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Abstract

We study properties of solutions with isolated singularities to general conformally invariant
fully nonlinear elliptic equations of second order. The properties being studied include radial
symmetry and monotonicity of solutions in the punctured Euclidean space and the asymptotic
behavior of solutions in a punctured ball. Some results apply to more general situations including
more general fully nonlinear elliptic equations of second order, and some have been used in a
companion paper to establish comparison principles and Liouville type theorems for degenerate
elliptic equations.
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1. Introduction

There has been much work on conformally invariant fully nonlinear elliptic equations
and applications to geometry and topology. See for instance [20,5,3,13,16,11], and the
references therein. In this and a companion paper [17] we address some analytical
issues concerning these equations.
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For n >3, consider

—Au=n(n —2)u% on R". (1

The method of moving planes was used by Gidas et al. [8] in proving that any positive

C? solution of (1) satisfying fRn LMZT"2 < oo must be of the form

a %
= <1 +a?lx —2|2> ’

where a > 0 and x € R". The hypothesis fw unzfn2 < oo was removed by Caffarelli
et al. [1]; this is important for applications. This latter result was extended to general
conformally invariant fully nonlinear second-order elliptic equations in joint work with
Li [13,16], see also [14,15]. For earlier results on the Liouville-type theorems, see [16]

for a description. Behavior near the origin of positive solutions of —Au = u% in a
punctured ball is also analyzed in [1]. Among other things, we extend in this paper a
number of results in [1] to general conformally invariant second-order fully nonlinear
elliptic equations. New techniques are developed in the present paper. Some of these, in
particular Theorem 1.11, have been used in the companion paper [17] to study general
degenerate conformally invariant fully nonlinear elliptic equations.

Let S"*" denote the set of n x n real symmetric matrices, S*" denote the subset
of §"*" consisting of positive definite matrices, O(n) denote the set of n x n real
orthogonal matrices, U C S™" be an open set, and F € C'(U) N C%(U).

We list below a number of properties of (F, U). Subsets of these properties are used
in various lemmas, propositions and theorems:

o~'vo=uU, vOeom, 2)

UN{M+tN |0<t<oo} isconvex VM € S"" N e S}, 3)
M €U and N € S'" implies M + N € U, 4)

M € U and a > 0 implies aM < U, (®)]

F(O™'MO) = F(M), ¥YM eU,VYO € O(n), (6)
(F;;(M)) >0, VYMeU, (7)

where F;;(M) := 80;1: (M), and, for some 6 > 0,
ij

1
2

FM)#1, YMeUN{MeS™ | |M|:=|> M:| <ot. (8)
i
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Examples of such (F, U) include those given by the elementary symmetric functions.
For 1<k<n, let

or(2) = Z iy ==+ Aiy

1<ij<<ig<n

be the kth elementary symmetric function and let I'; be the connected component of
{2 € R" | ox(4) > 0} containing the positive cone I', ;== {A = (41,...,4,) | 4 > O}
Let

U := (M € ™" | (M) € Ty},

and

Fi(M) = o U(M))F,

where A(M) denotes the eigenvalues of M. Then (F,U) = (F, Uy) satisfy all the
above listed properties, see for instance [2]. Taking & = 1, equation

Fi(A") =1

amounts to, modulo a harmless positive constant,

nt2
—Au =un-2.

Here and throughout the paper we use notation

A= 2y 2

2n
Y TiAVu® Vi —
n—2 T a2 e Vu

2 _2n 5
mb{ ”*2|VM| I,

where Vu denotes the gradient of u and VZu denotes the Hessian of u.
Other, much more general, examples are as follows. Let

I' C R"” be an open convex symmetric cone with vertex at the origin

satisfying

I,crcrl:= {mmZa»o}.

1

Naturally, I being symmetric means (41, 4z, ..., 4,) € I' implies (4;,, 4iy, ..., 4;,) € T’
for any permutation (i1, i2,...,i,) of (1,2,...,n).
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Let
fec'mnc®®d
satisfy
flor=0, Vfel,onTl,
and

fA)=sf(4) Vs>0and AeT.

With such (f, ), let

U:={MeS™" | (M) eT},

and

F(M) := f(AM)).

Then (F, U) satisfies all the above listed properties. In fact, for all these (F, U), A" €
U implies Au<0. So for these (F, U), the assumption Au <0 in various theorems in
this paper is automatically satisfied. We note that in all these examples, F is actually
concave in U, but this property is not needed in results in this paper.

Throughout the paper we use B,(x) C R" to denote the ball of radius a and centered
at x, and B, = B,(0). Also, unless otherwise stated, the dimension »n is bigger than 2.

Theorem 1.1. Let U C 8™ " be an open set satisfying (2) and (3), let F € C'(U)
satisfy (6)—(8). Assume that u € C*(R" \ B 1 ) satisfy

u>0, Au<0 in R”\B%, 9)
and
F(AYY =1, A"eU in R"\B%. (10)
Then
lim sup |x|"Z u(x) < oo. (11)
|x]—00

Remark 1.1. For (F,U) = (F1, Uy), (11) was proved in [1].
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Remark 1.2. Gonzalez in [10] and Han in [12] studied for certain (Fj, Uy) solutions
with isolated singularities which have finite volume, and Gonzalez in [9] studied sub-
critical (Fy, Uy) solutions with isolated singularities. Chang, Han and Yang studied in
[6] radial solutions on annular domains including punctured balls and R”. See these
papers for precise statements and details.

Remark 1.3. If diag(—%, %, R %) € U, then the upper bound (11) is sharp in the
2

sense that the exponent “== cannot be larger. This is because

TAUY — ) l l n
A(A):{ 2,2,...,2} on R"\ {0}

for u(x) = |x|2%". In particular, (11) is sharp for (F, U) = (Fi, Uy) for 1<k < 5. See
Section 8 for details.
Remark 1.4. Condition (8) cannot be dropped since u = constant could be a solution.

Remark 1.5. Instead of (11), what we have actually proved is

n—2
sup [x|"7 u(x) <C,
lx[ =1

for some C explicitly given in terms of mingp u and n. This can be seen from the
proof of Theorem 1.1.

Replacing u by |x |2_"u(ﬁ) and using the conformal invariance property of F'(A*)—
see for example line 9 on page 1431 of [13], it is easy to see that Theorem 1.1 is

equivalent to

Theorem 1.1'. Let U C S"™" be an open set satisfying (2) and (3), let F € C'(U)
satisfy (6)—(8). Assume that u € C2(32 \ {0}) satisfy

u>0 Au<0 in By\ {0}, (12)
and
F(A")Y =1, A" eU in B\ {0}. (13)

Then

lim sup |y|%u(y) < 0.
[y1—0
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Theorem 1.2. Let U C S™*" be an open set satisfying (2) and (3), and let F € C'(U)
satisfy (6) and (7). Assume that u € C*(R" \ {0}) satisfy

u>0, Au<0 in R"\ {0},
FAAYY=1, A“eU in R"\ {0},

and

u cannot be extended as a C* positive function satisfying A¥ € U near

the origin. (14)

Then u is radially symmetric about the origin and u'(r) < 0 for all 0 < r < oo.
Remark 1.6. For (F,U) = (F, Uy), the result was proved in [1].

Theorem 1.3. Let U C S™*" be an open set satisfying (2) and (3), and let F € C'(U)
satisfy (6)—(8). Assume that u € C%(B, \ {0}) satisfies (12) and (13). Then, for some
constant ¢ > 0,

uy  (M<u(y) VO <id<|x|<e [y—x[=240<yl<L 15)
Consequently, for some positive constant C,

u(x)
u(y)

—1’<Cr YVO<r=|x|=lyl<1. (16)

Remark 1.7. For (F,U) = (Fy, Uy), the result was proved in [1].

Remark 1.8. In view of Remark 1.5, we can obtain explicit dependence of ¢ and C
in terms of mingp u and n. With such explicit dependence, Theorem 1.2 follows from
Theorem 1.3 by rescaling a large ball to B> and then sending the radius of the large
ball to infinity. In doing this, the minimum of dB; of the rescaled function is under
control due to the fact liminf|y oo | y"2u(y) > 0. We leave the details to interested
readers.

