
Information about the final exam
Read this carefully, and study the proofs. If
you know how to do all the proofs that are
given or are mentioned in these notes (includ-
ing the ones that are given in Part 1), then
you will be able to do all the proofs in the
final exam.
The final exam will consist of three kinds of questions:

1. Questions about translation back and forth between English and formal
language. This may include true-false questions, and the requirement
that you explain why a statement is true or false, for which you would
have to write a proof.

2. Definitions. (This includes being able to use a definition. For example,
I could ask you to define “is divisible by” and to prove, using the
definition, that 12 is divisible by 6, or that 12 is not divisible by 8. Or
I could ask you to define “finite set” and to prove, using the definition,
that the set {x ∈ IR : x2 = x} is finite.)

3 Proofs.

Regarding Item 1 above, you may be asked the following ques-
tions.

QUESTION 1. Let S, T be the statements “There is a smallest natural
number” and “there is a smallest integer”, respectively. Translate S and T
into formal language, and in each case say whether the statement is true or
false and explain why.

AND HERE IS THE ANSWER.

i. S says: (∃n ∈ IN)(∀m ∈ IN)n ≤ m.

ii. T says: (∃n ∈ Z)(∀m ∈ Z)n ≤ m.

iii. S is true. REASON: We can take 1 as witness and apply the Witness
Rule. Clearly, (∀m ∈ IN)1 ≤ m, so 1 can be used as witness.



2 Sussmann – Math 300 – Spring 2013

iv. T is false. REASON: Suppose T was true. Then we would be able
to pick an integer of the kind whose existence is asserted by T , and
call it n∗. Then (∀m ∈ Z)n∗ ≤ m But then we can apply Rule ∀use
by plugging in n∗ − 1 for m, and conclude that n∗ ≤ n∗ − 1. But
n∗ > n∗− 1, so ∼ n∗ ≤ n∗− 1, So we got a contradiction. So T is false.

QUESTION 2. Let S be the statement “If a natural number is prime then
it is not divisible.” Let T be the statement “If a natural number is prime
then it is not divisible by 2.” Translate each of S, T , into formal language,
if you can, and if you cannot do it explain why, by saying “this statement
does not make mathematical sense, so it cannot be translated into formal
language.” Then, in each of the cases where you have been able to translate
the statement, say whether the statement is true or false and explain why.

AND HERE IS THE ANSWER.

i. S does not make sense, because there is no such thing as a number
being “divisible.” A natural number p can be “divisible by another
natural number” (or by an integer), but for a natural number to be
just “divisible” is meaningless. So S cannot be translated.

ii. T says: (∀p ∈ IN)(p is prime =⇒ (∼ 2|p)).

iii. T is false, because the number 2 is prime and is divisible by 2.

QUESTION 3. Let S be the statement “If p is a natural number that
has the following property: whenever a, b are integers such that p divides ab
then p divides a or p divides b; then p is prime”, and let T be the statement
“If p is a natural number such that p > 1 and p has the following property:
whenever a, b are integers such that p divides ab then p divides a or p divides
b; then p is prime”. Translate S and T into formal language, and in each
case say whether the statement is true or false and explain why. Use P as a
name for the set of all primes, so “p is prime” is translated as “p ∈ P”. Also,
use “|” for “divides”.

AND HERE IS THE ANSWER.

i. S says:

(∀p ∈ IN)
(

(∀a, b ∈ Z)(p|ab =⇒ (p|a ∨ p|b)) =⇒ p ∈ P
)
. (1)
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ii. T says:

(∀p ∈ IN)
((
p > 1∧ (∀a, b ∈ Z)(p|ab =⇒ (p|a∨p|b))

)
=⇒ p ∈ P

)
. (2)

Pay attention to where you put parenthe-
ses!

If, for example, you had written instead of (2)

(∀p ∈ IN)
(
p > 1 ∧ (∀a, b ∈ Z)(p|ab =⇒ (p|a ∨ p|b))

)
=⇒ p ∈ P ,

or, even worse,

(∀p ∈ IN)p > 1 ∧ (∀a, b ∈ Z)(p|ab =⇒ (p|a ∨ p|b)) =⇒ p ∈ P ,

then your statements would have been completely wrong. (Look at each
of these statements and figure out what they really say. Don’t just say
“the statement is wrong because it should have parentheses here and
here”, because if you just do that then you will not understand why
the parentheses are needed. You will just know that there have to be
parentheses there because I said so, and that is not a good reason1.)

