Math 351 (Section 03)
Exam #1 Answer Key
October 2006

1. (10 points) This is a “gimmie”

(a) Write out the definition of a ring — give me all of the gory details please!

Answer: See the basic definitions handout.

(b) Give the definition of the greatest common divisor of two polynomials f(z) and g(z) in

F|x] where F is a field (and either f(x) # 0 or g(x) # 0).

A monic polynomial d(x) € F|x] is called the greatest common divisor of f(z)
and g(x) if d(x) divides f(z), d(z) divides g(x), and d(x) has the largest possible degree
among all common divisors of f(x) and g(z).

2. (25 points) Circle “True” if the statement is always true, “Possible” if the statement
is true for some examples but false for others, or “False” if the statement is never true. Then
justify your choice!

(a)

(b)

Let a, b, u, and v be integers such that au + bv = 2.
TRUE / [POSSIBLE | / FALSE: The greatest common divisor of a and b is 2.

If au + bv = 2, then we know that 2 is a multiple of the g.c.d. of a and b. So a and b
could be relatively prime, or they could have the g.c.d. 2.

Example: 2(—1) +4(1) =2 the g.c.d. off a=2andb=4is20ORa=—-1land b=1
is 1.

Let y € Z.
TRUE | / POSSIBLE / FALSE: The equation 2z = y mod 999 has a solution x € Z.

Since 2 is relatively prime to 999, we know 2 is a unit in Zggy. Thus z = 271y is a
solution no matter what y happens to be.

Alternatively, since 2 is relatively prime to 999 we can find u,v € Z such that 2u +
999v = 1. Therefore, 2(uy) + 999(vy) = y which means 2(uy) = y mod 999 (z = uy is a
solution).

Let n be a positive integer.
TRUE / [POSSIBLE | / FALSE: Both cancellation laws hold in Z,.

Cancellation laws hold in an integral domain and fail if there are zero divisors. We
know Zs is an integral domain (because 3 is prime), so the cancellation laws hold in Zs.
However, Zg is not an integral domain because it has zero divisors, so the cancellation
laws do not hold in Zs.
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(d) Let F be a field.
TRUE / POSSIBLE / [FALSE}: F = M(F).

We know that F is commutative (since it’s a field). But M (F) is not commutative for

any field F. Thus they can never be isomorphic.
0 1y /1 0y (00
0 0)\0O 0/ \O O

Example of non-commuting matrices:
1 0y /0 1)y (0 1
0 0/\0O 0/ \0 O
(e) Let IF be a field, and let f(x) € F[z] be a polynomial of degree 5 such that f(z) has no
irreducible factors of degree 3 or 4.

TRUE / [POSSIBLE| / FALSE: f(z) is irreducible.

Almost by the definition of irreducible, if f(x) is irreducible of degree 5, it cannot have
factors of degree 3 or 4. So for example f(x) = z° + 2 is irreducible (by Eisenstein’s
criterion) in Q[z] (thus has no factors of degree 3 or 4).

On the other hand, f(z) = z° is not irreducible in Q[z] (or in fact over any field).
Notice that the irreducible factors of f(z) are z, z, z, x, and = (thus by the uniqueness
of factorizations, f(z) has no irreducible factors of degree 3 or 4).

3. (10 points) Basics
(a) Let R be a ring with 1. Prove that 1 = 0 if and only if R = {0} (the trivial ring).

Suppose that 1 = 0. Let a € R. Then a = al = a0 = 0. Thus all elements of R are 0.
So R = {0}.

Suppose that R = {0}. We have 0a = a = a0 for all @ € R (since 00 = 0). Thus 0 is
the multiplicative identity. Therefore 1 = 0.

(b) Let R be aring with 1 and r € R. Show that r cannot be both a zero divisor and a unit.

Suppose that r is both a zero divisor and a unit. This implies that there exists r=* € R
such that rr=! = r~1r = 1. Also, there exists some s € R, s # 0 such that rs = 0 or
sr=0.

If rs =0, then 7~'rs = r710. Thus s = 1s = 0 (contradiction).