Theorem 1.4. Let
Ucsy (17)

be an open set satisfying (2) and (3), let F € clw) satisfy (6) and (7), and let
u e C*(By\ {0}) satisfy

u>0 in B\ {0},
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and
F(A")=1,A" €U in B\ {0}.
Then u can be extended as a positive Lipschitz function in Bj.

Corollary 1.1. The conclusion of Theorem 1.4 holds for (F,U) = (Fy, Uy).

Theorem 1.5. Let U C S§"*" be an open set satisfying (4) and (5). We assume that
there exists some n € C*(By \ {0}) N CO(B») satisfying

n0)=0, nkx)>0, VxeB)\{0}, (18)
D*i(x) does not belong to U, Vx € By \ {0}. (19)

Suppose that & € CI%C(BQ \ {0}) N L®°(By \ {0}) satisfies
E>01in B\ {0}, A&E>0 in By \ {0} in the distribution sense, (20)

and there exist {&;} in C2(By \ {0}) such that

A& =0 in By \ {0}, Q1)
D*:, €U in B\ {0}, (22)
& — & in CR(Ba\ {OD). (23)

Then £ can be extended as a function in CO(Bl) which satisfies

sup << max £, (24)
B1\{0} 0B

[E(x) = EWMI<C ) [ sup ¢ — inf 5] [nx —y) +n(y —x)] Vx,yeBi, (25)
B1\{0} B\{0} 4

where C (1) denotes some positive constant depending on 1.

Corollary 1.2. For B, C R", n>1, let k be an integer satisfying 5 < k<n. We assume
that & € C2(Bs \ {0}) N L®(B> \ {0}) and

MD?*¢) €Ty in By \ {0}
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Then, for o = Zkk_”, & can be extended as a function in C**(By) and, for any 0 <
a<?2,

l<llcoxp,y < C(n, a) ( sup ¢ — inf é) , (26)

B>\ {0} By\{0}

where C(n,a) is some positive constant depending only on n and a.

Remark 1.9. Without the possible singularity of ¢ at the origin, (26) was known, see
theorem 2.7 in [19] by Trudinger and Wang.

Corollary 1.3. Let U and n be as in Theorem 1.5. Suppose that u € CI%C(BZ \ {0}
satisfies u > 0 in By \ {0} and there exist {u;} in C*(B> \ {0}),

Au; <0, A% eU in B\ {0},

ui = u in CQ.(By\ {0)).

2
Then & :=u" n2 can be extended as a function in CY(B)) and

2
=)
sup (< max ¢ = [max u] , 27)
B1\{0} 0By 0By
1€(x) = EWMISC) [Ip;nu} G = y) +n(y —x)] Vx,y € Bi. (28)
0B
Consequently, either
0< inf u<< sup u <ooand u € cBy), (29)
B1\{0} B1\{0}
or
n—2
inf —x)] 7 0. 30
e (n(x) +n(=x)1 2 u(x) > (30)

Corollary 1.4. Let By C R" and let k be an integer satisfying 5 < k<n. We assume

that u € C*(B> \ {0}), u > 0 and A(A*) € Ty on B>\ {0}. Then ¢ := zfﬁ can be
extended as a function in CY%(By), with o = 2]‘77” € (0, 1], and

2
Tn=2
1l cosca, ) < Cln) |:min u] .
2

0B
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Consequently, either

0< inf u<< sup u <oo and u € c%*(By),
B1\{0} B1\{0}

or

|x|%“u(x)>L |:min u:| Y o|x| < l
C(n) 0B 2

Remark 1.10. The Holder regularity of £ was independently proved by Gursky and
Viaclovsky in [11], which contains some more general and other very nice results. Our
proof is different.

Remark 1.11. The Holder exponent in Theorem 1.4 is sharp, compare for instance
results in [6].

Our proofs of Theorems 1.1, 1.2, 1.4 and 1.5 make use of the following theorem
and its generalizations.

Theorem 1.6. Let U C S™*" be an open set satisfying (2) and (3), and let F € C'(U)
satisfy (6) and (7). We assume that u € C>(By \ {0}) and v € C*(By) satisfy

u>v in B\ {0},
F(A"Y)>1, A" e U,Au<0 in By\ {0},
F(A")Y<1, A’ cU,v>0 in By.

Then
h‘IIll i%f [u(x) —v(x)] > 0. 31

Remark 1.12. As pointed out in [16], the arguments in [13] together with Theorem
1.6 yield the Liouville-type theorem in [16]. The proof of the Liouville-type theorem in
[16] avoids such local result by using global information of the entire solution u. Our
proof of Theorem 1.6 makes use of the crucial idea in the proof of the Liouville-type
theorem in [16]—a delicate use of Lemma 1.2.

The conclusion of Theorem 1.6 holds for elliptic operators with less invariance than
the Mobius group. Let 7 € C'(RT x R* x S"™") satisfy

oT
(——) >0 on Ry x R" x §"™*", (32)

614,"/'

where R4 = (0, oo). With (32), the operator T (u, Vu, VZu) is elliptic.
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For a positive function v, and for x € R" and 4 > 0, let
v = AT o 4 Ay, V) = 0.

We assume that the operator 7 has the following invariance: For any positive function
v e C3(R") and for any 4 > 0,

T, Vo', V2H() = T(v, Vo, V2o)(2) in R (33)

Remark 1.13. Let 7T(t, p, M) := S(t_n%p,t_%M) for some S € CO(R" x S"*M).
Then T satisfies (33). See Lemma 9.1.

Theorem 1.7. Let By C R" and let T € CH(RT x R" x 8™ satisfy (33). We assume
that u € C*(B> \ {0}) and v € C*(B>) satisfy

v>0 in By, (34)
u>v in By\ {0}, (35)
Au<0 in By\ {0}, (36)
T(u, Vu, V?u)>0=T (v, Vv, V2v) in By \ {0}. (37)
Then
liminf [u(x) — v(x)] > 0. (38)

Remark 1.14. It is not difficult to see from the proof of Theorem 1.7 that we have only
used the following properties of u, v and T: T € CH(RT x R" x S™"), u € C*(B;\{0})
and v € C3(B,) satisfy (34)—(36), and there exists some &5 > 0 such that

T(u, Vu, Viu) =T "%, Vo't V2u'%)  on By \ {0}, V |x| < &5, |4 — 1| < &5,

and for any |x| < ¢s, A — 1] < &5, |y| < &5 satisfying u(y) = vx’)'(y), Vu(y) =
Vv"'}“(y), uzv™”* on Bg \ {0}, we have

<_56_T<u(y)’ Vu(y), 9V2M(y) + (- H)Vzvx’;“(y))) >0 YO<O0<I.
M,‘j

Remark 1.15. Taking F(A") — 1 as the operator 7, the properties in Remark 1.14 are
satisfied by the u and v in Theorem 1.6—see arguments towards the end of the proof of
Lemma 2.1 in [13]. Therefore Theorem 1.6 is, in view of Remark 1.14, a consequence
of Theorem 1.7.
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The following follows from a classical result in [7]: Let E be a closed subset of

By of capacity 0—the standard capacity with respect to the Dirichlet integral, and let
u e C*(By\ E) and v € C*(B,) satisfy

u>vand Au<0<Av in By \ E.
Then

liminf [u(x) —v(x)] > 0. 39)
dist(x,E)—0

Theorems 1.1 and 1.7 can be viewed as an extension of this for £ = {0}.

Question 1.1. In Theorem 1.7, if we replace {0} by some E with capacity 0, does (39)
still hold? Maybe there is a notion of T-capacity for (39) to hold for zero T-capacity
set E?

