Shelly: HAPPY BIRTHDAY!

Phase Transition in
continuum Potts models

Rutgers, October 2007



Phase transitions in the continuum
with several species of particles

Example: the Widom-Rowlinson model.

e Repulsion among particles of different species

e High density — separation of species. EXx-
istence of several DLR extremal measures,
breaking of the symmetry under species ex-
change.

Classical Peierls argument D. Ruelle PRL,
1971, ...

e Low density — unigue DLR measure in-
variant under species exchange.

Goal: behavior at the critical point



The model
Continuum version of the classical Potts model:
point particles ¢ = (...,7r;,s;,...), 7, € R%, d > 2
position, each particle has a spin s; € {1,.., S},
S > 2.
particles with different spins repel each other.
Phase diagram: (G, \)-plane
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one disordered state




Behavior at the critical curve

(D.M., 1. Merola, E. Presutti, Y. Vignaud)
Kac potential

Roughly speaking the result we have is:

there are S+ 1 phases: S ‘“ordered phases”
+ one disordered phase.

total particles density undergoes a strictly
positive jump across the critical line

This can be seen as an example of interplay
between magnetic and elastic properties and
interpreted as a magneto-striction effect.



Pirogov-Sinai strategy in the same spirit of
the LMP- model, (Lebowitz, Mazel, Pre-
sutti) (no symmetry between disordered and
ordered phases)

e the interaction is given in terms of a Kac
potential

e the small parameter is the inverse in-
teraction range (“perturbing” mean field)

Reduction to “restricted ensembles’ i.e.
configurations locally close to pure phases
(local closeness of empirical averages to the
mean field values in a pure phase).

NEED: exponentially decay of correlations in
the restricted ensembles (cluster expansion,
Dobrushin uniqueness..)



Dobrushin uniqueness condition true in the
LMP model (in a certain range of the tem-
perature) but not in continuum Potts model.

NEW: We prove

e a finite size condition in the Dobrushin-
Shlosman spirit (involving some large boxes
where self interaction is important)

e use disagreement percolation to con-
struct a coupling (van der Berg: CMP (1993)
and van der Berg, Maes: Ann. Prob. (1994))
to prove that our finite size condition implies
exponential decay of correlations.



Kac interaction

Mean field energy density: p = (p1,.,pg) €
R

1
ex(p) 1= 3 Y pspy — XD ps
s/ S

Kac potential:

Jy (1) = A LT (4 = 7))

~ > 0 small but fixed. J*(r) a smooth, sym-

metric, probability kernel supported by |r| <
1/2.

Hamiltonian of the Potts model:
H\(@) = [, ex(yxa(r))dr
where, g = (r1,81,--.,74,Sj,---),

ny * Q(T)S — Z ny('r, Ti)lsizs
1



T heorem

Foranyd>2, 5S>2and >0
there is v* > 0 so that for any
v < v* there exist Ag ., and S+1
mutually distinct, extremal DLR

measures at (8, Ag,).



Restricted ensemble

Partition of R? in cubes C$9 of side ¢, ¢ <
~~1 (=range of the interaction) z € ¢Z¢

ua(-|pac)= marginal distribution of the Gibbs
measure on the density variables

pp T ZENA x {1,...,5} — [0, 00)
given the b.c. pac

} e—H,(\efr)(P/\lﬁ/\C)
Z(ppc)

pAClPAe) =

In a neighbor of the ground states

ff — —
HE (oalpnc) ~ HY(pplone) B2



1
B;I(m\(w,s})

+ 5 [ex(@ % pa U pne(a)) — ex(3 % ppe(@))]

xelZa

HY (palpne) = —

I(p) = pllog p — 1]

Jf(f)(azl,xg) constant on the cubes ngf), i =
1,2

0) 1 /
J,(y (x1,20) = —/ , / ; ny(r,r )
¢2d ngl) Ca(:Q)

Pure phases: homogeneous minimizers of
HY: for all 8, 3 Ag such that HY has S+ 1
minimizers: S “ordered phases’ -+ one disor-
dered phase.

Call u = (u1,...,ug) one of these minimizers.



GOAL: exponential decay of correlations of
1
Z(pnc)

QW = {pr 1 |pa(z, ) — us| < ¢, Va,Vs)

o—H3 (oAlone)

uSW (pe) = X(w) (PA)

¢ small. (x4= characteristic function of A)

e VVariational problem for \ close to Aﬁ,

min  HY(pAlpps) = Hg(Pf\,ﬂﬁ/\,i), i =1,2
pre(W

— i C
|p}k\71(az, S) — pj‘\’z(ag, s)| < ce ywdist(z,AL)

N ={y e N :3s:pp1(y,s) 7 ppa2(y, s)}

e Gaussian approximation: by Taylor ex-
panding Hg(p/\|ﬁ/\,i) we get two gaussians with
exponentially close variances and means.

Volume large to have exponential decay but
small to control the error in the Taylor ex-
pansion.
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