iii. S is false. REASON: Suppose S was true. Then the statement

(∀a, b ∈ Z)(p|ab =⇒ (p|a ∨ p|b)) =⇒ p ∈ P (3)

would be true for all natural numbers p. In particular, it would be true
for p = 1. Therefore

(∀a, b ∈ Z)(1|ab =⇒ (1|a ∨ 1|b)) =⇒ 1 ∈ P (4)

would be true. But Statement (4) is of the form A =⇒ B, with “

(∀a, b ∈ Z)(1|ab =⇒ (1|a ∨ 1|b)) (5)
1Students often write things such as (∀n ∈ IN)(n > 0), putting parentheses where they

are not needed. This is technically correct, but looks very bad. The right thing to write is
(∀n ∈ IN)n > 0. On the other hand, students also write things like (∀n ∈ IN)n > 0∧n2 ≥ n,
which is wrong because, as written, the scope of the quantifier is just “n > 0”, so in the
sentence “n2 ≥ n” the variable n is not quantified, we don’t know who n is, and we have
violated the rule that says that every letter variable should be a dummy variable
or have a value declared before. So in this case the student should have written
(∀n ∈ IN)(n > 0 ∧ n2 ≥ n).
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in the role of A and “1 ∈ P” in the role of B. Moreover, A is true
(because if a, b are arbitrary integers the implication “1|ab =⇒ (1|a ∨
1|b)” is true, since the conclusion “1|a ∨ 1|b” is true because 1 divides
every integer, so in fact both “1|a” and “1|b” are true). But B is false,
because 1 is not prime. So the implication “A =⇒ B” is false. In other
words, (4) is false, so S is false.

iv. T is true. REASON: Let p be an arbitrary natural number. We prove
that (

p > 1 ∧ (∀a, b ∈ Z)(p|ab =⇒ (p|a ∨ p|b))
)

=⇒ p ∈ P (6)

is true. Now, (6) is of the form “P =⇒ Q”, with

p > 1 ∧ (∀a, b ∈ Z)(p|ab =⇒ (p|a ∨ p|b)) (7)

in the role of P , and “p ∈ P’ in the role of Q. So to prove (6) we must
assume P and prove Q. Assume P , that is, assume that

p > 1 ∧ (∀a, b ∈ Z)(p|ab =⇒ (p|a ∨ p|b)) (8)

Let us prove Q, that is, let us prove that p is prime. The definition of
“prime” says that “a natural number p is prime if and only if p > 1
and the only natural numbers that divide p are 1 and p”. To prove
that p is prime, we have to prove that p > 1 and

(∀q ∈ IN)(q|p =⇒ (q = 1 ∨ q = p)) . (9)

The fact that p > 1 follows because we are assuming (8). So all we
have to do is prove (9).

Let q be an arbitrary natural number. We want to prove that

q|p =⇒ (q = 1 ∨ q = p) .

For this purpose, let us assume that q|p and prove that

q = 1 ∨ q = p . (10)

Since q|p, we can pick an integer u such that p = qu. Since p and q
are natural numbers, and then positive, u must be a natural number
as well. Now, we are assuming that (8) holds, so in particular

(∀a, b ∈ Z)(p|ab =⇒ (p|a ∨ p|b) . (11)
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Using Rule ∀use, we can specialize (11) to a = q, b = u, and conclude
that

p|qu =⇒ (p|q ∨ p|u) . (12)

But p does divide qu because in fact p is equal to qu. So, using the
Modus Ponens Rule (that is, if you have G =⇒ H, and you have G,
then you can go to H) we can conclude that

p|q ∨ p|u . (13)

Since p, q and u are natural numbers, the fact qu = p implies that
q ≤ p and u ≤ p. Since p|q ∨ p|u, we can argue by cases and see what
happens in each of the two cases, namely,

I. The case when p|q.
II. The case when p|u.

In Case I, the fact that p|q implies that p ≤ q. But we also know
that q ≤ p, so p = q, and then q = 1 ∨ q = p .

In Case II, the fact that p|u implies that p ≤ u. But we also know
that u ≤ p, so p = u, and then the equation p = qu implies that
q = 1, so, once again, we find that q = 1 ∨ q = p .

So we have proved that q = 1 ∨ q = p in each of the two cases, and
then we have shown that q = 1 ∨ q = p . That is, we have established

(10), which is exactly what we needed to complete our proof of T .