A more concrete question is
Question 1.2. Let T be as in Theorem 1.7 or F(A*) be as in Theorem 1.1, and let
E = E* c B, be an embedded closed smooth manifold of dimension k. What is the

k*(n, T) for which (39) holds for all 0<k <k*—with the hypotheses of Theorem 1.7
or Theorem 1.1 for {0} being changed in an obvious way to that for EX? What about

for

n
EN =300, x,0,..,00 | Y () =1g?
i=1

Another question is

Question 1.3. For what classes of elliptic operators T (x,u, Vu, V2u) the conclusion
of Theorem 1.7 holds?

Concerning this question we will give in Corollaries 1.5 and 1.6 some operators with

the property.
For a one variable function ¢, we define, instead of vx')',

vt () = e(v(x + 4y),  vj, = v’

Theorem 1.8. Let Q C R" be a bounded open set containing the origin 0, n>2,
and let @ be a C' function defined in a neighborhood of 1 satisfying (1) = 1 and
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ﬂ/(l) > 0. We assume that u € Co(ﬁ\ {0}), v is C° in some open neighborhood of
Q and v is C' in a neighborhood of 0,

v>0 in ﬁ, (40)
u>v on Q\{0}, (41)
Au<0 in Q\ {0}. (42)

Assume also that there exists some €3 > 0 such that for any |x| < & and |A—1| < &3,

inf [u — v5*] = 0 implies liminf [u — v5*](y) = 0. 43
Q\{0}[ 0] p imin [ o 100 (43)

Then (38) holds.

Theorem 1.9. Under the hypotheses of Theorem 1.8, except changing ¢'(1) > 0 to
@' (1) < 0. Then (38) holds if ¢'(1) < —1. If —1<¢'(1) < 0, either (38) holds, or

1}11‘1 i[(l)f [u(x) —v(x)]=0 (44)

and, for some ¢ >0 and V € R",
Yywx)+V-x=0, |x|<e, (45)

where
IO A0
Y(s) = /U(O) -9 <—t )dt.

We give a corollary which concerns Question 1.3. Let S € CI(R" x §™") satisfy

oS
(— — (p, M)> >0 V(p,M)eR"xS", (46)
OM,"

and let, for f € R\ {0},

1+ 24+

T(t,p,M):=S§ <t_/’p,t B M) (t, p, M) € Ry x R" x &™*", 47)
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Corollary 1.5. For n>2, let S, f and T be as above. If —1 < § < 0, we further
require that

S(p,0)=0 VpeR" (48)

Assume that u € C*(Bs \ {0}) and v € C*(B>) satisfy (34)—(37). Then (38) holds.

Clearly, the arguments in the proofs of Theorems 1.6-1.9 can be used to study some
other problems. For instance, let

O(v, x, 4; ) == @(Dv(x + C(D)y) + Y(4).
We assume that ¢, and ¢ are C! functions near 1 satisfying ¢@(1) = &(1) = 1,
Y (1) =0,

@ >0,y/>0,¢0'+¢/ >0 near I, (49)

and

@'+ @& >0 near 1. (50)

Here is an extension of Theorem 1.8.

Theorem 1.10. Let ¢, E, W be as above, and let Q C R" be a bounded open set
containing the origin 0, n>2. We assume that u € C°(Q\ {0}), v is C° in some open
neighborhood of Q and v is C! near the origin. Assume also that (40)—(42) hold, and
there exists some ¢4 > 0 such that for any |x| < &4 and |A — 1| < &4,

inf [u —®(v, x, 4; )] =0 implies liminf [u(y) — ®(v, x, 4; y)] = 0. (&2))
Q\{0} lyl—0

Then (38) holds.

We now give some more operators T for which the conclusion of Theorem 1.7 holds.
For § satisfying (46), we consider operators T satisfying one of the following.

(i) T, p,M):=S(p, M).
(i) There exists ¢ > 0 such that
sign T(At, Ap, AM) =signT(t, p, M) N4, t, p, M)
e(l—e l+e xRy xR"x 8",

(i) T(t, p, M) := S (,%p, HL]M), (t, p, M) € Ry x R x 8",
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Corollary 1.6. For n>2, let S € CH(R" x S"™") satisfy (46) and let T € C' (R4 x
R x S™*") satisfy one of the above. Assume that u € C*(By \ {0}) and v € C*(By)
satisfy (34)—(37). Then (38) holds.
Corollary 1.6 follows from a more general
Corollary 1.7. For n>2, let T € CY (R x R" x S™") satisfy (32), and let u €

C2(By \ {0}) and v € C*(By) satisfy (34)—(37). Assume that for some @, &, as in
Theorem 1.10 and for some ¢ > 0,

T (@(v,o, 2;), VO®, 0, 1 ), V2O(v, 0, A; -)) <0 in By forall | —1] <& (52)

Then (38) holds.

The operators 7 in Corollary 1.6 satisfy the hypotheses of Corollary 1.7, see
Section 9.

In some applications, see [17], assumption (41) in Theorem 1.10 needs to be weak-
ened. For this purpose, we give
Theorem 1.11. Let Q C R" be a bounded open set containing the origin 0, n>2. We

assume that u € CO(Q\ {0}), v is C' in some open neighborhood of Q, v satisfies
(40), u satisfies (42), and

u>v in Q\ {0}.

Assume also that ¢, &\ are C! functions near 1 satisfying (1) = é(1) = 1, (1) = 0,
o' (D) + &) >0, and

(D) + MV -y +¢'(1) >0 VyeQ,

and assume that there exists some &4 > 0 such that (51) holds for any |x| < & and
|4 — 1] < &4. Then either (38) holds or u = v = v(0) near the origin.

As mentioned earlier, we make, as in [16], delicate use of the following result.

Lemma 1.1 (Li and Li [16]). Forn>2, B; C R", letu € Llloc(Bl \{0}) be the solution
of

Au<0 in By \ {0}
in the distribution sense. Assume 3 a € R and p # q € R" such that

u(x)zmax{a+ p-x —o(x),a+q-x —3dx)} Vxe B \{0},
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where 0(x) >0 satisfies lim % = 0. Then
x—0

lim inf u > a.
r—0 B,

A slightly weaker version of Lemma 1.1 is the following Lemma 1.2.

Lemma 1.2 (Li and Li [14]). For n>2, R > 0, let u € C*(Bg \ {0}) satisfying Au<0
in Bg \ {0}. Assume that there exist w, v € C'(Bg) satisfying

w(0) = v(0), Vw(0) # Vu(0),

and

uzw, wu>=v in Br\ {0}.

Then

liminf u(x) > w(0).
x—0

The way we use Lemma 1.1 is as follows. For some function u as in the lemma,
we construct a family of C! functions {w™)} satisfying

u>w® in B\ {0}

and

w™(0) = liminf u(y).
ly|—0

An application of the lemma yields, for some V € R",
Vw™(0) =V for all x.
The above could contain much information.

To better illustrate the idea, we give the following

Proof of Corollary 1.6 in the case (i). For |x| small, shift v by x to obtain v(x + -),
which may not be <u. Lower the graph of v(x 4 -) and then move it up until one
cannot move further without cutting through the graph of #. We have obtained

w® = v(x + ) + i),

which satisfies, for small x,

u>w® in B\ {0}
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and

inf [u — w(x)] =0.
Bi\{0}

By the smallness of x, the touching of the graphs of u and w™ cannot occur on dB;.
The touching cannot occur in Bj \ {0} either, in view of the strong maximum principle.
Thus we have

w™(0) = liminf u(y).
y|—~0

According to Lemma 1.1, Vw®)(0) = Vu(x) is independent of x and, consequently,
v =v(0) + Vv(0) - x in B, for some ¢ > 0. Now we have A(u —v)<Oand u —v >0
in B; \ {0}, and (38) follows. [

The paper is organized as follows. In Section 2, we prove Theorem 1.7. In Section 3,
we prove Theorems 1.8—1.11. In Section 4, we prove Theorem 1.1. In Section 5, we
prove Theorems 1.2 and 1.3. In Section 6, we prove Theorem 1.4. In Section 7, we
prove Theorem 1.5, Corollaries 1.2-1.4. In Section 8, we comment on the sharpness
of Theorem 1.1. In Section 9, we prove Corollaries 1.5-1.7.

