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Abstract

We establish Liouville theorems for C 110’ Cl, entire solutions and locally Lipschitz
entire weak solutions to general degenerate conformally invariant fully nonlinear
elliptic equations of second order. For applications to local gradient estimates of
solutions of general conformally invariant fully nonlinear elliptic equations of sec-
ond order, see [20].

1. Introduction

There has been much work on conformally invariant fully nonlinear elliptic
equations and its applications to geometry and topology. See for instance [24], [5],
[4], [9, 10], [12, 16], [11], and the references therein. An important issue in the
study of such equations is to classify entire solutions which arise from rescaling
blow up solutions. Liouville-type theorems for general conformally invariant fully
nonlinear second-order elliptic equations have been obtained in [16]. For previous
works on the subject, see [16] for a description. Classification of entire solutions
to degenerate equations is also of importance, as demonstrated in [6]. In this paper
we give Liouville-type theorems for general degenerate conformally invariant fully
nonlinear second-order elliptic equations.

Let S"*" denote the set of n x n real symmetric matrices, Sﬂ’rx" denote the sub-
set of S™*"* consisting of positive definite matrices, O (n) denote the set of n x n
real orthogonal matrices, U C S™*” be an open set, and F € C'(U) N CO(U).

We list below a number of properties of (F, U). Subsets of these properties will
be used in various lemmas, propositions and theorems:

o 'vo=U, VOeO0om), (1)
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M e Uand N € S'™" implies M + N € U, 2)
M e U implies aM € U for all positive constant a, 3)
{al |a >0}NJU =9, “4)

where / denotes the n x n identity matrix.
Let F € CY(U) N CO(U) satisfy

F(OT'MO)=FWM), YMcU,Y O < 0), 5)

(Fij(M)) >0, VYMeU, (6)
where F;;(M) := %(M), and,
F>0inU, F=0o0ndU. (7

Examples of such (F, U) include those given by the elementary symmetric
functions. For 1 < k < n, let

k)= D iy
1<ii<<ig Sn

be the k-th elementary symmetric function and let I'y be the connected component of
{r € R" | 0% (1) > 0} containing the positive cone I, := {A = (A1, ..., Ay) | A; >
0}. Let

U :={M e Snxn | M(M) € Ty},
and
Fi(M) = o, (M(M))E,

where A (M) denotes the eigenvalues of M. Then (F, U) = (Fy, Uy) satisfy all the
above listed properties, see for instance [3].
Other, much more general, examples are as follows. Let

' C R" be an open convex symmetric cone with vertex at the origin
satisfying

I,crcry:= [AeR"|Zki>0].

1

Naturally, I" being symmetric means (A1, A2, ..., A,) € I" implies (A, Ajp, - - -,
Ai,) € I' for any permutation (i1, iz, - -+ , i) of (1,2, -+, n).
Let

fecarmnc®T
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satisfy

flar =0, VfeTl,onT,
and

fsA) =sf(A), Vs>O0andrel.
With such (f, '), let

U:={MecS""|MM)eT},

and
E(M) = f(A(M)).

Then (F, U) satisfies all the above listed properties. In fact, for all these (F, U),
A" € U implies Au < 0 — see below for the definition of A*. So for these (F, U),
the assumption Au < 0 in various theorems in this paper is automatically satisfied.
We note that in all these examples, F is actually concave in U, but this property is
not needed for results in this paper.

As mentioned above, entire solutions to the general equation

F(A”):l,u>0, A' e U, inR"
are classified in [16]. Here and throughout the paper we use the notation

2 a2, 2n _ o 2 o 2
n2Vu ® Vu — ———u »-2|Vu|“I,

A== n—22" (n —2)2

where Vu denotes the gradient of u and VZu denotes the Hessian of u.
In this paper we classify appropriate weak solutions to

F(A”):O, u>0, in R".

The techniques developed in [16] play important roles in our studies. As in [16],
we make use of the method of moving spheres, a variant of the method of moving
planes which fully exploits the conformal invariance of the problem. The method
of moving planes has been used in classical works of GIDAS, N1 and NIRENBERG
[7] and CAFFARELLI, GIDAS and SPRUCK [2], and others—see for instance [16] for
a description, to study Liouville-type theorems.

For x € R", A > 0, and for some function u«, we denote the Kelvin transforma-
tion of u with respect to B, (x) by

n—2 2 _
Ups(y) = — (x + M) .

u
ly —x|"—2 ly —x|?

Here and throughout the paper we use B, (x) C R”" to denote the ball of radius a
and centered at x, and use B, to denote B, (0). Also, unless otherwise stated, the
dimension 7 is bigger than 2.

We first introduce a notion of weak solutions to the degenerate equations.
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Definition 1.1. Let U C S™*" be an open set and F € C'(U) N C°(U) satisfy (1),
(2), (3), (5), (6), and (7). A positive continuous function u on an open set 2 of R"
is said to be a weak solution of

F(AY=0 inQ ®)

if there exist {u;} in CZ(Q)_and (B:} in CO(2, S™) satisfying: for any compact
subset K of Q, there exists i (K) such that

u; >0, AY“+BeU inK,Vi=i(K), )
ui > u, Bi— 0, inC%K), (10)
F (A" + ;) — 0 in C°(K). (11)

InR”, n = 2, we use CIOO’C1 (R™) to denote the set of locally Lipschitz functions
in R", and use A to denote the set of functions u with the following properties:

ADu € CIOO’C1 (R™), u > 0inR", and Au < 0 in R” in the distribution sense.