QUESTION 4. Let S be the statement “The empty set is a subset of every
set”, let T be the statement “The empty set belongs to every set”, and let U
be the statement “The empty set is contained in every set”. Translate each
of S, T , U into formal language, if you can, and if you cannot do it explain
why, by saying “this statement does not make mathematical sense, so it can-
not be translated into formal language”. Then, in each of the cases where
you have been able to translate the statement, say whether the statement is
true or false and explain why.
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AND HERE IS THE ANSWER.

i. S says: (∀A)∅ ⊂ A.

ii. T says: (∀A)∅ ∈ A.

iii. U does not make mathematical sense, because it uses the phrase “con-
tained in”, which is vague (because some people use it to mean “is a
subset of” and some people use it to mean “belongs to”) and is not
part of the vocabulary of Set Theory. (In Set Theory, the phrases “be-
longs to” and “is a subset of” have a definite, precise meaning, but “is
contained in” does not.)

So U cannot be translated into formal language.

iv. S is true. REASON: Let us prove that

(∀A)∅ ⊆ A . (14)

Let A be an arbitrary set. We want to prove that ∅ ⊆ A. This means
that

(∀x)(x ∈ ∅ =⇒ x ∈ A) . (15)

So we have to prove (15). To prove this, let x be arbitrary. We want
to prove that

x ∈ ∅ =⇒ x ∈ A . (16)

Now, since ∅ does not have any members, the object x is not a member
of ∅. That is, x /∈ ∅. Therefore, the premise of the implication (16) is
false, so (16) is true, and our proof is complete.

v. T is false. REASON: We exhibit a set A such that ∅ does not belong
to A. Let us take A to be the empty set itself. Then A has no members
at all, so in particular ∅ is not a member of A.

QUESTION 5. Assume we have specified a “universe”. i.e., a set U such
that we are only working with subsets of U , and the “complement” Xc of a
subset X of U is the set U−X. Let S be the statement “if A,B are sets, then
the complement of the union of A and B is the union of the complement of A
and the complement of B”. Let T be the statement “if A,B are sets, then the
complement of the intersection of A and B is the union of the complement
of A and the complement of B”. Translate S and T into formal language,
and in each case say whether the statement is true or false and explain why.
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AND HERE IS THE ANSWER.

i. S says: (∀A)(∀B)(A ∪B)c = Ac ∪Bc.

ii. T says: (∀A)(∀B)(A ∩B)c = Ac ∪Bc.

iii. S is false. For a simple example, suppose the universe U is a set
consisting of two members a, b, and let A = {a}, B = ∅. Then Ac =
{b}, and Bc = {a, b}. So Ac ∪ Bc = {a, b}. But A ∪ B = A = {a}, So
(A ∪B)c = {b}, and then (A ∪B)c 6= Ac ∪Bc = {a, b}.

iv. T is true. REASON. Let A, B be arbitrary sets (i.e., arbitrary subsets
of U , because we are working with subsets of U only). We will prove
that

(A ∩B)c = Ac ∪Bc . (17)

REMARK. When you write mathematics,

words are important!.

For example, suppose you had just written Formula
(17), without putting the words “We will prove
that” before the formula. Then you would have
been asserting that (17) is true, and this is some-
thing you cannot do, because (17) is what you are
trying to prove, and you are not entitled to assert-
ing that something is true until you have proved
it.

Now let us go back to the proof of T . We have stated that we are going
to prove (17). For this purpose, we have to prove that

(∀x)(x ∈ (A ∩B)c ⇐⇒ x ∈ Ac ∪Bc) .

So let x be arbitrary (that is, an arbitrary member of U). We will prove
that

x ∈ (A ∩B)c ⇐⇒ x ∈ Ac ∪Bc . (18)

We prove (18) by proving

x ∈ (A ∩B)c =⇒ x ∈ Ac ∪Bc (19)
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and
x ∈ Ac ∪Bc =⇒ x ∈ (A ∩B)c . (20)

First we prove (19). Assume x ∈ (A ∩ B)c. Then x /∈ A ∩ B. That
means that x does not belong to one of the sets A, B, because if x
belonged to both A and B then x would belong to A∩B, and we have
just said that x /∈ A ∩ B. So either x /∈ A or x /∈ B. That is, either
x ∈ Ac or x ∈ Bc. Therefore x ∈ Ac ∪Bc. So we have proved (19).