Theorems 1.1, 1.2, 1.4 and Corollary 1.4 were announced at the international con-
ference in honor of Haim Brezis’s 60th birthday in Paris, June 9-13, 2004.

2. Proof of Theorem 1.7

Proof of Theorem 1.7. We prove it by contradiction. Suppose the contrary of (38),
then (44) holds.

We first give three lemmas. For ¢ > 0, let A, :=1 — \/e.

Lemma 2.1. There exists some & € (0, 1) such that

vo(y) <u(y) Vx| <e<E 0 < |y|<]1.

Proof. Let 0, &y > 0 be some small constants chosen later, we have, for |x| < & < &g
and 0 < |y| < 9,

X n=2
V() = () < 27 008t dey) = ()

2
[1 U e+ 0<s)] [w() + O(lx — eyl — v(y)

n—2

Vev(y) + Ve0 (Ve +9).
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Thus, for some small enough &g, d > 0,

V) <uly) YO < x| <<, YO <[yl <o (53)

For the above ¢y and 0,

Ux’}"”(y):U(y)'i_O(‘/z) Y |_x| < &< e, 5<|y|<1

Fix some small ¢ € (0, gy) so that

O(Jé) < min [u(z) —v(2)].

o<z <1
Then, for |x| <& <& and 0<]|y|<]1,
v () = v + O(VE) < v(y) + [u(y) — v()] = u(y). (54)
Lemma 2.1 follows from (53) and (54). O
Lemma 2.2. There exists ¢; € (0, 1) such that

V) <u(y) VO <e<e,l—e<A<I+46 x| <e |yl =1 (55)

Proof. Since v¥!

of v. O

= v and minjy— [u(y) — v(y)] > 0, (55) follows from the continuity

Lemma 2.3. Under the contradiction hypothesis (44), there exists & € (0, 1) such that

NG
sup {v"’H’Z(y) — u(y)} >0 Vx| <e<e.
O<[yl<1

Proof. For |x| < & < &, we have, using (44),

JE
lim sup {v’“”z@) -~ u(y)}
[y|—0

=vﬁ“fmy-um=[1+£%2%§+0@qnmn+0@n—mm

:9%?£mm+0@>a

provided that ¢, is small. Lemma 2.3 is established. [
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Now we complete the proof of Theorem 1.7. Let &, ¢&; and & be the constants in
Lemmas 2.1-2.3, and let

1
¢ := —min{g, &1, &2}.
8
For |x| < ¢, we know from Lemma 2.1 that
vt IVE) <u(y) YO < yI<I.

Thus we can define, for |x| < &,

M) = sup{p=1— e | v54(y) < u(y), YO <|y|<1, Y1 —e<i<p)

Clearly,
Jx)=1—4e Vx| <e. (56)
By Lemma 2.3,
J(0)<1 + */; Y x| < e (57)
By the definition of 4(x),
O <u) ¥l <6 V0 < lyl<L. (58)

By Lemma 2.2, in view of (56) and (57),

VO <u(y) Vx| <e Yyl =1 (59)

By the invariance property of T and by (37),
T (UMW, G vzvﬂm) <0 in By Vx| <e (60)
2

In view of (60), (37), (58) and (59), we apply the strong maximum principle to obtain

v <u(y) Vixl<e V0 < yl<L. (61)
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By (61) and the definition of Z(x),
lim inf [u(y) - vxj-(x)(y)] —0 Vx| <e (62)
y—)

In view of (58), (62) and (36), we apply Lemma 1.2 as in [16] to obtain, for some
constant vector V € R",

Vo D0y = VY x| < e (63)
Recall
v () = 20T v(x + 2.
By (62),
o= liminf u(y) = VO 0) = 1) T o) Vx| < e (64)
So, using (63) and (64),
V = Vot 0 (0) = 1) Vo(x) = anZu(x) 72 Vo(x),

i.e.

n—2 _n_ _2_
V{ 3 oan=2v(x) n2+V-x}:O V |x| <e.

This implies, for some constant vector V € R",

_n=2
2

v(x) = v(O)[1 = V - x] Vx| < e
It follows that

Av(x)>20 V |x| <e. (65)

It is well known that (35), (36) and (65) imply (38), contradicting to (44). Theorem
1.7 is established. [J
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3. Proof of Theorems 1.8-1.11

Proof of Theorem 1.8. The proof is similar to that of Theorem 1.7. Suppose the
contrary of (38), then (44) holds. We still use the notation A, := 1 — \/e.
Instead of Lemma 2.1 we have

Lemma 3.1. There exists some small ¢ > 0 such that
v () <u(y) Vx| <e<i yeQ\ {0}

Proof. Let J, &y > 0 be some small constants chosen later, we have, for |x| < & < &
and 0 < |y| < 9,

iR () — u(y) < eUDV(x + Ay) — v(y)
= [p(1) — ¢’ (W& + o(Vellv(y) + O(lx — vyl — v(y)
= [—¢'(Dv(y) + o(DIVE + 0(5Ve),

where o(1) — 0 as ¢ — 0. Thus, for some small enough &g, o > 0,
vfo’;“*’(y) <u(y) VO<|x|<e<sg VYO<]|yl <. (66)
For the above ¢y and 0,
() = PUVE + 4ey) = v(3) + O(e) ¥ |x| <& <.y € Q\ By,
Fix some small ¢ € (0, &y) so that

0 (V%) < inf [u(z) — v(2)].
O\ B;

Then, for |x|] <e¢ < and y eﬁ\B(;,

vé’}*’ () =v() + 0We) < v(y) + [u(y) — v(y)] = u(y). (67)
Lemma 3.1 follows from (66) and (67). [

Lemma 3.2. Under the contradiction hypothesis (44), there exists ¢ € (0, 1) such that

x,l+§
sup v M —u(y); >0 Vx| <e<e.
yeQ\{0}
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Proof. For |x| < & < &, we have, using (44),

e
lim sup {vi;’H 2 (y) — u(y)}
lyl—0

PRI 3
= ”¢’1+ *(0) —v(0) = [(p(l) + %Ew’(l) + o(x/E)} [v(0) + O(e)] — v(0)
NG

T W) +o(v/5) >0,

where we have used ¢'(1) > 0 and ¢ small. Lemma 3.2 is established. [
Now we complete the proof of Theorem 1.8. Let

1
0 <e< g{ﬁ, e1, €2, (63)%) (68)
such that

1
<eA<2 @) > 291> 0 V- 1I<Ve, (69)

N =

For |x| < ¢, we know from Lemma 3.1 that
RENE a
oy T ) <u(y) Yy e\ (o).
Thus we can define, for |x| < g,

M) = sup(u=1— Ve | v’ () <u(y) ¥y € Q\{0} VI Ve<i<ul).

Clearly,
x)=1—4e Vx| <e. (70
By Lemma 3.2,
A(x)<1+ % Vx| <e. (71)
By the definition of Z(x),
inf [ - x”_lm] —0 Vv S 72
(i\{()} R x| <& (72)
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By (43), in view of (72),

lim inf [u(y) - v’(;,@(x)(y)] —0 Vx| <e
y—0

401

(73)

In view of (72), (73) and (36), we apply Lemma 1.1 to obtain, for some constant

vector V € R”,

VOO =V V] <.

Recall
vy ) = o (10) vex + 2009).

By (73) and (44),
2= v(0) = liminf u(y) = U;;;M(O) = e(A(x)v(x) VY |x| <e.
y—

So, using (74) and (75),

V = Vol ' 0) = A0 p(x) Vo) = — - ¢! <i> Vo(x).

v(x) v(x)
Let
Y(s) = /u((» %(p‘l (%) dt,
we have
V=Vywkx) Vx| <eg,
ie.

Yyx)+V-x=0 Vx| <e

Since ¢ is C! and ¢’ > 0, we know that s is C2,

Vo =207 (220 wma wo =2 fo (2)+ 2o (9)} <0

Note that we have used (69) in deriving the second inequality above.