(A2) There exists some § > 0 such that forall 0 < § < 8, all x € R", all A > 0,
and all bounded open set 2 of {y e R" | |y — x| > A},

(14+8)u 2 uy, in Qand (1 4+ 8)u > uy j on Q2 imply (1 + 8)u > uy ; in Q.
Theorem 1.1. For any u € A, there exist X € R" and constants a > 0 and b = 0

such that

u =\——7— ” X R 12
, v € .
Remark 1.1. Ifb =0, then u = M(O)

Theorem 1.2. Let U C 8™*" be an open set and F € C1(U) N C°(U) satisfy (1),
2), 3), (4), (5), (6), and (7). Assume that a positive function u € C,;}(R") is a
weak solution of

F(A"Y=0 inR",
and satisfies
Au <0 inR" in the distribution sense. (13)
Then u = u(0) in R™.

Remark 1.2. The conclusions of Theorems 1.1-1.2 still hold when replacing the
assumption u € C;)o’cl ®R") by u € Wllo’f (R™) for some p > n. This can be seen

from the proof, since such u is also differentiable almost everywhere.
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Remark 1.3. Theorem 1.2 can be viewed as an extension of the classical result
which asserts that positive harmonic functions in R" are constants.

Remark 1.4. Our notion of weak solutions includes those arising from rescaling
blow up solutions.

Theorem 1.3. Let U C 8™ be a convex open setand F € C1(U)NCO(U) satisfy
(1), 2), 3), (4), (5), (6), and (7). Assume that a positive function u € CH1(R")
satisfies (13) and

F (A“) =0, or equivalently A* € dU, almost everywhere in R". (14)
Then u = u(0) in R".

Remark 1.5. [fU C {M € 8™" | Trace(M) = 0}, then a weak solution or C1!
solution u of F(A") = 0 automatically satisfies Au < 0. In particular; this is the
case for (F,U) = (Fy, Uy) for all k in all dimensions n.

Remark 1.6. It was proved by CHANG, GURSKY and YANG in [6] that positive
CLU(R*) solutions to F2(A*) = 0 are constants. AOBING L1 proved in [13] that
positive CH1(R3) solutions to F2(A*) = 0 are constants, and, for all k and n,
positive C3(R") solutions to Fi.(A") = 0 are constants. Our proof is completely
different.

We give in the following a notion of weak solutions to more general equations.

Definition 1.2. Let U C 8™ " be an open set, F € C'(U) N C°(U), and h be a
continuous function on an open subset 2 of R". A positive function u € C%(Q) is
said to be a weak solution of

F(AY<h inQ (15)

if there exist {u;} in C*(Q2) and B; in CO(Q, S™*™) such that, for any compact
subset K of 2, (9), (10) hold, and

[F(A“ +B) —hT =0 inC%K), (16)

where we have used the notation w™ := max{w, 0}.
Similarly we define that u is a weak solution of

FIAY=h inQ (17)

by changing [F (A% + B;) — h]* to [h — F(A% 4 BT in (16).
We say that u is a weak solution of

F(AYY=h inQ
if it is a weak solution of both (15) and (17).

We also establish the following results concerning degenerate equations on
R™\ {0}.
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Theorem 1.4. Let U C 8™ be an open set and F € C'(U) N CO(U) satisfy (1),
(2), 3), (), (5), (6), and (7). Assume that a positive function u € Cpr} (R" \ {0}) is
a weak solution of

F(AY) =0 inR"\ {0},
and satisfies
Au <0 inR" \ {0} in the distribution sense. (18)
Then
ue (V) Su(y), V0I<i<|xl,ly—x|Z4iy#0. (19)

Consequently, u is radially symmetric about the origin and u'(r) < 0 for almost
all0 < r < o0.

Theorem 1.5. In addition to the hypotheses on (F, U) in Theorem 1.4, we assume
that U is convex. Assume that a positive C11(R™ \ {0}) function u satisfies (18)
and

F (A”) =0, or equivalently A* € 93U, almost everywhere in R" \{0}.

Then (19) holds and, consequently, u is radially symmetric about the origin and
u'(r) £ 0forall0 < r < oo.

Our proofs of Theorem 1.4 and Theorem 1.5 make use of the following improve-
ment of a result in a companion paper [18]. Let ¢(A) = A and let, for a function v,
and for x, y € R", A close to 1,

D, x,Ay) :=pM)v(x + y).

Theorem 1.6. Let @ C R” be a bounded open set containing the origin 0. We
assume that u € C°(Q\ {0}), v is C*! in some open neighborhood of 2,

v>0 inQ, (20)
Au<0  inQ\{0), Q1)
uzv inQ\{0} (22)

Assume that there exists some €4 > 0 such that for any |x| < €4 and | — 1] < &4,

inf [u — ®(v, x, A; -)] = 0 implies liminflu(y) — ® (v, x, A; y)] =0. (23)
Q\{0} ly|—0

Then either

hln\l ir(l)f[u(x) —v(x)] > 0, 24)

oru = v = v(0) near the origin.
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Remark 1.7. Replacing “v is (io’l in some open neighborhood of Q” by “v is C!
in some open neighborhood of 2", the conclusion of Theorem 1.6 was established
in [18].

Remark 1.8. It is easy to see from the proof of Theorem 1.6 that the assumption
v € C! in Theorems 1.8—1.11 in [18] can be replaced by v € C!, and the con-
clusions still hold.

