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The Equation

We want to analyze the following stochastic differential equation (SDE) in the
Hilbert space H = L*(R)

. )
de = |75 dt + VA= (@) dW: - 5 (@~ (@)% dt| b, o=

where p is the momentum operator, q the position operator, Wt is a standard
Wiener process defined on a probability space (2, F,P) and (q): = (1:|q|1:) .

The equation describes the evolution of the wave function of a free quantum
“particle”, subject to random and spontaneous localizations in space. It is one of
the fundamental equations of collapse models.

m is a mass of the particle and A is a positive constant which sets the strength of
the collapse process.

Rutgers: October 8th, 2007 Angelo Bassi p




Three questions

There are three relevant questions related to this equation:

1. Existence and uniqueness of solutions: which precise statement can
be made?

2. Explicit solution: the equation is simple enough that it should be
possible to find the explicit solution.

3. Long time behavior of the solution: several conjectures indicate that
the solution of the equation has a well defined asymptotic behavior,
namely that it converges asymptotically to wave function having a
Gaussian shape. Which precise statement can be made?
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1. Existence and unigueness of solutions

Theorem: Given T > 0, there exists a unique strong solution of the equation for
any tin [O,T].

The stochastic process ; is a strong solution when

1. itis a.s. continuous.

2. it is measurable with respect to the filtration generated by the Wiener
process.

3. with probability 1 it satisfies

b=t [ Lot V3 [(a=@owew. =5 [(a— @)

With t in [0,T].

D. Gatarek and N. Gisin, Journ. Math. Phys. 32, 2152 (1991).
A.S. Holevo, Prob. Theory and Relat. Fields 104, 483 (1996).
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2. The explicit solution

Step 1: linearization of the equation. This is a well known procedure in the
literature.

Consider the linear equation

i D> A
do, = [—g—;’ dt + Vhqdé, — Zq%dt| ¢, o=
m 2

where ¢, is a Wiener process with respect to the probability space (2, F,Q) .

The square norm ||¢;||? is a martingale; choose Q such that dP = ||¢,|/?dQ.

Define:

b = { o/l IE o] #0

otherwise;

Then ¥; solves the original non-linear equation, where the two noises are related
by the Girsonov transformation

AW, = d& — 2V \(q): dt
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The explicit solution

Step 2: reduction to a deterministic equation. The idea is to perform a sort
of “interaction picture” transformation in order to remove the stochastic part of
the evolution.

Consider the operators

Qu: D(Qu)CL2AR) — LA(R) Pa: D(Pa) C
o) - ed(a) oz) = deta)

Define

¢t — exp (Zﬂth) Q\/Xft—l—(zct/h) P—bt Dt

with
mi)t = ct—ih\f)\ft bo =0
ét = 2Zh)\bt C():O
9y = —ihAbE — L2 + By Ng e+ A2 6o =0
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The explicit solution

Then ¥t solves the Schrodinger equation for the non self-adjoint (NSA)
Harmonic oscillator

4 P g "
= — 1 —
? dt Pt 9 q | Pt 2l

The Green’s function is:

A A A
g9i(x,y) = \/ : exp |—= (2% + y?) cothvt + 2 = zysinh ' vt
v sinh vt v v

with v = (1 +4)w/2 and w = 2y/hA\/m . Define:

T; : D(’E)QEZ(R) — [,2(]R)
6@ o [dyaewo),
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The explicit solution

To summarize, the solution of the linear SDE can be written has

th = exp (’lfl?th) Q\/th-l—(ict/h) P—bt 7; '(,b

Theorem: With probability 1, and for any T > 0, the following statements are
true for tin [O,T]:

1. e LR = ¢ € LR

2. Y € LE(R) = ¢, solves the linear SDE
3. ¢ eLy®) = liml— [, =0.
_>

Where £%(R) and £Z(R) are, respectively, the subspace of all bounded and the
subspace of all bounded continuous functions of £*R) and | -|... is the
supremum norm.
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3. The asymptotic behavior

The idea is the following. The eigenvalues of the NSA harmonic oscillator

2

H = — — ih\g*
2m

are:

' 1
Ay, = hw,,, Wy, = (n+§)w

The imaginary part contributes with a damping factor to the evolution, which is
the bigger, the higher the eigenvalue. Accordingly, one expects only the ground
state (which is a Gaussian) to survive, as t approaches infinity.

Conjecture: “every initial state converges asymptotically to a wave function
having a Gaussian shape”.

There have been several proofs of this conjecture, none of which is fully
rigorous.
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The asymptotic behavior

The eigenstates are (like for the SA harmonic oscillator)
2 2
dn(z) = Vae @ /2H,(ax), a* = —2idm/h
and H,(z) is the Hermite polynomial of degree n.

The situation looks very similar to the standard SA harmonic oscillator, with the
only difference that the argument of the Hermite polynomials is complex rather
than real.

The states ¢, form a complete set which is also minimal, and are linearly
independent. However, they do not form a (Schauder) basis.

E.B. Davies, Proc. Roy. Soc. London. A 455, 585 (1999).
E.B. Davies, J. London Math. Soc. 70, 420 (2004).
E.B. Davies, Linear Operators and their Spectra, Cambridge University Press (2007).
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The asymptotic behavior

However, with some caution one can still work with these eigenstates.

Define

P.¢ = (¢|o,) b = PP, = 0nmPr, and Py = e’

One has:
©.@)

To = ) e UHent2p fort >t
n=0

Moving back to the linear SDE, one has:

e Q\/_ft-l-(wt/h) P_v, Te o(x Z An( zktx+7t€_(1+i)wnt/2¢n (a(x —Ty))

where An(t),k,v and 7; are stochastic processes. The series converges for ¢ > t,
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The asymptotic behavior

What remains to be proven is that, given

_ (n)
v ||¢tn Z‘”

then with probability 1 with respect to the measure P one has

s o] -

Work in progress.
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