(74)

(75)

(76)

(77)
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Since Y € C? and Y/ > 0, we see from (76) that v is C? near the 0. Applying A to
(76) leads to

¥ () Av(x) + ¥ (v(x)) Vo) = 0. (78)

This implies that Av(x) >0 for x close to 0. This, together with (41) and (42), yields
(38) which contradicts to the contradiction hypothesis (44). Impossible. Theorem 1.8
is established. [J

Now we give the

Proof of Theorem 1.9. The proof is similar to that of Theorem 1.8. We suppose that
(44) holds, and we will derive a contradiction. We first give two lemmas whose proofs
are almost identical to the proofs of Lemmas 3.1 and 3.2.

Lemma 3.3. There exists some ¢ > 0 such that

v V) <u(y) ¥ Ixl <e<E y Q) (0}

Lemma 3.4. There exists ¢y > 0 such that

x,l—?
sup v, ) —u(y); >0 Vx| <e<e.
yeQ\{0}

Let ¢ be defined by (68). For |x| < ¢, we know from Lemma 3.3 that

iy YRy <uy) vy e Q) (o).

Thus we can define, for |x| < ¢,

Ay i=inf{u> 1+ Ve | vy () <u() ¥y € Q\(0) V u<2<1 + V).

Clearly,

)<+ Vx| <e

By Lemma 3.4,

By the definition of Z(x),

UM <u(y) ¥kl <e ¥y e\ (o)
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The arguments between (72) and (76) yield (45). If ¢’(1) < —1, then e () +
(e~ H(1) =14 ¢ (1)”™' > 0, and therefore, by (77), ¥"(s) < 0 for s close to v(0).
By (78), we still have Av>0 near the origin, and we obtain (38) as usual. Theorem
1.9 is established. [

Proof of Theorem 1.10. Suppose the contrary of (38), then (44) holds.

Lemma 3.5. There exists some ¢ > 0 such that

O, x, 1 —ey) <uly) Vx| <e<syeQ)\{0}.

Proof. Use notation A, = 1 — \/E Let 6, ¢g > 0 be some small constants chosen later,
we have, for [x] <& < ¢y and 0 < |y| < 6,

D(v, x, Ag; y) — u(y)
<[o(1) — @' (DVellv(y) + 0(5/e)] — ' (Ve + o(/e) — v(y)
= [—¢'(Dv(0) — ¥/ (D]Ve + o(v/e) + O (6+/e).
Thus, for some small enough &, 6 > 0,

D, x, A y) <u(y) VO<|x|<e<eg VO<|yl <.

For the above &y and 0,

D, x, 25 y) =v() + O(We) Vx| <e<e,yeQ\ Bs.

Lemma 3.5 follows from arguments in the proof of Lemma 3.1. O

Lemma 3.6. Under the contradiction hypothesis (44), there exists & > 0 such that

sup {q)(v,x,l—i—ﬁ;y) —u(y)} >0 Vx| <ée<e.
YyeQ\(0) 2

Proof. For |x| < & < &, we have, using (44),

lim sup {<D (v,x, 1+ %; y) — u(y)} :CI)(v,x, 1+ ?;O) —v(0)

ly|=0

=[¢'(Hv(0) + W(D]? +o(+/e) > 0,

provided & is small. O
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Now we complete the proof of Theorem 1.10. Let
1 . — 2
0< 8<§mm{s, &1, &, (64)7}

such that (49) and (50) hold in (1 — 2¢, 1 4 2¢).
For |x| < ¢, we know from Lemma 3.5 that

D, x, 1 — e y) <u(y) VyeQ)\{0}.

Thus we can define

Ax) =suplu>1— e | @, x, 4 y) <u(y) VyeQ\{0} 1 —e<i<ul.

It follows, using Lemma 3.6, that

Ax) —11<Ve Vx| <e (79)

By the definition of Z(x),
dnt [u — O, x, A(x): .)] —0. (80)

By (51), in view of (80),
lim inf [u(y) — O, x, A(x): y)] =0 Vx| <e 81)

In view of (80), (81) and (42), we obtain, using Lemma 1.1, that for some constant
vector V € R",

V0@, x, i(x);y)| =V V¥ lxl<e,

y=0

i.e.
V = p(Ax)EQ))Vu(x) VY |x] <e. (82)
We also know from (81) that

lim inf u(y) = PU)v(x) + Y (Ax) ¥ x| <e. (83)
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Note that (44) implies

1'}?‘2% u(y) = v(0) = @(1)v(0) + y(1).

By (49) and (83), using the implicit function theorem, 2(x) depends C! on v, so 7 is
C!, and A(0) = 1. By (82), we know that Vv is C!, so v is C2. Applying div to (82)
leads to

0 = (& Ax)AV(xX) + (9&) (A(x))VA(x) - Vo (x). (84)

Applying V to (83) gives
0= @((x)Vo(x) + [qfd(x))v(x) + w’d(x»] Vi(x).
Taking inner product of the above with V/(x), we have
0= () VU() - 200 + [ ¢/ Geu() + /G | VA (85)

This implies that Vv(x) - J(x)<0 and therefore, in view of (84), Av(x)>0 near the
origin. This, together with Au(x) <0 and u—v > 0 for 0 < |x| < ¢, yields (38) violating
the contradiction hypothesis (44). Impossible. Theorem 1.10 is established. [

Proof of Theorem 1.11. We assume that (44) holds, otherwise we are done. For ¢ > 0,
let g :=1— /e

Lemma 3.7. There exists some ¢ > 0 such that

D, x, A y) <u(y) Vx| <e<Le yeQ\{0}

Proof. Since v is C!, we can find small & > 0 such that

D, x, Ze; y) =[1 = o' (DVe] [v(y) — & (DVeVu(y) - y] = ¥/ (DVe+ o(Ve)
=v(y) — [’ Mv(y) + DV -y + ¥ (D] Ve + o(Ve)
<u(y) V0 <|x| <e<sg yeQ)\{0}

Lemma 3.7 is established. [
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Lemma 3.8. Under the contradiction hypothesis (44), there exists & > 0 such that

sup {CD(v,x,l—i—iE;y) —u(y)} >0 Vx| <e<e.
yeQ\(0} 2

Proof. The proof of Lemma 3.6 works here. [J

Follow, with obvious modification, the proof of Theorem 1.10 from the line after
the proof of Lemma 3.6 until “Av(x)>0 near the origin” towards the end. We know
Au(x)<0 and (u — v)(x)>0 for 0 < |x| < & By the mean value theorem, either
u—v>0o0n B\ {0} oru—v=0on B\ {0}. We know that u — v > 0 on B; \ {0}
would imply (38) and would violate the hypothesis (44), so we must have u —v =0
on B\ {0}. Thus Av(x) = 0 on B,. With this, we deduce from (84) and (85) that
|IVA =0 in B, ie., 2= A(0) =1 in B;. Now we see from (83) that v = v(0) in B,.
Theorem 1.11 is established. [

4. Proof of Theorem 1.1
Proof of Theorem 1.1. Suppose the contrary of (11), then there exist some {x;} sat-
isfying
|xj| — o0 as j — oo,
|xj|%u(xj)—>oo as j — oo. (86)

Consider

n—2
(x5l 2 x|
vj(x) = T—|x—xj| u(x), |x—xj|<7.

Let |x; — x| < @ satisfy

vj(Xj) = max v;(x),

and let

Then

0 |x;1
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We know

n—2 _ _ n=2 _
Qo)) 7 uxj)=vi(x))=2vi(x)=(0;) Z ulx) V|x—x;/<0;.

Thus

w(E) =27 u(x) Y |x — 5| <0

On the other hand, by (86),

|1
2

n—2
e 2
(26j) 22u(fj)=vj(ij)>vj(xj)=<—) u(Xj)—>OO.

Now, consider

1
wj(y) = ——u fj"i‘% . YEQ,
u(x;) ()

where

Q; = {yER" |)E‘/+L2 € Rn\El}.

u(_xj)n—Z
By (88) and (89),
w;(N<2'T Y |Y|<R; = oju(F)i? — oo.