The paper is organized as follows. In Section 2, we prove Theorem 1.1. In Sec-
tion 3, we give some properties of weak solutions and C!-! solutions. In particular,
we give comparison principles, see Proposition 3.1 and Proposition 3.2, for weak
solutions. A crucial ingredient in our proof of the comparison principles is Lemma
3.7, “the first variation” of the operator A". Theorem 1.2 and Theorem 1.3 are
proved in Section 3 by first showing that u belongs to .4 and then showing that
the b in (12) must be zero. In Section 4 we first establish some further comparison
principles, Proposition 4.1 and Proposition 4.2, which allow the presence of iso-
lated singularities. Then we prove Theorem 1.4 and Theorem 1.5. Proofs of results
in this section rely on Theorem 1.6.

This paper appeared in preprint form in [19]. The result for positive C3(R")
solutions of Fi(A") = 0 as stated in Remark 1.6 is also independently established
by SHENG, TRUDINGER and WANG in [23]. It is said in [23] that using approximation
as in [22] and [25] it can be shown that this holds for continuous positive viscosity
solutions.

2. Proof of Theorem 1.1

Proof of Theorem 1.1. By (A1) and the maximum principle,

|n—2

lim inf |y u(y) > 0.
lyl—o00

As in the proof of lemma 2.1 in [21] or [12], for any x in R”, there exists Ao(x) > 0
such that

ue () Su(y), YO <i<i),|y—x|2A

Indeed the only change to make in the proof of Lemma 2.1 in [21] is to understand
line 16 on page 37 as valid almost everywhere, since u is Lipschitz, or we can
simply prove the monotonicity directly using the Lipschitz regularity of u.

For any § € (0, §), we define

As(x) :=sup{p > 0 uy 1 () £ A +Ou(y), VO <A <p,ly—x| =2k
If 25(x) < oo for some x, then

Uy 5y S (LH8uG), Yy —x| 2 (). (25)
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Lemma 2.1. If 15(x) < 0o for some 0 < 8 < & and x € R”", then

lim inf |y|"~2 [(1 +&)uly) — ux’ié(x)(y)il —0.
|y]—o00

Proof. Suppose the contrary, then for some 0 < § < 5, x € R, Xs(x) < oo, and
for some R > 1+ Ag(x) and 1 > 0, we have

DI [A+Ou0) —u g, 0] 2200 VIy-xlZR.(26)

As in the proof of (27) in [21], there exists &5 > 0 such that

& -
(L4 8)u(y) —uxs(y) 2 2 VA —As(x)| < ez, ly—x| = R. (27)

In fact this can easily be deduced from (26).
Since

A+ Ou() —ty 5,00 =du(y) >0, V]y—x|=i@), (28

there exists 0 < &3 < &3 such that
A+ 8u(y) > uxn(y), YA =A@l <es, [y —x|l=a
Let
Q:={y eR" | As(x) <|y—x| <R}.
We know from (25), (27) and (28) that
(I+8&uZu,5,,)inQ, (+8u>u,;z,, ondQ.
Thus, by (A2),
(1+8)u > u, 3, on Q. (29)

With (27) and (29), the moving plane procedure can go beyond 15 (x), violating the
definition of As5(x). Lemma 2.1 is established. 0O

Lemma 2.2. For all 0 < § < & and for all x € R",

A5 ()" u(x) = (1+6) lim inf " 2u(y). (30)
y|—>o0
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Proof. If 15(xX) < oo for some 0 < 8 < § and some ¥ € R”. By Lemma 2.1,
(148 liminf [y|" 2u(y) = lim [y"2uz s, )
[y|—00 |y|—o00 A8
= s (D))" 2u(x) < oo. (31)
For any x € R",
I+ u(y) Zuen(y), VO <i<isx), [y—x[Z2r
Multiplying the above by |y|"~2 and sending |y| to infinity leads to

(1+9) llir‘ninf Iy["2u(y) = A" 2u(x), V0 <A< As(x). (32)
y|—>0o0

We deduce from (32) and (31) that
A ()" 2u(x) < As(Du(x) < oo, VxeR

Switching the roles of x and X leads to (30) in the case that s is not identically
equal to infinity. On the other hand, if A5 = oo on R”, we send A to co in (32) to
obtain (30). Lemma 2.2 is established. O

If s = co on R" forall 0 < § < &, then
A+ 8u(y) Zuys(y), YO<8<8§,xeR", |y—x|=xr>0.
Sending § to 0 in the above yields
u(y) Zuxp(y), YxeR" |y—x/=1>0.

This implies # = u(0), see lemma 7.1 in [17]. o

We only need to consider the case that for some 0 < § < 8, A5 is not identically
equal to infinity. According to Lemma 2.2 and Lemma 2.1, As(x) < oo for all
x € R",

A+8u) Zu, 5,00, VxeR" |y—x| 2 i),
and

lim inf Iy 2 [(1 +8)u(y) — u, m)(y)] —0, VxeR"
y|—=00 ’

For x € R", let

hs () (y — x) y
@) 1y d € ( ) -
b5 () ==x+ y—xf V() = e v T ), T ey
where we have used the notation uy, := |J¢|%(u o) with Jy, being the Jacobian
of .
Let

D := {x € R" | u is differentiable at x} .
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Since u is locally Lipschitz in R", the Lebesgue measure of R” \ D is zero. It is
easy to see that for x € D, w™(y) is differentiable at y = 0 and

w®(0) = As(0)"ulx) = (1+9) lim inf Iy 2u(y)
y|—o00

= liminf(1 + §)uy (y) > 0,
[y|—0

w® < (1+8)uy  in By \ {0} for some §(x) > 0.