If sr = 0, then srr=! = 0r~!. Thus s = s1 = 0 (contradiction).

Thus r cannot be both a zero divisor and a unit!

4. (10 points) Choices! Prove ONE of the following:
I. Let R be a ring where a? = a for each a € R. Show that R is commutative. Hint: For
all a,b € R, (a+b)?> = (a+b) and (a + a)? = (a + a).
Let a,b € R. Consider a+a = (a+a)? = (a+a)(a+a) = a*+a*+a*+a® = a+a+a+ta.

Thus 0 = a+a. Soa = —a. Also, a+b= (a+0b)? =a*+ab+ba+b*>=a+ab+ba+b.
Therefore, 0 = ab + ba. Thus ab = —ba = ba. So R is commutative.
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IT. Let R be a ring with 1. Prove that the characteristic of R and and the characteristic

of M(R) are the same.
10 _(n1 0\ _ (0 0y
0 0 n1)~\o o) "

0
1
: 10 00 nl 0 0 0
versely if n (0 1) = (0 0). Then <0 nl) (0 O) Thus nl = 0.
R

Sonl = 0if and only if nly = 0. Therefore, R and M (R) have the same characteristic.

Let n € Z~o. Suppose that nl = 0. Then n

5. (10 points) Let ¢ : R — S be a homomorphism from a ring R to a ring S. Also, let
T be a subring of R. Prove that ¢(T') = {¢(x) € S|z € T} is a subring of S.

Obviously ¢(T) is a subset of S (since ¢ is a mapping into S).

First notice that 0 € T (since T is a subring). Therefore, 0 = ¢(0) € ¢(T"). Next, suppose
that a,b € ¢(T). This implies that there exists z,y € T such that ¢(x) = a and ¢( ) =
Now we know that 7" is a subring, so x —y € T. Thus a—b = ¢(z) —¢(y) = ¢(x —y) € ¢(T )
Also, xy € T (since T is a subring). Thus ab = ¢(z)p(y) = ¢(zy) € o(T).

Therefore7 by the (short) subring test ¢(T) is a subring of S.

6. (12 points) Workin’ in Zg.
(a) Write the multiplication table for Zg.

Ly, 0(112{3(4|5]6|7]|8
0 0({0|0{0{0|0]0|0]0
1 0[1]2|3(4]|5|6|7]|8
2 0124|681 |3]|5]|7
3 0/3/6|/0(3{6/0]3|6
4 0(4|8[3[7|2]6|1]|5
5 0|5]1|6(2|7|3|8|4
6 0(6|3{0(6|3]0|6]|3
7 O|7]5|3[1|8|6[4]|2
8 0(8|7[6[514|3(2]|1

(b) List all of the members of U(Zy).

From the table we see that: 171 =1,2"t=54"1=751=2 7!=4 and 87! =8.
U(Zg) = {1,2,4,5,7,8} (i.e. all numbers relatively prime to 9).

(c) List all of the zero divisors in Zg.

Again from out table we see that 3-3 =0 and 6 -3 = 0. Thus 3 and 6 are the zero
divisors of Zg.
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(d) Is (:1)) i) a unit of M(Zg)? If so, find its inverse. If not, explain why.

Recall that the formula for the inverse of a 2 by 2 matrix is:

(‘C‘ Z>_1:(ad—bc)1 (_dc _ab)

So the inverse exists if (ad — bc) is a unit. So for our matrix (ad — bc) = (1(4) — 2(3)) =
—2 = 7mod 9. We know from part (b) that 7 is a unit and 7-! = 4. Thus the inverse

exists. .
1 2\ _ o 4 =2\ 4 4 7\ _ (7 1
3 4 o -3 1) 6 1/ \6 4

7. (12 points) Isomorphisms.
(a) Is Q isomorphic to Z? Why or why not?

No. Q is not isomorphic to Z for many reasons. For example, Z is not a field, but Q
is. Related to this is the fact that Z has exactly two units (£1) whereas Q has infinitely
many units (every nonzero rational is a unit).

s Rx IR 1somorphic to the subring or 2x2 real diagonal matrices D = a,b € !
b) IsRxR hic to the subring of 2x2 real diagonal matrices D = 1 (0 ) [a.b€ R }?