Since u(z)}% > 0 for all |z] =1, we have

(y) > — Vy € 0Q;,
wj()’) Cu(xj) y j
where
n Y
5Qj= y€R|x]'+ 3 =13;.
u(E)ne
For any y € 0Q;,
y > - - M 5. 1>1 7.
mwsn g B el el Rl R Bl e R
u(x;j)n=2 u(x;j)n=2

407

(88)

(89)

(90)

oD

92)
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Thus, using (91) and (92),

min |y|’“2

yE@Qj

Clearly

1 n—2

yean

1 n—2 5 1
> min 1 (1% g -
erIlggj (2|x1|> u(x)) Cu(x;)
1 n—2 1 B B
= <§> E|x]|" zu(x]').
_ 1
IXA/|>EIXA/|-

We deduce from the above and (87) that

Thus

|xj|>20;.

- n—2 - 1 % _ on=2 1 % n=2 _
[x; 1" Fulx;) > Elle X1 2 u(x;) > Elle (20;) 7 u(x;)

n=2 n=2
=|x;| 2 (Rj) 2 — oo.

We deduce from (93) and (96) that

lim min |y

""2w; (y) = oc.

J—>0o0 yGOQj

By (92) and (95),

1 _ 2 _ 2
|y|>§|x/~|u(xj~)"*2 26/14()6/)"*2 = R/' Vy € 5Qj.

By (9), (10) and the invariance of the equation, and by (90) and (97),

F(AY) =1,

w;(y)<2

min
yean

A% eU,w; > 0,Aw; <0 in Q;,
w;(0) =1,

n—=2
2

vV y|I<Rj,

{1 =2w,m} > oc.

93)

(94)

95)

(96)

o7

(98)

99)
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R.
For all |x| < 35, let

Ao\"? 22y = x)
(W) i) = (|y - x|) wj (x Al

and
2;(x) = sup{p >0 | (W) M<wj(y), Y ly—x|=4yeQ;,¥0 <<y >0,

is well defined, see proof of lemma 2.1 in [18].

For |x| < %, 0< ig% and y € 0Q;, we know, from (98) that

| | =1yl ||>9||>9R
_'x/ _x/_ /_ '7
Y Y 1071770

and

‘ 22y —x)
ey 2T

22 R;  (R\*( 10\ _R;
ly — x| ly —x| 10 4 9R; 2

So

R;

R.
L 0<i<—L, yeoQ;.
10 ST Ve

_ a2 (10\"72 .
"2 (w))y 4 () <272 (3> M2 for x| <

Because of the last line in (99), there exist r; — 00, r; < %, such that
(wj)y; <w; on dQ; forall |[A]<r;. (100)

Namely, for all |2|<r;, no touching of (w;), ; and w; can occur on 0Q;.
Now we prove

/_lj(x)er. (101)

Suppose the contrary, 7 j <rj, then, in view of (100), we can use the strong maximum
principle and the Hopf Lemma as in the proof of lemma 2.1 in [13] to show

Wiy 5y <wj inQj\ By (x), (102)
i
ov [“’f - (“’f')xﬂm] >0, (103)

GB;(X)(x)
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where P_i denotes differentiation in outer normal direction of BZ(X)(x). Applying The-

orem 1.6 to the Kelvin transformation of w; and (w)), 7, which turn the singularity
of w; from oo to 0, we have

liminf 1y/"~? [0 = @)), 500] > 0. (104)

As usual, (100), (102), (103) and (104) allow the moving sphere procedure to go beyond
A(x), contradicting to the definition of A(x). We have established (101). Once we have
(101), the argument in the proof of theorem 1.2 in [16] then leads to contradiction.
Theorem 1.1 is established. [

5. Proof of Theorems 1.2 and 1.3

Proof of Theorem 1.2. By the positivity and the superharmonicity of u in R" \ {0},

liminf u(y) > 0, liminf |y|"2u(y) > 0.
ly|—=0 [y|—>o00

For all |x| > 0, we can prove as usual, see e.g. [18] or [13], that there exists Ay(x) €
(0, |x|) such that for all 0 < 4 < Ag(x),

n—2 1208,
) u<x+iﬁlj¥><mw Vly—=x[=4[yl >0.

Uy 1 (y) = (
ly — x| ly —x
Define
Ax) =sup{0 < pu < [x| | u ;0 <u(y), ¥y —x[24 1yl #0,0 < 2 < p).
We will prove

(x) = x| ¥ |x| > 0. (105)

Suppose for some |x| > 0, A(x) < |x|, then we obtain, using the strong maximum
principle and the Hopf Lemma as in section 2 of [13] and in view of (14),

() =, 53 >0V |y = x| > Ax), Iyl #0, (106)
and

Oy[u — “x,l(x)] ) >0, (107)

OB;'.(X)

where 0, denotes the unit outer normal derivative.
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By Theorem 1.6 with v = u, ,,

lllrr‘l i%f [u(y) —uy 1 (y)] > 0. (108)
i d

Applying Theorem 1.6 with u(y) replaced by |y|2_"u(#) and v(y) by |y|2_”ux,;k

(#) leads to
timinf (131" "2[u(y) = . ;1) > 0. (109)
[yl= 00

But this would violate the definition of Z(x), since (106), (107), (109) and (108)
would allow the moving sphere procedure to continue beyond A(x). Thus we have
proved (105).

It follows that

uy ,(V)<u(y) Y0 < <|x|,ly—x[=4y #0. (110)

For any unit vector e € R", for any a > 0, for any y € R” satisfying (y —ae) -e < 0,
and for any R > a, we have, by (110) with x = Re and A = R — a,

] n—2 2,
u(y)>ux,/1(y):< 4 ) ; x+ﬂ~(y_);) _
|y_-x| |y—x|

Sending R to infinity in the above leads to

u(y)zu(y —2(y - e —ae).
This gives the radial symmetry of the u and
u(y) =u(yr, y2, ..., yn) Zua(y) :=u2a —y1, y2, ..., ya) Vyi<a,a>0.
Since u = u, on y; = a, we have a(“a—;l””)<0 at y = (a,0,...,0), ie. u'(a)<0.

Because u and u, satisfy the same equation in y; < a, we have, by the Hopf Lemma,
% <0aty=(a,0,...,0),ie. u'(a) <0. Theorem 1.2 is established. [

Proof of Theorem 1.3. As usual,

liminf u(y) > 0
[y|—0
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and, for all 0 < |x| < %,

A(x) = supf{0 < i < Ixl | 1w ;) <u), ¥ |y —x|24,0 < [y|<1,0 < 2 < ) > 0

is well defined.
For |y| =1, and0<2<|x|<%,

Py —x)
Hx+|y—ﬂ2 o

22y —x)
Hx+|y—m2 o

Thus, by Theorem 1.1,

<422 <4)x)?

So

|x|

g_
4

VO < A < |x] < -.
|x] 1

20 .
u@u) <Ch

ly — x|?

and, for some ¢ > 0,

e ;(N<CI x| T <Clx|"T < u(y) YO < i< |x|<e |yl = 1.

This means that no touching of u, ; and u may occur on 0B; in the moving sphere
procedure. By the strong maximum principle as usual, the moving sphere procedure
cannot stop due to touching of u, ; and u in B; \ {0}. On the other hand, by Theorem
1.6, no touching of u, ; and u at the origin may occur. Therefore, J(x) = |x| for all

|x| <& We have proved (15). Let v(y) := |y|2_"u(|#), (15) amounts to the following:

1
v()<v(y) Vy-ez—,eeR" Je] =1,
&

where y, = y +2(4 — x - e)e is the reflection of y in the plane x - = 4. Now we can
follow the proof of Corollary 6.2 in [1] to obtain (16). Theorem 1.3 is established. [

6. Proof of Theorem 1.4

Proof of Theorem 1.4. By (17) and the fact that A* € U, Au<0 in B, \ {0}. By
Theorem 1.1/,

sup  [x|"T u(x) < oo. (111)
O<[x| <1
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Since Au<0 in B; \ {0}, we have

u(x)zminu >0 V0 < |x|<1.
0B

Let

n—2

2

Ex) = w(x) 2, 0<|x| <1,

we have, as in the proof of Lemma 6.5 in [13],

(D?*¢)>

1 2-2n 2
w2 |Vul“lI, Bp\{0}.
n—2

We know from (112) that

Ex)<C on 0 < |x|<1.