Following the proof of Theorem 1.3 in [16] (see also [14] and [15]), we obtain, for
some V € R”, and forall x € D,

Vu®0) =V,
Vw®(0) = (n — 2)As ()" 2u(x)x + rs(x)"Vu(x)

=n—-2asx + ots"ju(x)ZnT"Vu(x),
where

as := (14 8) liminf |y|"u(y) > 0.
[yl—=o00

B 2 n—2

n_2 n—2 — =5
Vi % u(x) n2 —

ot5|x|2+V'x) =0, VxeD.

It follows that u is in C°°(IR") and, for some X € R" and d > 0,

-2
2 n2
n=2

u(y) = 0‘5—_2 , VYyeR"
d+ 1|y — x|

Theorem 1.1 is established.

3. Properties of weak solutions and the proof of Theorem 1.2
and Theorem 1.3

We start with some properties of weak solutions.

Lemma 3.1. Let U C 8" be an open set satisfying (2). Assume that for a positive
C? function u in some open subset Q of R", there exist {u;} C C*() and {B;} C
CO%(2, S™™) such that (9) and (10) hold on any compact subset K of Q2. Then

AYeU inQ. (33)
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Proof. For any x € 2, we fix some § > 0 such that Bys(x) C 2. Consider, for
small ¢ > 0,

3 € =12 =
u(y) :=u(y)—zly—XI .Y € Bs(x).
We know from (10) that

Ui (%) = u (%) + o(1),
1
ui (y) = u(y) + 5882 +o(l), yedBsX),

ui(y) Z u®(y) +o(l), ye Bs©),

where o(1) — 0 asi — oo, uniform in y and ¢.
It is easy to see that for some a; =1+ o(1), y{ € Bs(x),

“u®  on Bs(X), (34)
£

ui (7)) = aju® (7). (35)

Passing to a subsequence in (35), y; — y°, u(y%) = u(y) — 5(y° — %|. So

lim y¢ = x.
11— 00
By (34) and (35),
At (yf) < AN (yE). (36)

Thus, by (9) and (2), A )+ Bi0O)) € U. Sending i to 0o, we have, using
10), A*" (x) € U. Sending ¢ to 0, we have A%(x) € U. Lemma 3.1 is established.
O

Lemma 3.2. Let U C S™*" be an open set satisfying (2) and F € CY(U)NC%(U)
satisfy (6). Assume that for a positive C* function u in some open set Q of R", there
exist {u;} C C*(Q) and {B;i} € COU(Q, S"*™) such that (9) and (10) hold for any
compact subset K of Q, and, for some h € C°(R),

[h — F(AY + BT =0, inC> (). (37)
Then (33) holds and u is a classical solution of (17).

Proof. We know from Lemma 3.1 that (33) holds. Following the proof of Lemma
3.1 from the beginning until (36). Then, by (9), (2), (36) and (6),

AGY(vE) + Bi(yE) € U,
and

F(A"OD +0D) £ F (AT 05 +4:0D). o9
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Since
Tim (A9 (56 + Bi0D)) = AV (),
1—> 00

we have A% (x) € U and, using the continuity of F' on U,

lim F (A“f COE + BiOf )) =F (Aus (i))'

i—00
Sending i to oo in (38) leads to, in view of (37),
F (A”E ()z)) > h(x).
Sending ¢ to 0, we obtain
F (A"(X)) Z h(X).
Lemma 3.2 is established. O

Lemma 3.3. Let U C S™*" be an open set satisfying (2), F € C'(U) n c°(U)
satisfy (6). Assume that for a positive C* function u in some open set Q of R", there
exist {u;} C C*(Q) and {B;} ¢ CO(2, S™") such that (9), (10) and

sup sup |V2u;| < oo (39)
i K

hold for any compact subset K of Q, and, for some h € C%(Q),
[F(A" + ) —h]" =0, inCD.(). (40)
Then (33) holds and u is a classical solution of (15).

Proof. We know from Lemma 3.1 that (33) holds. For any x € €2, we fix some
& > 0 such that Brs(x) C 2. Consider, for small ¢ > 0,

B € -2 =
wy)=u)+sly—x%  yeBX).
Arguing as in the proof of Lemma 3.1, we find a; = 1 + o(1), y7 — X,
A () Z AT (). (41)

Clearly, there exist &, > 0 and y; > O satisfying oz — 0 as e — O and y; — O as
i — 00, such that

A (G + B () Z AY(E) — el — il (42)
We already know that A¥(x) € U. So, by (41), (42), (2) and (6),
A+ B +ae+yil €U
and

F(AY(X) S F (A9 + i) +ael +yil).
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Due to (39), (10) and the positivity and the continuity of u, A"/ (y]) + B; (y;) +
oI + y; I remain bounded. Thus, by the continuity of F,

F (A"(X)) = F (A" (3]) + Bi(y))) + o(1) + o (1),

where o, (1) — 0 as & — 0, uniform in i, and o(1) — 0 as i — oo, uniform in €.
Sending i to co and then ¢ to 0, we obtain, using (40),

F (A“()'c)) < h(x). (43)
Lemma 3.3 is established. O

Lemma 3.4. In Lemma 3.3, we drop assumption (39) but add A" € U in Q. Then
u is a classical solution of (15).