Why or why not?
Yes. These rings are isomorphic. Consider the map ¢ : R x R — D defined by

¢(a,b) = (8 2) First, notice that ¢ does in fact map R x R into D.

Next, if ¢(a, b) = ¢(c, d) then (8 2) — é(a,b) = dlc, d) = (g 2) Thus @ — ¢ and

o(c,d
b=d, so (a,b) = (¢,d). Therefore ¢ is injective.
Also, let A= ( g) € D. Then ¢(a,b) = A. Thus ¢ is surjective.

Finally, notice that
at+c 0 a 0 c 0
an)+ ) =otatarrd= ("5 0 )= (6 5)+ (5 7) = otan+otea)

and
stlanied) = ot = (¢ ) = (5 ) (5 1) = olanotca

for all a,b,c,d € R. Thus ¢ is a homomorphism.
Hence, ¢ is an isomorphism from R x R to D which proves that these rings are
isomorphic.

(c) Is M(Zsy) isomorphic to Z1s? Why or why not?

No. These rings are not isomorphic. Notice that M(Zs) is not a commutative ring
whereas Zg is. Another way to see that they are not isomorphic is to notice that the
characteristic of M(Zz) is 2, and the characteristic of Z¢ is 16.



8. (10 points) Factoring in Zs[z].

(a)

List all of the monic polynomials of degree 2 in Zs[x]. Circle all of the irreducible
polynomials in your list.

A monic polynomial of degree 2 is a polynomial of the form x? + ax 4+ b. Thus if
a,b € Z3 we have 3 - 3 = 9 choices for a and b and thus 9 monics of degree 2.

b= |a = | the polynomial f(x) | f(0)=| f(1) =| f(2) =
0] 0 22 0 1 1
0] 1 1 2 2
0 | 2 %+ 2 2 0 0
1 0 24+ 0 2 0
1 1 2 +r+1 1 0 1
1| 2 224 r+2 2 1 2
2 10 ° + 22 0 0 2
2 1 22+ 2 +1 1 1 0
2 | 2 22 +2r+2 2 1 1

Since 22 + 1, 2° + x + 2, and 2? + 2z + 2 have no roots (and are of degree 2), they
must be irreducible.

Show that f(x) = 2% + 2* + 22% + 22 + x + 1 is irreducible in Zs[z].

If f(x) has degree 5 and f(z) is reducible, then f(x) must have a factor of degree 1
or 2 (since factors of degree 3 or 4 must be paired with factors of degree 2 or 1). So we
can verify that f(z) is irreducible by checking that f(x) has no roots and that it has
no irreducible factors of degree 2. Also, note that g(z) divides f(z) if and only if every
associate of g(x) divides f(z). Thus we can just check that f(z) is not divisible by the
monic degree 2 irreducibles (every irreducible has a monic associate — just multiply by
the inverse of the leading coefficient).

Checking roots: f(0) =04+0+0+0+0+1=1, f(1)=14+14+24+1+1+1=1,
and f(2) =324+16+16+4+2+ 1 =2 (no roots).

Division:
x3 —|—m2 “+x
x2+1> z° 4at 4223 42 4z +1
5 3
+a? x> +r* 4ax +1
—xt —x?
3 +z +1
—z3 —r

a nonzero remainder — 1



3 41

x2+x+2) 4t 422° 42?4 41
—x® —z* =23
+22 4z +1
—x? -z -2
a nonzero remainder — 2
3 4+2x2 42 +2
x2—|—2x+2> ¥ 4zt 422 42 4 +1
—x® =2zt —223
227 +22 42 41
—2x*t  —z  —z?
223 +x +1
=223 —1? —x
222 +1
—222 —x —1
a nonzero remainder — 2

So we see that the three irreducible monics of degree 2 do not divide x® + 2% + 223 +
2% + x + 1. Therefore, we conclude that it must be irreducible.