413

(112)

(113)

Here and throughout the rest of the proof of Theorem 1.4, C > 1 denotes some positive
constant which may change its value from line to line. The constant C is allowed depend

on u.
By the convexity of {—see (113),

VEWISC V0 <<y,
and ¢ can be extended as a Lipschitz function in B 1
Clearly 0<E<C on B%.
We divide into two cases:
Case 1: £(0) > 0,
Case 2: £(0) = 0.
In Case 1,

1
0<—=<¢<C<o0 onB:.
C 2

By (115) and (114),

1

E<u<C and |Vu|<C on B%.

We arrive at the conclusion of Theorem 1.4.

(114)

(115)
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We need to rule out the possibility of Case 2. In Case 2, we have, by (114),

1
0<éx)<Clx] VYO0 < x| < 5

| B 1
ux)z—1lx|" 2 Y0<|x|] < =.
C
This and (111) give
1 a2 a2 1
—|x|7 2 <u(x)LClx|” 2 VYO<|x]| < =.
C 2

Since

we have, for some constant a > 0,

Wi |Vl = (n — 2ad" (e EHVED? = (n — 2)al " [VER.

Thus, by (113),
(D?&)>a ™ IVEPT in By \ {0},

Fixing e = (1,0, ...,0), and let

f@)=¢te), O0<t< %
Then

@) =¢&@te), 7)) = &p(te),

and, by (117),

() =aée) |\VEe))? zalte) T € (te)* = af () f(1)?, 0<1< %

Claim. f(t) >0, YO <t < 1.

(116)

(117)

(118)
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Proof. For all 0 <t < %, there exists some 0 < s < ¢t such that

0.

fo= {010 _JO,

-0 t
By (118), f”>0 on (0, %). So, since s < t, we have
f&<f@.

The above claim follows from (120) and (119).
Because of the claim, we rewrite (118) as

f_//>a_'f/ on <0, 1>’
o r 2
or

(log f'Y > (alog f) on (O, %) .

Forany 0 <s <t < %, we deduce from the above that

log /(1) — log f'(s) =allog f () — log f (s)].
By (116),

1
‘ <f(<Ct Y0<1< 7

Ql

For all 0 < 7 < s, there exists some 0 < 0 = 0(t) < t such that

I _f@ _f@-fO

< — = /"0

Since 0(1) <1< s < %, and since f”>0 on (0, %), we have

FIO@)< ().

Putting together (122) and (123), we have

1
<fls) Y0<s < 3

al =

415

(119)

(120)

(121)

(122)

(123)

(124)
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By (121) and (124), for any 0 < s <1t < %, we have

1 1 1
log f (1) —log f(s) < —{log f'@®) —log f'(s)} < - log '@+ - logC.

Fixing ¢ = 4—1‘ in the above, we have

1
log f(s)=> —C VO<s<Z,
i.e.
c 1
f(s)=e VO<S<Z.

Sending s to 0 leads to
0=fO)=eC,

impossible. We have ruled out the possibility of Case 2, and therefore have established
Theorem 1.4. O

7. Proof of Theorem 1.5, Corollaries 1.2-1.4

Proof of Theorem 1.5. The proof makes use of arguments in the proof of theorem
2.7 in [19]. We mainly treat the possible singularity of ¢ at the origin. We first assume
in addition that ¢ € C2(B; \ {0}) and D?*¢ € U in By \ {0}. In view of (4), we may
assume that D>¢ € U in B, \ {0} since we may replace ¢ by &(x)+e¢|x|* for ¢ > 0 and
then send ¢ to 0. Eq. (24) follows from subharmonicity of & in B; \ {0} and the fact
that supg,\(gy ¢ < 00. It is easy to see that we may assume without loss of generality
that

1<E<2 in By )\ {0).
Fix some C > 1 such that for all 0 < |x| < ‘l‘,
EX)+Cnx —x) > E(x) VYV |x—x|=1. (125)

Here and throughout the proof we use C to denote some constant depending only on
n which may vary from line to line. Consider, for A >0,

na(x) :=<@) +Cnlx —x) + A, |x —x|<L.
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Clearly

no(X) = <(x),  m@x)=<(x) Vlx —x|<1,x #0.

It is easy to see that for some 0<AL2,

np(x) 2&(x), |x —x|<1x #0,

and

lx—x|<1,x

0 [nz(x) — <(x)] =0.
We must have

nr(x) > &x), |x —x[<1,x #0,x #X*.

417

(126)

(127)

(128)

Indeed, by (125), n7(x) > &(x) for all |[x — x| = 1. If for some X # 0,% # X and
£ — % < 1, n7(X) = &), then, in view of (126), D*nz(X)>D?E(R) € U which

implies, in view of (4), D211X()2) € U, violating (19).
We know that

np(x) > &(x), 0 < x| <Ix].

Let p(A) =4 u=C—-¢, v=C—nji,a= %|)E|, Q = B,, where C is some constant

satisfying C > 54 in B,.

Claim. There exists ¢3 > 0 such that (43) holds for the above.

Proof. Suppose the contrary, then for some ¢3 > 0 small and for some |x| < &3 and

A — 1] < &3, we have

. X,/
min [y — vy

0B, Ba\

1> in{fo} [u— v =0

and
liminf [u — vx’;“] > 0.
im in o 1)
Then for some 0 < |y| < a,

[u — vy, "1(5) = 0.
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It follows that

D*u(3) > D5 ()

ie.
P29 Dz (x + 45) 2 D*E(9) € U.
It follows, using (4) and (5), D211X(x + Ay) € U, contradicting to (19). The Claim has

been proved.
Now we apply Theorem 1.8 to obtain

h\n|1 inf [r7(x) — <)) > 0.

Thus, using also (127), (126) and (128), we have

nx(x) = <),

i.e. A=0. Then by (126),

C)<EX) +Cnlx —x) VYV |[x—x[<Lx #0. (129)
Since (129) holds for all 0 < |x|, |x| < é—lt, switching the roles of X and x, we obtain

1
1) —EDISCInx —X) +n(x —x)],  V |x —x|<1 V0 < [x], |x] < rh

Now we complete the proof of Theorem 1.5: (24) still follows from (20) and the
fact that ¢ is bounded from above. Let {¢;} be in C2(32 \ {0}) such that (21)-(23)
hold. We have proved (25) for {&;}, with constant C(5) independent of i. Sending i to
00, we obtain (25) for . Theorem 1.5 is established.

Proof of Corollary 1.3. Eq. (27) follows from the superharmonicity and the positivity

of u in By \ {0}. It is easy to see that (28) implies either (29) or (30). By a limit

procedure, as in the proof of Theorem 1.5, we only need to establish (28) for the u;.
2

Now we drop the index i in the notation. Let £ = u™ n-2, then & € L*°(B; \ {0}),

AE>0, D*¢eU in By )\ {0}.

Estimate (28) follows from Theorem 1.5. [

Proof of Corollary 1.4. Let U = Uy and 5(x) = |x|*. Then it is known that 7 satisfies
the properties in Corollary 1.3. Corollary 1.4 follows from Corollary 1.3. [

Proof of Corollary 1.2. Let U = Uy and 5n(x) = |x|* It follows from Theorem
1.5. O
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8. Sharpness of Theorem 1.1

The two lemmas in this section give the sharpness of Theorem 1.1 as stated in
Remark 1.3.

Lemma 8.1. For n>3, let

u(x) = x| 7", x e R"\ {0).