Proof. Follow the proof of Lemma 3.3 until (42). Since we know that A*(x) € U,
the right-hand side of (42) is also in U for large i and small ¢. Thus

F(A"(X) —acd —yiI) S F (A" (y) + Bi (b)) -
Sending i to oo and then ¢ to 0, we obtain (43). Lemma 3.4 is established. O

Lemma 3.5. Let Q@ C R” be an open set. Assume that a positive functionu € C%(S2)
is a weak solution of (8). Then, for any constant b > 0 and for any x € R", the

function v(y) := b%u(x + by) is a weak solution of

F(A)=0 inQ:={yeR"|x+byeQ).

Proof. It is obvious.

Lemma 3.6. Let @ C R” be an open set. Assume that a positive functionu € C°(S2)
is a weak solution of (8). Then, for any x € R" and ) > 0, uy  is a weak solution

of

X+

2y —
F(A%) =0 inQy, = {yeR" Mo—» EQ]

ly — x/?

Proof. This follows from the conformal invariance of the operator F(A"), see for
example line 9 on page 1431 of [12]. O

The following is a comparison principle for weak solutions.

Prop_osition 3.1. Let U C S"*" be an open set satisfying (2) and (3), F € C! w)n
CO(U) satisfy (6) and (7), and let Q@ C R" be a bounded open set, u,v € C°(Q)
satisfy

u,v >0, inQ, (44)
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and
u>v onodf2. (45)

We assume that there exist {B;}, {,5,-} c €%, 8" and positive functions {u;},
{(v;} C C*() such that, for any compact subset K of <,

A 4 B eU, A%+ B elU, inQ, (46)
wi—u, vi—>v, fi—0, B —0, inCUK), (47

and
F (A”f ¥ Bi) — 0 inC%K). (48)

Then
u>"v on § (49)

To prove Proposition 3.1, we need to produce appropriate approximations to
the {u;}. This is achieved by studying “the first variation” of the operator A".
Writing

__2_
w=u n2,
we have
1
AY = A, = wViw — E|Vw|21.

Lemma 3.7. Let Q be a bounded open set in R", w € C*(Q) satisfy, for some
constant ¢1 > 0,
w=cy, inf,
and let
p(y) =er. (50)

Then there exists some constant § > 0, depending only on sup{|y| | y € Q}, and
there exists €, depending only on 8, c1 and sup{|y| | y € 2}, such that for any
O<ex<eg

5
Awsep 2 (14 s%) Aw+ %gowl in Q. (51)

Proof of Lemma 3.7. Let ¢ be a fixed function, a computation gives

Awsep = Ay + ¢ {wv2¢ + V2w — Vu - Vgol} +£24,.

1
Replacing V2w by w ™! (Aw + §|Vw|21) in the above, we have
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2
Apieo = (1 +6294 V2 4 Vvl V-V 24,. (52
wtep = ( +8E) wtelw (p+7<pl— w- Vol +e°Ay. (52)

For the ¢ in (50),

Vo(y) = 2800y, V2e(y) = 2801 +48%0(y)y ® y.

It follows that

2 |Vw|2
wVp + ——¢l —Vw - VoI
2w
[Vwl|?
> 1
29 o™ -y
Vw|? v
>0 25w+| w' (' w') 2w wly| ]
Vw
> | ' — 48%w ||2]1

It is clear that there exists § > 0, depending only on sup{|y| | y € €2}, such that

, Vw]? - |Vwl|?
wV ¢+W¢)1—Vw~V<pI:8(pwl+

ol.

For this §, there exists € > 0, depending only on §, c; and sup{|y| | y € 2}, such
that forall 0 < ¢ < &,

5 1) &b
Aviep 2 (1 n e—) Ap + edpwl + %A, > (1 +ez) Aw+ vl

27 oo 8
Al "R AE) T > (1 + sg) Ay + E(pwl.
w

Lemma 3.7 is established. O

Proof of Proposition 3.1. Since shrinking €2 slightly will not affect (45), we may
assume without loss of generality that (47) and (48) hold with K replaced by Q—
from now on these equations will be understood in this sense.

We prove (49) by a contradiction argument. Suppose the contrary, then there
exists some x € €2 such that

u(x) < v(x).
It is clear that there exist 0 < a < 1 and y € € such that

uzav in€, (53)

u(y) = av(y). (54)
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Let é and ¢ be as in Lemma 3.7,

& == su?2 VIBODI — 0,
ye

and
n—2
__2_ v
U = (ui =2 +8i(p)

By (51),

W @ u o Eid
A2 1+ — A’—i-?(pwil, (55)
i

_ 2
where w; = u; "~

It is easy to see, u§ing (53), (54), (45), and the convergence of u; tou anfi
v; to v, that for some § > 0 and some large intgger I, there exist, fori, j = I,
ajj € (%, 37“) and y;; € {y € Q| dist(y, d2) > 6} such that

i 2 ajjv;  inQ,
i (yij) = ajjv(yij)-
It follows that
V(a5 @m) o) = Voo, (VA o) 2 ((V2o0)
and
AT () S AY ().
Thus, in view of (55) and the definition of ¢;, for some I > I, and for all i, Jj= I s
AV (yij) + B (ij) 2 (aij)%Aﬁ" i) + Bi i)

4 @ , _4_&;8 ~
= (aij)m2 (1 + 81‘;) A"+ (aij)"’ZIT(Pwi] + B (3ij)

i

> () (1 - eiwﬁ) (A" + Bi) (i)

i

4 g6 ~
+ (a;j) 2 T@wil + B (yij)-
Fixing i = I, we have, for large j,

A% (i) + Bip)) 2 (ag i (1 + siwii) (A" + B7) 7,

4 76

+ (aij)m %(pwil.
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By (46), (2), (3), (6) and (7),
F (A% G+ Bi07))

(e (g )

1

v

min min F (b (1 + 8;%) (A" + Bj) (y)) >0

yesz,disz(y,asz)gé(%)ﬁébé(%)ﬁ i
Sending j to oo leads to, in view of (48), that
0= lim F (A”f' i) + ﬂj(y;,-)) > 0.
Impossible. Proposition 3.1 is established. O

Remark 3.1. If we further assume in Proposition 3.1 that
sup sup (leui| + |V2v,~|) < 00,
i K

then modification of the proof of Proposition 3.2 yields a somewhat different proof.
One observation is needed: in addition to (61), we have Dzu,’,S > D2v,-’,S on S; .
So, for small s, using (2) and the continuity of D2u,-,8 and D2v,-,g, we still have
(62).