Next we prove (20). Assume x ∈ Ac ∪ Bc. Then either x ∈ Ac or
x ∈ Bc, that is,

x ∈ Ac ∨ x ∈ Bc . (21)

So we can do a proof by cases. In the case when x ∈ Ac, it follows that
x /∈ A, so x /∈ A∩B (because if x ∈ A∩B it would follow that x ∈ A),

so x ∈ (A ∩B)c .

In the case when x ∈ Bc, it follows that x /∈ B, so x /∈ A ∩B (because
if x ∈ A ∩ B it would follow that x ∈ B), so once again we find that

x ∈ (A ∩B)c . So we have proved that x ∈ (A ∩ B)c in both cases,

and then x ∈ (A ∩B)c . So we gave proved (21).

Since we have proved (19) and (20), we have shown that (18) holds,
concluding our proof.
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Regarding Item 2, on definitions:
In the course, definitions of the following concepts have been given, and
you should know them: tautology, contradiction, rational number, irrational
number, even number, odd number, is divisible by (or “divides”, or “is a
multiple of”, or “is a factor of”), prime number, composite number, greatest
common divisor, integer linear combination2, coprime integers, subset, empty
set, power set, union of sets, intersection of sets, finite set, infinite set, one-to-
one function, function onto a given set, bijection, having the same cardinality
(as in “the sets A and B have the same cardinality”), having the same number
of members (which is equivalent to having the same cardinality). (Note: In
the homework there were no questions of the form “define such and such
concept”. But the reason for that is that for the homework it made no
sense for me to ask such a question, because you could just go and copy
the definition from the book or from your notes. But for the exams you are
required to know the definitions.)

Regarding Item 3, on proofs. You may be asked to give
proofs of (or to “prove or disprove”, or to state, if the question is to state a
theorem) the following:

1. All the statements proved in the set of notes that accompany the list
of problems for Homework Assignment No. 10.

2. All the statements of theorems and all the proofs in the set of notes
“containing a list of problems, which includes all the questions that you
will get in the second midterm exam.”

3. The theorem on the existence of a “top player” for the tournaments
that have been discussed in the course.

4. Questions about finite sets and cardinality of sets. Specifically, you will
be asked questions from the following list:

2This is the same as what the book calls “linear combination”, and I will accept it if
you use “linear combination” instead of “integer linear combination”. But “integer linear
combination” is really better because, strictly speaking, a “linear combination” of two
numbers a and b is a number of the form ua + vb for some numbers u, v, whereas an
“integer linear combination” of two numbers a and b is a number of the form ua+ vb for
some integers u, v, which is what we want.
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i. Define “finite set”. (This definition was given in class. And here it
is: First we define what it means for a set A to have n members,
for a natural number n. We do this as folloes: Let A be a set
and let n be a natural number. We say that A has n members
if there exists a list (aj)

n
j=1 of length n such that (i) the list has

no repetitions, that is, whenever j, k are indices belonging to the
set {i ∈ IN : 1 ≤ i ≤ n}, and j 6= k, it follows that aj 6= ak,
(ii) aj ∈ A for every j ∈ {i ∈ IN : 1 ≤ i ≤ n}, and (iii) every
a ∈ A is equal to aj for some j ∈ {i ∈ IN : 1 ≤ i ≤ n}. Another
version of this definition would involve first defining INn to be the
set {i ∈ IN : 1 ≤ i ≤ n}, and then saying that A has n members
if there exists a list (aj)

n
j=1 of length n such that (i) the list has no

repetitions, that is, whenever j, k are indices belonging to INn it
follows that aj 6= ak, (ii) aj ∈ A for every j ∈ INn, and (iii) every
a ∈ A is equal to aj for some j ∈ INn. A third version of this
definition is the following: first we would define INn as above, and
then we say that A has n members if there exists a bijection
from INn onto A. Now that we have defined what it means for a
set A to have n members, we say that a set A is finite if A is
empty or A has n members for some natural number n.)

ii. Define “infinite set”. (Answer: an infinite set is a set which is
not finite.)

iii. Prove that n, the set of all natural numbers, is infinite. (Answer.
First we prove a lemma: a nonempty finite set of real numbers has
a largest member. The proof is by induction: on the number of
members of the set. If A has just one member, then that member
is the largest member of A. Suppose we know that every set of
real numbers with n members has a largest member. Then we
prove that every set of real numbers with n + 1 members has a
largest member, by observing that, if A has n+ 1 members, then
A = B∪{b} for some set B with n members and some real number
b. By the inductive hypothesis b has a largest member u. if we
let v be the largest of u and b, then v is the largest member of
A. This proves the lemma. Using the lemma, we prove that IN is
infinite: if IN was finite, then by the lemma IN would have a largest
member, so there would be a largest natural number. But there
is no largest natural number, because if n ∈ IN then n + 1 ∈ IN
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and n+ 1 > n. So we got a contradiction.)

