One, Two, Three ... Sorority

Sujith Vijay

Given a set S, let X = {z1,...,z,,} be a subset of S and let
fi: S — S, 1<1i < nbeacollection of functions. Define C(f1,..., fn;Z1,---, Tm)
to be the smallest set with the following properties:

o Vi, 1<i<m,
i € C(f1ye s fri@T1yee ey Tm)

e Vj,1<j<m,
T e C(fl,...,fn;xl,...,xm) :>fj(.7,') (S C(fl,...,fn;.’I,'l,...,:Em)

ExampleIf S =IN ={0,1,2,...}, fi(n) = 2n, fa(n) = 2n+1, we have
C(f1,f2;0) = IN.

Notation In what follows, 7(n) shall denote the number of divisors of
n and ¢(n) shall denote the order of the multiplicative group of integers
modulo n. We shall also use I'(n) instead of (n — 1)! with ulterior motives.
Further, given a function f(n), the result of k£ applications of f to n shall
be denoted by f¥(n), with fO(n) = n.

Theorem 1 C(7,¢,[;4) = Z™*

Proof For a positive integer n, let e2(n) denote the unique non-negative
integer k such that n = 2¥(mod 2¥*1!). Equivalently, n = 2¢2(M) g where q is
an odd integer.

Let m € ZT and s = I™(4). Since ea(T¥*+1(4)) > ea(T*(4)) VE > 1, it
follows that ex(s) > m.

Let es(s) = t, so that s = 2'u, where u > 3 is odd. Let ¢(s) =
211 (u) = 2% o', where v’ is odd. Since ¢(u) is even, ¢ > ¢ and v’ < wu.
Thus 34 € IN, ¢¢(s) =27, p>m, p € IN.



Since ¢(25T1) = 2F VEk € IN, we have ¢*P~™+1(s) = 2m~1, Since m is
arbitrary, we have shown that 2¢ € C(¢,T;4)Va € IN. But 7(2™ 1) = m,
hence m € C(r, ¢,T;4). |

Let p, denote the n'* prime, and let 7(n) denote the number of primes
not exceeding n. Thus,

m(n) = sup {m : pp, <n}
meIN

As a consequence of the prime number theorem, p, ~ nInn. This moti-
vates the following definitions:

p, =nlnn

m'(n) = sup {m:p,, <n}
meIN

We will show that any positive integer can be obtained by a sequence of
applications of 7', ¢ and T.

Given m € IN, m > 3, define ag(m) = m; ag11(m) = pﬁlk(m) = ag(m) Inag(m).

Let bx(m) = Inag(m), so that by(m) = Inm; bgr1(m) = Inagyi1(m) =
Inag(m) + Inlnag(m) = bg(m) + Inbg(m).

Let ¢, = max(2,ba(m)/21n2).
Lemma A Ve > 2,Vk > 2,lnc+2lnk <1+ clnk

Proof Let f(c) =Inc—1 and g(c) = (¢ — 2)In2. Observe that f'(c) =
1/¢ < In2 = ¢'(c) Ve > 2. Further, f(2) < g(2). Thus f(c) < g(c)Ve > 2.
Hence, Inc—1 = f(c) < g(c) = (¢—2)In2 < (¢—2) In k. Rearranging terms,
we obtain Inc + 2Ink <1+ clnk. |

Lemma B by(m) < ¢y, klnk Vk > 2.

Proof Observe that bao(m) < 2¢,, In2. Assume by < ¢k Ink. Now

by +Inb;, < cpklnk +1Inc,, +Ink +1Inlnk

cmkInk +1Incy +2Ink < cpklnk + ¢ Ink + 1 (Lemma A)
emkInk + ey Ink + e (k +1)/2k

cm(k+ 1) Ink + cp(k+1)In(1 + 1/k)

cm(k+1)In(k + 1)
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where the final inequality follows from the fact that In(1 + z) > z/2
Vz € [0,1].

By induction, the proposition is true for & > 2. |

Lemma C Let r4(m) = agx(m + 1) /ag(m). Then,
Vme IN,YM € IR, 3kg € IN,such that rg,(m) > M

Proof We have,

ros(m) = n(mED) ax(md1)nay(m+1)
+ ag+1(m) a(m) In ag,(m)
= Inag(m + 1) — Inag(m)
= r(m) (1 + o) )

Telescoping the above relation yields,

Tet1(m) =
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where the final inequality follows from Lemma B.

But ) diverges. Thus 3k such that ry,(m) > M. |

]111]

Theorem 2 C(n', ¢, T;4) = Z+



Proof By Lemma C, Vm € IN,3k € IN, such that ax(m+1) > 2a(m).
Thus ax(m) < 2¢ < ax(m + 1), for some £ € IN. Since 2¢ € C(¢,T;4), and
m = (7')%(2%), it follows that m € C(x’,¢,T;4). Hence, C(n', ¢,T;4) = IN,
as claimed. |1

This raises a natural question.

Conjecture C(m, ¢, 1;4) = Z+

Margins will not be blamed.
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