Proof of Theorem 1.2. We first prove that u € A. We only need to verify property
(A2) since property (A1) has already been assumed. Let 2 be as in the statement
of (A2), then, by Lemma 3.5 and Lemma 3.6, both u, ; and (1 + §)u are weak
solutions of (8). Thus, by Proposition 3.1, (A2) is satisfied. So we have proved that
u € A. By Theorem 1.1, (12) holds for some a > 0,5 = 0 and X € R"”. We only
need to prove that b = 0. Suppose that b > 0, then a computation gives, for some
positive constant 3,

A"=B1 inR". (56)

Since u is a weak solution of (8), the hypotheses of Lemma 3.1 with 7 = 0 are
satisfied, and therefore, according to Lemma 3.1,

A" eU in R". (57)
By (56), (57) and (4),
A =B8Ie€U inR".
Thus, by (7),
F(A"Y) >0 in R".
On the other hand, since A € U, we apply Lemma 3.4 to obtain
F(A") £0.

Impossible. We have proved that » = 0 in (12) and therefore u = u(0). Theorem
1.2 is established. 0O
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To prove Theorem 1.3 we need the following comparison principle for C-!
solutions.

Proposition 3.2. Let U C 8"*" be a convex open set satisfying (2) and (3), F €
cl(u) n cY) satisiy (6) and (7), and let Q@ C R" be a bounded open set,
u,v € Cllo’c1 ()N o) satisfy (44), (45) and

F(A") =20, F(A')=0, almosteverywhere in Q. (58)
Then (49) holds.

Proof. We prove it by a contradiction argument. We assume that mén(u —v) 0.
Let ¢ be as in (50) for some fixed small § > 0, and let
n=2

__2_ _n=2
wi=u "2, wei=w+ep, Uy = (wg)” 2 .

Using Lemma 3.7 and (45), we can find some fixed small positive constants ¢ and
&1 such that

Ale > (1 n 8%) A 4 3641, (59)
and
Ug >v onod.
Since A" € U a.e. in , we have, using (2) and the openness of U,
A + M cUae inQ, VMeS"™, |M|<2e. (60)

By the contradiction hypothesis, u < v somewhere in €2, so there exists a, € (0, 1]
such that

Ug 2= Vg :=agv in Q,

Ug > Vg on 0€2,
and
Se = {x € Q| ue(x) = ve(x)} # 0.

Clearly,

Uy = vg, Vg = Vg, on S;. 61)
Recall that ¢ has been fixed. Let

O :={x € Q|dist(x, Se) < s}.
By (61),

Altet(=Dve — AU 4 (1 — 1)A%  on S,.
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So, in view the convexity and the openness of U, there exists a function 7(s),
f(s) = 0T as s — 0T, such that
AletA=0% c 7 ae.in 0, Vi(s) <t <1 (62)

Note that we have used, in deriving (62), the fact that A is linear in V24 and both
u and Vu are continuous.
By (60), there exists some &3 > 0, independent of s, such that

dist (A’”S*“”)”S, aU) e, Vl—g<i<l.
Thus, by (6) and (7), there exists some €3 > 0, independent of s, such that
F (Af"s+<1—’>"e) > 63, (F,-,- (Af“s+“—f>"e)) >esl, Vi <151 (63)
Using the mean value theorem, in view of (63), we have

e3—F (At_(S)us+(1—t_(S))vg)

1
F (Aug) _ F (AE(S)M5+(171_(S)U‘9) — / {iF ( IMg‘F(l*I)Ug) ] dt
7(s) dt

1
= — (/ a;j(x, t)dt) 0ij(ue — ve) + b (x)0; (e — ve) + c(x)(ue — ve),
1(s)
(64)

A

where a;; (-, 1), b;, ¢ are bounded in L°° norm, and, in view of (6) and (63),

1
(/ aij(x,t)dt) 2841
i(s)

for some g4 > 0 independent of s. In view of (64), we can find some small 5 > 0
such that

1
0< 583 < —a;j0;j (e —ve) + bi (x)0; (ug — ve) + c(x) (U — ve), ae.in Oyj,

where a;j, b, ¢ are in L(0s) and (a;;) = e41 a.e. in O5. We know that
ug — v, =0onS; C Oy, ug —ve = 0in Oy, us — vy > 0 near 9 O;.

