
The “top player problem”
Here are two solutions of the “top player” problem,

IMPORTANT REMARK. Since nobody did this homework problem
correctly, I am giving you the solution in complete detail. Actually, I am giving
you two solutions.

One of the questions in the midterm is going to be this problem.
I will not ask you for the two proofs given here. You will be able to
choose which proof to give, or to give a proof of your own, different
from my two proofs, as long as your proof is correct. So read and
study carefully at least one of the proofs below.

And when you study the proof, pay attention to how in the proof
we use several of the proof techniques that were discussed in the
course: proof by cases, proof by contradiction, induction or well-
ordering. And also pay attention to the writing, because this is a
writing course, and good writing counts.

SECOND IMPORTANT REMARK. When I assigned this problem
as homework, I suggested that you do it using well-ordering, rather than induc-
tion, Several people did not follow my advice, and tried to do it by induction,
but unfortunately it seems that nobody got it right.

Let me tell you why I suggested using well-ordering rather than induction.
I had two reasons:

(1) The proof by induction (or, to be precise, the only proof by induction that
I know) is much more complicated than the proof by well-ordering. (If you
don’t believe me, just read the two proofs below and compare.) This is
a special case of a general fact: The Well-Ordering Principle is a much
stronger statement than the PMI. So it is much easier to use. Most proofs
are much easier using Well Ordering than using induction. For example,
we gave in class a very trivial two-line proof, using well ordering, of the
statement that every natural number ≥ 2 is prime or a product of primes.
Try to prove the same thing using just induction, and you will see how
much weaker the PMI is.

(2) The “proof by induction” uses well-ordering as well. (Where? When you
choose p∗ so as to minimize the value of b(p).) So I thought that, since
you have to use the WOP anyhow, you might as well just go ahead and
do a WOP proof.

FIRST SOLUTION. We want to prove that every tournament has a top
player. For this purpose, it suffices to prove that

(*) For every natural number n, and every tournament t with n play-
ers, t has a top player.

(If we use T (t) for “t is a tournament”, P (t, n) for “t has n players”, and Q(t)
for “t has a top player”, then (*) says the following:

(∀n ∈ IN)(∀t)((T (t) ∧ P (t, n)) =⇒ Q(t)) .
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We are going to prove this by induction on n. Let S be the set of all natural
numbers n for which the following statement is true:

(*n) Every tournament t with n players has a top player.

Notice that Statement (*) is a closed formula: it talks about “tournaments”
(the variable t) and “natural numbers” (the variable n), but both variables are
under the scope of quantifiers, so this statement is not about a particular n or
a particluar t, but about all n’s and all t’s.

On the other hand, Statement (*n) is an open sentence, with the open vari-
able n. This means that (*n) only makes sense (i.e., is true or false) for a
particular n. For example, you could imagine (*n) being true for n = 4 (i.e.,
every tournament with 4 players has a top player) and being false for n = 7 )
(i.e., “it’s not true that every tournament with 7 players has a top player”, that
is, “there exists a tournament with 7 players that does not have a top player”).

So (*n) is the kind of satetement that in principle lends itself to a proof by
induction.

We have to prove that (*n) is true for every n ∈ IN, that is, that S = IN.
First we prove that 1 ∈ S. Now, “1 ∈ S” means that “every tournament with 1
player has a top player”. To prove this, let t be an arbitrary tournament with
one player. We need to prove that t has a top player. Obviously, if we let p be
the unique player of t, then p will have to be the top player. But the statement
“p is a top player of t” says that “for every player q of t other than p, either p
beats q or there exists a player r such that p beats r and r beats q”, and this
is true because there are no other players q, so any statement of the form “for
every player q other than p blahblahblah” is true, because it stands for “(∀q)(q
is a player other than p =⇒blahblahblah), which is true because for every q the
premise “”q is a player other than p” is false, so the implication “q is a player
other than p =⇒blahblahblah” is true. So 1 ∈ S.

Now let us prove that (∀n ∈ IN)(n ∈ S =⇒ n+1 ∈ S). Let n be an arbitrary
natural number. Assume that n ∈ S. We want to prove that n+ 1 ∈ S. So we
want to prove that every tournament with n + 1 players has a top player, ans
we are assuming that every tournament with n players has a top player.

Let t be an arbitrary tournament with n+ 1 players. We are going to prove
that t has a top player. Let A be the set of players of t, so A is a set with n+ 1
members. For each p ∈ A, let b(p) be the number of players that are beaten by
p. Pick a player p∗ for which the number b(p∗) has its smallest possible value,
i.e., a player p∗ such that

b(p∗) ≤ b(p) for all p ∈ A .

Then construct a tournament t′ with n players by removing Player p∗ from t.
(So the players of t′ are the same asd those of t, except for p∗. And, for players
q, r of t′, q beats r in t′ if and only if q beats r in t.) Since t′ is a tournament
with n players, and we are assuming that n ∈ S, Tournament t′ has a top player.
Pick a top player for t′, and call him/her q∗. We will show that q∗ is a top player
for t. Since q∗ is a top player for t′, we know that for every player x of t′ either
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q∗ beats x or q∗ beats some player y of t′ who beats x. So, if we prove that the
same is also true for p∗ (that is, that either q∗ beats p∗ or q∗ beats some player
y of t who beats p∗), then q∗ will indeed be a top player for t.

If q∗ beats p∗, then we are done.
Next we consider the case when q∗ does not beat p∗. In that case, p∗ beats

q∗. We are going to prove that

(#) There exists a player v of t such that q∗ beats v and v beats p∗.