Then

11 1
)N(A”)E {—E,E,,E} on R”\{O} (130)

Proof. We write u(x) as u(r) with r = |x|. We only need to verify (130) at x =
(r,0,...,0),r > 0. At the point, we have, as in the proof of theorem 1.6 in [16],

c ey

Vux) = @'(r),0,...,0), VZu(x) = diag <u”(r), ! ir), - :”) ,

and
A"(x) = diag(A{(r), 25(r), ..., 2y (1)),
where
) = =23 4 202 ()2
1 n—2 (n—2)? ’
R R _nt2 _ 2n_
)y =---=1(r)= —%u =2 — (nfz)Qu =2 (u)2.
With this we compute
2—n _a 2—n _n n 2 nn—2) n+2
u = rT2 = un-72, V= ——yn2y = un—
2 2 2 2
n n-—1 1
M) =—= = ——,
1N=-5+= 2
2 w2 (2-n\ _ue2 2 n—2\? 1
u ::j~ = — T n=2 _— I — _— = —.
2(r) nlr) == ( 2 )r (n—2)2< 2 ) 2

Lemma 8.1 is established. [
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Lemma 8.2. For 1= (—1,1,...,1) e R", n>2,

or(2) >0, for 1<k < %,

or(2) =0, for k=1, (131)
ak(l) <0, for 5 <k<n.
It follows that (—%, %, el %) belongs to 1'y,V1<k < %, and (—%, %, R %) does not

belong to T'y,Vk=>75.

Proof of Lemma 8.2. For n =2 or for k € {1, n}, (131) is obvious. In the rest of the
proof, we assume that n>3 and 2<k<n —1. For A = (41,...,/,) € R",

det (t1 + diag(l1, ..., 2n)) =" + a1 (D" + oAD" 2+ - 4 ap_it + 00 (A).
Taking A = / and setting
O =@ —De+D""" ="+ D" 4+ a1 (Dt + 0, (D).

Then

d* -
d?f(o) =kloy_( (1), 1<k<n.

Rewriting

fO=C-Dc+D)" " "=0¢+1-2¢+ D" "=+ 1" =20+ 1"

Since
k
TECHD" =ne= D=k D),
t 1=0
dk
TEEHDT == D=2kt D =),
t =0
we have

dk
ﬁf(0)=n{(n— Dn—2)---(n—k+ 1)}

2 —Dm—2)(n—k+1)}n—k)
(=D —2)--(n—k+ D}2k — n).

Since (n —1)(n —2)---(n —k+1) >0, Lemma 8.2 follows from the above. [
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9. Proof of Corollaries 1.5-1.7
We first give the

Proof of Corollary 1.7. Since
D(v, x, 5 y) = O, 0,2y + &) x),
it is easy to see from (52) and (35) that for some small & > O,
T ((D(v,x,i; ), VO, x, 4 -), V2O, x, i -)) <0, in By, Y |x| <ea |A— 1] <,
and
u>®0Ww,x,4;-), on 0By, Vx| <es,|i—1] < és.
Since
T(u, Vu, V’u)>0, in By \ {0},

and since the operator is elliptic, we can easily verify (51), with Q = B/, by a
contradiction argument using the maximum principle on B \ Bs for some small
0 > 0. An application of Theorem 1.10 yields (38). O

Now we give
Proof of Corollary 1.6. We only need to verify that operators T satisfy the hypotheses
of Corollary 1.7.

If T satisfies (i), we let (1) = (A1) =1 and Y(1) = A — 1. Then

DW,0,4y) =v(y)+1—1,
and
T (®,0, 45 ), VO, 0, 75 ), V20(0,0, 4 )
= (VO 0, %), V20,0, 45 ) = S(Vv, V20) = T (v, Vv, V20) <0.

The hypotheses of Corollary 1.7 are satisfied.
If T satisfies (ii), we let (1) = 4, (1) =1 and Y(4) = 0. Then

D(v, 0, 4; y) = v (y),
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and therefore, for |4 — 1] < ¢,

sign T <(D(v,0, )i, VO, 0, 2; ), V2O(v, 0, 1; -)) — sign T(v, Vv, V2v).

The hypotheses of Corollary 1.7 are satisfied.
If T satisfies (iii), we let (1) = 4, {(4) =1 and (1) = 2 — 1. Then

Dw,0, 4 y)=Av(y)+4—1

and

T (<1><v, 0,71 ), VO, 0, 4 ), V2D(v, 0, '))

1 1 ) 1 1,
=S - Vv, — AV | =S8 Vo, Vv
v+ A v+ A v+ 1 v+ 1

= T (v, Vv, V?v) <0.

The hypotheses of Corollary 1.7 are satisfied. [J

Before proving Corollary 1.5, we give a lemma. For f§ € R, let

op() =20 vl () = gp(uiy) = Puiy).

Lemma 9.1. For n>1 and € R\ {0}, let T € CO(R; x R" x 8""). Then

A A 2.4 _ 2 .
T(v(pﬂ, va, \% v(pﬁ)(~) =T(v, Vv, Vv)(4) in R" (132)
holds for any positive function v € C%(R") and for any A > 0 if and only if
_ 14 _245
T, p,M)=8St P p,t P M) VY, p,M)e Ry x R" xS (133)
for some S € CO(R" x S™*M).

Proof. Assuming (132), then for any positive C? function v and for all A > 0, we
know from (33) that

T (i), 2Py, z”ﬁvzv(iy)) =T (v(m, Vo), V3u(y))
ie.
1+p 248

T(ts,t P p,t P M)=T(s,p, M) V(t,s,p,M) e R x R x R" x 8", (134)

Taking t = % in the above leads to (133), with S(p, M) :=T(1, p, M).
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On the other hand, if (133) holds for some S, then

1+ 24p _4p 4B _24p 248
T(ts,t F p,t P M):S((ts) PP p),(ts) F (1 F M))

1+ 248

=S (s_ﬁp,s /5M> =T(s, p, M).

This implies (33). Lemma 9.1 is established. [
Now the

Proof of Corollary 1.5. Let
(1) =P, vé,’)'(y) = pWvx +1y), Q:=Bj.

For &3 > 0 small, we have, for any |x| < e3 and |4 — 1| < &3,

vfo”“ <u on 0B

and, by Lemma 9.1,

T (vi/‘,’l, Vv?/';i, Vzvi;;;') =T (v, Vv, Vzv) (x + A).
Thus (43) can be proved by a contradiction argument using the maximum principle
since

T(u, Vu, V2u)=0>T (vg;;i, Vi, vzvy) in Q\ {0}.

If 0 < < oo, then ¢'(1) > 0, and we can apply Theorem 1.8 to obtain (38). If
—o00 < < —1, then ¢'(1) < —1, and an application of Theorem 1.9 yields (38). If
fp = —1, then, by Theorem 1.9, either (38) holds or, for some V € R" and ¢ > 0,

v(x) —v(0)+V.-x=0, |x|<e.

The latter implies that A(x —v) <0 in B\ {0}, and (38) follows as usual since u—v > 0
in B; \ {0}.

If —1 < f < 0, then by Theorem 1.9, either (38) holds or, for some V € R" and
e> 0,

_1
V@) 4V x = —fu(0) [(%) . 1} FVox=0, xl<e  (135)
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We deduce from (135) that, in B,

@=v0[1+ 22" o Pve= o Py
v(x) =v )|:+ﬂv(0)j| , v V= —v ,

and

_2up 1 2428
v ﬂsz(l—i—B)v(O) FVeV.
It follow, using also (37) and (48), that

2 -1 )
O}T(v,Vv,Vv):S(v B Vv, v ﬁVv)

_ 1+ 1 _ 2428
=S(v(0) 7 V,<1+E>v(0) 7 V®V>

_l+p Irag _l+p 1 _ 2428
=S<v(0) 7 V,O>+/ [—S (v(O) 4 V,t(l—i——) v(0)” 7 V®V>]dt
0 Ldt B
>11 ! 07”/7*2[; 1 _GS Ofl%‘ﬂV 1 ! 072+T2ﬂV VIV,V:|d
/(‘FE)U() /0 |:aMij (U() ,t(‘i‘E)U() &® ) i j:| I.

Since 1 + % < 0 and (— aﬁf) > 0, we see from above that V =0, i.e. v = v(0), in
ij

B;. We obtain (38) as usual. [J
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