However, this violates the local maximum principle, see Theorem 9.22 in [8] or
Theorem 4.8 in [1]. Proposition 3.2 is established. O

Proof of Theorem 1.3. We first prove that u € A. We only need to verify property
(A2) since property (A1) has already been assumed. Let 2 be as in the statement
of (A2), then, by the conformal invariance of A%, A“x* and AU+ gre still in 9U
a.e. in 2. Thus, by Proposition 3.2, (A2) is satisfied. So we have proved thatu € A.
By Theorem 1.1, (12) holds for some a > 0,5 2 0 and X € R". We only need to
prove that b = 0. Suppose that b > 0, then A” is a positive constant multiple of /
in R”, and therefore A* € U in R" according to (4). This violates A* € dU a.e. in
R”". Theorem 1.3 is established. O



44 YANYAN L1

4. Proof of Theorems 1.4-1.6

We first give the

Proof of Theorem 1.6. This is a modification of the proof of Theorem 1.11 in
[18]. Let D denote the set of points at which v is differentiable. Since v is locally
Lipschitz, D is of full Lebesgue measure. Start from the proof of Theorem 1.11 in
[18]. Under the weaker assumption v € C 0.1 Temmas 3.6-3.8 in [18] still hold
with the same proof. We only need to modify in the last paragraph of the proof
of Theorem 1.11 in [18] the part “Follow, with obvious modification, the proof of
Theorem 1.10 from the line after the proof of Lemma 3.6 until ‘Av(x) = 0 near
the origin’ towards the end”. The changes are made for pages 404-405 there as
follows: in (82) and in the second line above (82), add “x € D”. In lines 4-5 on
page 405, change “A is C!” to “A is C%!, and change “we know that Vv is C',
so v is C2” to “we know that Vv is C%!, so v is C!-!. This implies that A is C!,
and therefore, by (82) and (83), v is C 2» Theorem 1.6 is established after these
changes. O

Now we give a variation of Proposition 3.1 which allows u to have isolated
singularities.

Proposition 4.1. Let U C S"*" be an open set satisfying (2) and (3), F € CY(U)N
CO(U) satisfy (6) and (7), and let Q@ C R" be a bounded open set containing m

points Sy, :={Py,--- ,P,,m21,uce Co(ﬁ\ Sm) and v € cO1() satisfy
u>0 Aus0 in Q\S,, v>0in g, (635)
u>v onof. (66)

We assume that u is a weak solution of
F(A"Y=20 inQ\ Sy,
v is a weak solution of
F(AY)Y =0 inQ\ Sp.
Then
inf (u—v)>0. 67)

S-2\ SITI

Proof. We prove it by induction on the number of points m. We start from m = 0
with So = @. The result is contained in Proposition 3.1. Now we assume that the
result holds for m — 1 points, m — 1 = 0, and we will prove it for m points.

Let

Sw=1{P1,..., Py} C Q.



Degenerate Conformally Invariant Fully Nonlinear Elliptic Equations 45

By the assumption on u and v, there exist {8}, {Bi} € C%(Q2\ Sy, S™") and
positive functions {u;}, {vi} C C?(Q2\ S, satisfying: for any compact subset K
of @\ Sy, there exists i (K) such that

A% 4+ B €U, AV + B e U, inkK, ViZi(K),

up —u, vi —> v, B > 0, fi >0, in CO(K),
and
F (A"" + Ei) -0 inC%K).
We prove (67) by a contradiction argument. Suppose it does not hold, then

inf (u —v) < 0.
égsm(u v) =

Sinceu > 0in 2\ S, Au < 0in Q\ S,,, we know that s%nsf u > 0. Thus, for

m

some0 <a <1,

inf (u —av) =0.
Q\Spm

Since we can use a~'u instead of u, we may assume without loss of generality that
a = 1. So we have, in addition,

inf (u —v) =0. 68
Ql{lSm(u v) (68)

Let P, be the origin, and let
Q:=Q\{(Pi,..., Pu_1}).

Let ¢ and ® be as in Theorem 1.6, with Q being the 2 there, are satisfied. Since
®(v,0,1;) =vand u > v on I, we can fix some small g4 > 0 so that |x| < &4
and |A — 1| £ &4 guarantee

u> o, x, ;) on 0S2. (69)
For such x and A, if we assume both

inf [u — ®(v,x,4;)]=0 (70)
Q\{0}

and

I%Wi%f [u(y) — @, x,2; y)] >0,
y—)

we would have, for some small £, & > 0,
u(y) — ®w,x, A y) > & >0, VO < |yl Sé. (71)
Let

i(y) = oM) uy), Q) =k +y).
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‘We know from (69) and (71) that
i>7 ond(Q\B;).

It is easy to see that the hypotheses of Proposition 4.1, with u replaced by u, v
replaced by v, Q2 replaced by 2 \ Bj, Sy, replaced by S;,—1 = {P1, ..., Pu—1},
are satisfied. By the induction hypothesis,

_inf (1 —v) >0,
(Q\Bé)\sm—l

i.e.

_inf [u— D(v,x, ;)] > 0.
(Q\BE)\Sm—]

This and (71) violate (70). Impossible. Thus we have proved that (70) implies

hln‘l iI(l)f[u (y) — ©(v, x, A; ¥)] = 0. Namely, we have verified (23), with 2 replaced
yl—

by Q. Therefore, by Theorem 1.6, either (24) holds or u = v = v(0) near the origin.
If (24) holds, then Bir\l{fo}(u — v) > 0 for some ¢ > 0. By the induction hypoth-

eses, applied on Q2 \ B, we obtain _inf (u —v) > 0. It follows that
(Q\B\{P1,.... Pm—1}
g;{lbf (u — v) > 0, violating (68). A contradiction.