Wo prove (#) by contradiction. Assume that (#) is false. Then every player of
t′ beaten by q∗ is also beaten by p∗. This means that every player of t beaten
by q∗ is also beaten by p∗, because the only player of t that is not a player of t′

is p∗, and we are assuming that p∗ beats q∗, so p∗ is not beaten by q∗. So the
number b(q∗) (the number of players of t beaten by q∗) is less than or equal to
b(p∗) (the number of players of t beaten by p∗). But in addition there is one
extra player of t that is beaten by p∗ but not by q∗, namely q∗. This means that
b(q∗) < b(p∗). But this contradicts the fact that b(p∗) ≤ b(q) for all players q of
t. This contradiction shows that (#) is true.

Hence q∗ is a top player of t. So t has a top player. Since t was an arbitrary
tournament with n+1 players, we have shown that every tournament with n+1
players has a top player. So n+ 1 ∈ S.

So we have shown that n ∈ S =⇒ n+ 1 ∈ S for an arbitrary natural number
S. Hence (∀n ∈ IN)(n ∈ S =⇒ n+1 ∈ S). Since we have also proved that 1 ∈ S,
it follows that S = IN. Then (*n) is true for every n ∈ IN, so every tournament
has a top player, and our proof is complete.

SECOND SOLUTION. We want to prove that every tournament has a top
player. For this purpose, it suffices to prove that

(*) For every natural number n, and every tournament t with n play-
ers, t has a top player.

(If we use T (t) for “t is a tournament”, P (t, ) for “t has n players”, and Q(t)
for “t has a top player”, then (*) says the following:

(∀n ∈ IN)(∀t)((T (t) ∧ P (t, n)) =⇒ Q(t)) .

We are going to prove this by using the well-ordeing principle. Let G (the
“good” set) be the set of all natural numbers n for which the following statement
is true:

(*n) Every tournament t with n players has a top player.

Notice that Statement (*) is a closed formula: it talks about “tournaments”
(the variable t) and “natural numbers” (the variable n), but both variables are
under the scope of quantifiers, so this statement is not about a particular n or
a particluar t, but about all n’s and all t’s.

On the other hand, Statement (*n) is an open sentence, with the open vari-
able n. This means that (*n) onlt makes sense (i.e., is true or false) for a
particular n. For example, you could imagine (*n) being true for n = 4 (i.e.,
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every tournament with 4 players has a top player) or being false for n = 7 )
(i.e., “it’s not true that evry tournament with 7 players has a top player”, that
is, “there exists a tournament with 7 players that does not have a top player”).

So (*n) is the kind of satetement that in principle lends itself to a proof by
well-ordering.

We have to prove that (*n) is true for every n ∈ IN, that is, that every
natural number is “good”, i.e., that G = IN. For this purpose, we let B (the
“bad” set) be the set of all natural numbers that do not belong to G. (In other
words, B = {n ∈ IN : n /∈ G}.) We will prove that G = IN by proving that B
is empty. And we will show this by contradiction. So we will assume that B is
nonempty and get a contradiction.

So assume that B is nonempty. Then by the WOP B has a smallest member.
Call this smallest member b. So b is a natural number such that it is not true
that every tournament with b players has a top player, but for every natural
number n such that n < b it is true that every tournament with n players has
a top player.

Since it is not true that every tournament with b players has a top player,
we may pick a tournament t∗ with b players that does not have a top player.
Pick a player p∗ of t∗. (Any player will do.) Let P be the set of all players of
t∗ that are beaten by p∗. Then let t′∗ be the tournament obtained from t∗ by
removing p∗ and all the players that belong to P . Then t′∗ has a nonempty set
of players, because there must exist a player x of t∗ that is not p∗ and is not
in P . (Otherwise, p∗ would beat every player of t∗ other than p∗, so p∗ would
be a top player of t∗, contradicting our assumption that t∗ does not have a top
player.) Also, if n is the number of players of t′∗, then n < b, because to get t′∗
from t∗ we are removing at least one player, namely p∗.

Since t′∗ is a tournament with n players, and n < b, t′∗ has a top player q∗.
We now prove that q∗ is a top player for t∗. To show this, we have to prove that

(&) For every player x of t, either q∗ beats x or q∗ beats some player
who beats x.

So pick an arbitrary player x of t∗. Then there are two possibilities, namely,

(1) x is a player of t′∗ ,

(2) x is not a player of t′∗.

In Case (1), then either q∗ beats x or q∗ beats some player who beats x, because
q+ is a top player for t′∗.

In Case (2), then either

(2.a) x = p∗

or

So pick an arbitrary player x of t∗. Then there are two possibilities, namely,

(1) x is a player of t′∗ ,

(2) x is not a player of t′∗.
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In Case (1), then either q∗ beats x or q∗ beats some player who beats x, because
q+ is a top player for t′∗.

In Case (2), then either

(2.a) x = p∗

So pick an arbitrary player x of t∗. Then there are two possibilities, namely,

(1) x is a player of t′∗ ,

(2) x is not a player of t′∗.

In Case (1), then either q∗ beats x or q∗ beats some player who beats x, because
q+ is a top player for t′∗.

In Case (2), then either

(2.a) x = p∗

or

(2.a) x ∈ P .

First consider Case (2.a), when x = p∗. Then q∗ must beat x. (Reason: if q∗
did not beat p∗, then p∗ would beat q∗, but then q∗ would be a member of the
set P , so q∗ would be one of the players that were removed from t∗ to construct
t′∗, and then q∗ would not be a player of t′∗.)

Now consider Case (2.b), when x is a member of P . Then q∗ beats some
player y who beats x, because we have already shown that q∗ beats p∗, and p∗
beats x, since x ∈ P .

So q∗ is a top player of t∗, contradicting the assumption that t∗ has no top
player. This contradiction shows that B = ∅, so G = IN, so every tournament
has a top pleyer.


