terms in the input sequence are greater than 1.
Then the extended sequence is periodic with period 3k + 2.

Proof Note that the extended sequence has the following form:

frp OFFL 1R+ oF gh+1 k41 ok g+l
Therefore, by Lemma 1, the sequence is periodic with period 3k+2. |}
Let t1.x be the input sequence, with ¢, =1, and t, > 1 forr +1 < s <k
The extended sequence has the following form:
fr OFFL AL 1h+1 Bl g+l 42 k4l g2 gkl g3

Conjecture 3 For p > 1,

A<AT1<j<rand BP< B 1<j<k-—r
J J ’ J J

Note that Conjecture 3, together with boundedness of the extended se-
quence (weaker than Conjecture 2) implies Conjecture 1.



Let AP and B” abbreviate A}, and BY, ., respectively.

Example Let the input sequence be 5,4,2,1,2,3. Then A' = 6,5,4,4; A2 =
9,8,4,4; AP =11,8,4,4for p> 3 and B? =7,7 for p > 1.

On a personal note, the above example was as instructive as it was elusive
- ending, rather anti-climactically, a week-long effort to prove that A% = A3,
Note that in view of Lemma 1, A2 = A3 = A* together with B! = B?> = B?
would have settled Conjecture 1 in the affirmative.

Lemma 2 A! is non-increasing.

Proof We shall prove that A; > A%, for 1 < j <r — 1. We proceed by
induction on j.

For j > 2, we define T} = {A},_; +tj_1a,tjx, 0}, so that A} = mex(T})
Note that A} < A}, since A} & Ts.

Now assume that A} > A} > ... > A}

Observe that A; ¢ T}, ,. Thus A;,, < Aj. This completes the proof. [}
Exactly along the same lines, it can be proved that B! is non-increasing.

Thus A; = mex(tjx,0) and Bj = mex(0,1,t;; + 1, A'). Tt follows that
A'NB =1

Forl1<s<r/lets=j+k—r
Theorem 2 A} < A3, 1<j<r

Proof Let T2 {tlg 1+A] 1:1s ]k,O B1 A A
A} = mex(T?).

S T Ar:}+1}7 so that

Since A} = mex(t;, 0), it follows that {0, 1,..., A; —1} C {0, %4} C Tj.
Thus A; < A7 |}



Lemma 3 The equation £ — y = 1 has no solutions in B'.

Proof Since B' is non-increasing, it suffices to prove that Bj , # B} —1
for all j.

Let J = {j : Aj_; > A; +2}. Let ji,...,jm be the elements of J in
increasing order. Define jo =1 and j,,41 = 7.

Let 2 < s <r, and let 7 be such that j; < s < j;41.
We have, B} = mex(tsy + 1,1, A%, 0)
Clearly, Aj +1 ¢ A'. Since j; < 5, A}, # tg,5 < £ < k. Thus B} < A] +1.

Let ¢ = j;+1. Since A}I = mez(0,t,,) and s < g, it follows that

{0,1,... AL — 1} C {to, topn, .. i}
Furthermore, Aé,Aé +1,.. .,A}i € Al. Thus B! = A}i + 1.

Similarly, if s > r, it can be shown that Bj = A} +1.

Observe that the successive elements of {A}i}, 1 < i < m differ by at least
2. Thus x — y = 1 has no solutions in B!, |

Theorem 3 B! = B?

Proof We proceed by induction on j. As in the proof of Theorem 1, we
do not deal with the base case separately.

Let S = {t1j-1 + Bj_1.1,tjx + 1,1, A", 0} so that B; = mex(S;)
Case 1: 1 <j<r.
We have, B} = mex(ti;; 1+ B} 1, tjx+1,1,A%,0,A",1,B; ., +1,2)

By induction hypothesis, Bf = mex (S}, A?, By ., +1)



Note that Ag = mea:(tl;s,l + Agfl:l,ts;k,O,Bl, 1,A1zg’, S+1or + Ar:?—kl)'
Thus B* N A2 = (). Also, by Lemma 3, = y + 1 has no solutions in B!. It
follows that Bj = B}

Case 2: r+1<j5<k
Let p = j — r. We have,
BJ2 = mex (tl:j—l + B?—l:l? tj:k: + 1, 1, AQ’ O, Al’ 1, Bli—r:p + 1, Bll:p + B;:l)

By induction hypothesis, B} = mex (Sjl-, A’ B, ,,+1,Bl,+ B;:l)

Asin Case 1, Bf ¢ A* and Bj # B; +1,p < s < k —r. We also have
B} + B,,, ;> Bj for 1 <i < p. Therefore, Bj = B}. |
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