If u = v = v(0) near the origin, say in Bz for some small &€ > 0, we let
o(y) = *D'F be the function in Lemma 3.7, and let

_n=2
2

2
Ug = (Lfm + 8(/)) , ag :

= inf
Q\{Pls'“ ’Pm} v
. Ug u ..
Since — = — 4 O(¢), it is easy to see from (68) that
v v
lim a, = 1. (72)
e—0

For [y| = &, u(y) = v(y) = v(0). So

1) M2 002 4 0.
v(y) 2
For ¢ > 0 small,
e > max ue (9) 2as, onBgp. (73)
v yl=E u(y)

Taking ¢ > 0 smaller if necessary, we have, in view of (72) and the fact u > v on
02,
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Fix this ¢ > 0 and let Q := Q \ Bz/2. We know that

(ag)_lug >v  ondQ. (74)

n—2
_2 2
& . __ n—2
u; = (ui +8<p) .

Making ¢ > 0 smaller if necessary, we have, by Lemma 3.7, A ¢ Ui Q for
large i. Clearly, (ag)_luf — (a‘g)_lu‘g in CIOOC(Q). By the induction hypothesis, in
view of (74), we obtain

Let

_inf ((ag)_lug — v) > 0.
Q\{Pl ~~~~~ Pm—l}

This and (73) imply

. Ug
inf — > ag,
S-2\{[11 aaaaa Pm} v

violating the definition of a,. Impossible. Proposition 4.1 is established. O
Similar to Proposition 4.1, we have the following variation of Proposition 3.2.

Proposition 4.2. Let U C §"*" be an open set satisfying (2) and (3), F € cliun
CO(U) satisfy (6) and (7), and let @ C R" be a _bounded open set containing
m points Sy = {P,..., Py}, m = 1, u € COQ\ S») N CLHQ\ Sp) and
ve CON@) NCLlQ\ Sy) satisfy (65), (66) and

F(A"™) 20, F(AY) =0 almost everywhere in Q\ S,,.
Then (67) holds.

Proof. It follows from modification of the proof of Proposition 4.1, using Propo-
sition 3.2 instead of Proposition 3.1, and making some other obvious changes. We
omit the details. O

Now we give the
Proof of Theorem 1.4. By (18) and the positivity of u,

liminfu(y) > 0,  liminf |y|" 2u(y) > 0.
[y[—0 |y|—>o00

As usual, for any x € R" \ {0} and forany 0 < § < 1,

As(x) = sup{0 < i < |x] |ux,5.(y)
SA4+0u(). YO <i<p,ly—x[>2ily#0}>0

is well defined. B
By the definition of As(x),

Uy 5y ) S (LU, Y]y —x| = i),y #0. (75)
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Lemma 4.1. If 15(x) < |x| for some 0 < 8 < 1 and x € R" \ {0}, then either
timinf [ (14 8)u() ~ 13,0 ()] = 0

or

.. n—2 _ B _
lllyr‘n_:glj|y| [(1+8)u(y) Mx,;\s(x)()’)] 0

Proof. Suppose the contrary, then for some 0 < § < &, x € R" \ {0}, A5(x) < |x|,

and for some R > 3|x| + ,0< e < %min{|x|, lx| = As(x)}, & > 0,

x| — As(x)

(L+8uy) —uxs(y) 2 VIh=2s(0)| < &2, [y — x| Z R,

I
ly[n=2"

(I +0u(y) —wea() Z e, VIA—is(x)| <2,y € B \{0}UdB,.
Let
1 _
Q= [yeR”|E<|y|<R,|y—x|>A5(x)],

By Lemma 3.5 and Lemma 3.6, (1 + 8)u is a weak solution of
F (A(”‘S)”) =0 ing,
and u, 3, is a weak solution of
F(A%%®)=0 inQ.
We also know that
A4+8u = Uy 3y () onQ and (1+48u > Uy 3s00) ON O
It follows, using Proposition 3.1, that

(A +&u>u, 35, on.

As usual, the moving sphere procedure can go beyond x5 (x), violating the definition
of As(x). Lemma 4.1 is established. O

Lemma 4.2. Forall 0 < § < 1 and for all x € R" \ {0}, As(x) = |x|.
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Proof. We prove it by a contradiction argument. Suppose the contrary, then A5 (x) <
|x| for some x € R" \ {0}. Let

Q= By ), Pri=x-

w(y) =1 +0u, 5,00, V) =u®).
Since 0 < As(x) < |x|, we have P, P, € Q. By (75),
aZ9  inQ\({P, P}

It is easy to check that the hypotheses of Proposition 4.1, with u replaced by u, v
replaced by v, and with m = 2, are satisfied. Thus, by Proposition 4.1,

inf (. —1v)>0.
Q\{P1, P}

This implies

As(x)
|x|

n—2
lim inf [(1 +8)u(y) — ux,ia(x)(y)] = ( ) liminf [ii(z) - 9(2)] > 0,
I—>r1

y|—0

and

lim inf |y|"~2 [(1 +Ou(y) — ux,xg(x)(y)] = (L))" lim inf [(2) - 3()] > 0.

[yl—=00
which contradict Lemma 4.1. Impossible. Lemma 4.2 is established.

Now we complete the proof of Theorem 1.4. By Lemma 4.2,

As(x) = x|, VYxeR"{0}, YO<§ <1,

U () = (L+8u(y), YO<i<lxlly—x|=2,y#0.

Sending § to 0 leads to (19). The radial symmetry of u and u’(r) < 0 for almost all
0 < r < oo follows from (19), see e.g. [18]. Theorem 1.4 is established.

Proof of Theorem 1.5. The proof is similar to that of Theorem 1.4, using Proposi-
tion 3.2 instead of Proposition 3.1 and using Proposition 4.2 instead of Proposition
4.1. We omit the details. O
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