iv. Prove that the union of two finite sets is a finite set. (This proof
was given in class. And here it is: Suppose A, B are finite sets.
Let (aj)

n
j=1, (bj)

m
j=1 be lists without repetitions of all the members

of A and all the members of B, respectively. Combine the two lists
into a list (cj)

m+n
j=1 by letting cj = aj for 1 ≤ j ≤ n and cj = bj−n

for n + 1 ≤ j ≤ n +m. Then (cj)
m+n
j=1 is a list of all the members

of A ∪ B. If this list has repetitiions, we eliminate them one by
one until we end up with a list without repetitions.)

v. Prove that if A, B are finite sets, A ∩ B = ∅, A has n members,
and B has m members, then A ∪ B has n + m members. (The
proof is exactly like the proof in Part 2, except in this case the
list (cj)

n+m
j=1 has no repetitions.)

vi. Prove Cantor’s Theorem: If A is a set then A has a smaller car-
dinality than the power set P(A). (This was done in class and is
also proved in the book.)

vii. Prove the other Cantor Theorem: IN has a smaller cardinality the
interval (0, 1). (This was also done in class and is also proved in
the book.)

REMARK. The Russell Paradox was already in the list of questions for the
second midterm, so it is a fortiori a possible question for the final exam. A
detailed explanation of the Russell Paradox was given in class but, if you did
not come to class that day, or you didn’t take notes, or you took notes but
cannot read them, you may do one or both of the following:

1. Borrow the notes from a student who actually was there and took good
notes.

2. Read about the Russell paradox in the Wikipedia. For example, here
are the first two paragraphs of the Wikipedia article, slightly edited by
me:
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In the foundations of mathematics, Russell’s para-
dox (also known as “Russell’s antinomy”), discovered by
Bertrand Russell in 1901, showed that the näıve set the-
ory created by Georg Cantor leads to a contradiction. The
same paradox had been discovered a year before by Ernst
Zermelo but he did not publish the idea, which remained
known only to Hilbert, Husserl and other members of the
University of Göttingen.

According to näıve set theory, any definable collection is
a set. Let S be the set of all sets that are not members of
themselves. If S qualifies as a member of itself, it would
contradict its own definition as a set containing all sets
that are not members of themselves. On the other hand, if
such a set is not a member of itself, it would qualify as a
member of itself by the same definition. This contradiction
is Russell’s paradox. Symbolically, let S be defined by

S = {x : x is a set ∧ x /∈ x} .

Then S ∈ S ⇐⇒ S /∈ S, and this is a contradiction.

You ought to read the whole article, but the above is a very good
start.

Let me add that the reason why it is so bad to be able to prove a contra-
diction is that once you can prove a contradiction then you can prove every
statement. (Here is how: suppose you have proved a contradiction C. Let P
be any statement you want, for example “2 + 2 = 5” or “Professor Sussmann
is very mean”, both of which are obviously false. To prove P , we do it by
contradiction: assume ∼ P ; then insert a proof of the contradiction C; so we
have proved a contradiction assuming ∼ P ; so P follows. Q.E.D.)

A theory in which a contradiction can be proved is said to be inconsistent.
Naturally, an inconsistent theory is totally useless, because iin such a theory
one can prove everything, false statements as well a strue ones. And the
whole point of doing proofs is that when you prove something you can be
sure it is true, because only true statements can be proved. So if you could
prove false statements as well as true ones, then you would never be able to
make sure that something is true by proving it.
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Russell’s Paradox tells us that Näıve Set Theory (NST) is inconsistent.
This means that NST has to be abandoned. What mathematicians have
done is replace NST with Axiomatic Set Theory (AST), in which the
“Näıve Set Formation Axiom” (which basically says that any time you have
a statement P (x) specifying a condition on x, such as, for example, “x is a
cow”, or “x is an integer”, or “x is a real number larger than 5, less than
7, and not equal to 6, or x is a negative integer”, then you can introduce
the set {x : P (x)}) has to be abandoned. (You may think that there are
other possible soultions to the problem, such as for example not changing
the axioms but changing the rules of logic. But, believe me, mathematicians
and logicians have thought about this long and hard for more than a century,
and nothing works better than AST.)


