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Abstract A classical result of A. D. Alexandrov states that a connected compact smooth
n-dimensional manifold without boundary, embedded in R"*!, and such that its mean
curvature is constant, is a sphere. Here we study the problem of symmetry of M in a
hyperplane X,,+1 =constant in case M satisfies: for any two points (X', X, 41), (X', Xnt1)
on M, with X411 > )?n.;_l, the mean curvature at the first is not greater than that at the
second. Symmetry need not always hold, but in this paper, we establish it under some
additional conditions. Some variations of the Hopf Lemma are also presented. Several
open problems are described. Part I dealt with corresponding one dimensional problems.
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1 Introduction

1.1

In this sequel to [7], we continue our study on a geometric problem related to a classical
result of A. D. Alexandrov. Throughout the paper M is a smooth compact connected embedded
hypersurface in R**1, its mean curvature is

H(X) = [k (X) + -+ Ba(X)]

where k(X) = (k1(X),---,kn(X)) denote the principle curvatures of M at X with respect to
the inner normal. Let G denote the open bounded set bounded by M.
The problem we consider is to prove a symmetry property for M satisfying the following

Main Assumption For any two points (X',Xn+1),(X',)?n+1) € M satisfying Xp41 >
Xpny1 and that {(X',0Xns1 + (1 — 0)Xnp1) | 0< 6 <1} lies in G,

H(XlaXn+1) < H(XlaXn—i-l) (1)

holds.

It is suggested that the reader first read the introduction of [7].
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If the mean curvature function H is constant on M, then M must be a standard sphere by
a classical result in [2]. Under the Main Assumption and assuming that the mean curvature
function can be extended to R™*! as a monotone Lipschitz function, it was proved in [6] that
M must be symmetric about some hyperplane X, 11 = constant. Examples given in [7] show
that the Main Assumption alone is not enough to guarantee the symmetry. It is not difficult
to see that the examples can be made so that the mean curvature function can be extended
to a monotone function in R**! which is Holder continuous with Hoélder exponent o for any
0 < a < 1. The examples do not satisfy

Condition S M stays on one side of any hyperplane parallel to the X, y1-azis that is
tangent to M.

Remark 1 It is not difficult to see that Condition S implies that G, the interior of M, is
convex in the X,,; direction. The converse is not true.

We make the following

Conjecture Any smooth compact connected embedded hypersurface M in R*1 satisfying
the Main Assumption and Condition S must be symmetric about some hyperplane X 11 =

constant.

The Conjecture in dimension n = 1 was proved in [7]. A crucial ingredient in the proof was
later established in [3] by a simpler method. In the present paper we present results concerning
the Conjecture in dimensions n > 2. Our main result in the present paper for higher dimensions
requires a further condition:

Condition T Any line parallel to the X, +1-axis that is tangent to M has contact of finite
order.

If v(X) = (1 (X), - ,vn+1(X)) denotes the inner unit normal of M at X, we will consider

the set
T:={X €M | vn1(X) =0}
i.e., the set of points on M where the tangent planes are parallel to the X,,,1-axis.

For a point X in T, we often work in a new coordinate system which is orthogonal to the
original one. The new coordinate system is centered at X and denoted by (y1,--* , Yn—1,t,Ynt1),
with y,41-axis pointing in the direction of the inner normal of M at X, t-axis pointing to the
opposite direction of the X,,1;-axis, and the (y1,---,yn—_1,t)-coordinate plane is the tangent
plane of M at X. In this new coordinate system, let v = v(¢,y), ¥y = (y1,- -+ ,Yn_1) denote the
smooth function whose graph is M near the origin. Clearly v(0,0) = 0 and Vv(0,0) = 0. With
this notation, Condition T means: For any X € T, there exists some integer k > 2 such that

oFv(0,0) # 0. (2)

Our main theorem, Theorem 1 below, also assumes that M is locally convex in the X, 1-
direction near T in the following sense:

Condition LC For every point X in T, if we view M locally as the graph of a function
defined on the tangent plane, the function is convex in the X,y1 direction near the point.
Namely, the above defined function v satisfies vy > 0 near the origin for every X in T.
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Remark 2 Neither of the Condition S and LC implies the other.
Here is our main result.

Theorem 1 Let M satisfy the Main Assumption and Conditions T and LC. Then M
must be symmetric with respect to some hyperplane X, 1 = constant.

Corollary 1 Let M be a smooth compact convex hypersurface in R*+! satisfying the Main
Assumption and Condition T. Then M must be symmetric with respect to some hyperplane
Xp+1 = constant.

In particular, we have

Corollary 2 Let M be a real analytic compact convex hypersurface in R*1 satisfying
the Main Assumption. Then M must be symmetric with respect to some hyperplane X,41 =
constant.

The conclusion of Theorem 1 still holds when the mean curvature function is replaced by
more general curvature functions. Let M satisfy Conditions T and LC, and let g(k1, k2, - , kn)
be a C? function, symmetric in (k1,- - , ky), defined in an open neighborhood T of {(k;(X),-- -,
-+ (X)) | X € M}, and satisfying in T

% &g

1<i< iyl < R".
Bki>0’ <i<n and 6ki6kjnn <0, Vnqne

Theorem 2 Let M and g be as above. We assume that for any two points (X', X, 41),
(X', Xnt1) € M satisfying X1 > Xny1 with {(X"0Xpi1 +(1— 0)X11) | 0 <0 <1} lying
in G,

g(k(X', Xp11)) < g(k(X', Xn11)) (3)
holds. Then M must be symmetric with respect to some hyperplane X, 1 = constant.

In [7] we mentioned extension by A. Ros of Alexandrov’s result to other symmetric functions
of the principal curvatures. There was earlier work [5] by P. Hartman.

Elementary symmetric functions satisfy the above properties of g in appropriate regions:
For 1 <m <n, let

Omk, e okn) = Y kiyeeck,

1<i1 <+ <im<n

be the m-th elementary symmetric functions, and let
Jm 1= (am)%.
It is well known that g, satisfies the above properties in
Tppoi={(k1, -+ ,kn) €R" | 05 (K1, -+ ,kn) >0 for 1 < j <m}.

1.2

Theorem 1 is proved in Section 2; our method of proof begins as in that of A. D. Alexandrov,
using the method of moving planes. As indicated in [7] one is led to the need for extensions of
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the classical Hopf Lemma. Here we also present some variations of the Hopf Lemma and the
strong maximum principle. In [7] these were studied in one dimension.

The Hopf Lemma is a local result. We have not been able to prove the analogous local result
for our problem. Our proof of Theorem 1, which uses the maximum principle, is via a global
argument.

Here are some plausible variations of the Hopf Lemma adapted for our problem. Consider

Q={(t,y) |y e R,y < L,0<t <1}, (4)
u,v € C%(9Q), ()
u>v>0 inQ (6)
u(0,y) =v(0,y), Vy[<1; u(0,0)=wv(0,0)=0, (7)
ut(oa 0) = Oa (8)
ug >0 in Q, 9)
and
whenever u(t,y) = v(s,y), 0 < s <1, |y| <1, then there (10)
H(Vu, V?u)(t,y) < H(Vv,V?0)(s,y),
where 1 v
u
H(Vu,V?u) := V| ————
( ) n (w/1+|Vu|2)
gives the mean curvature of the graph of u.
The followings are some plausible variations of the Hopf Lemma.
Open Problem 1 Assume the above. Is it true that either
u=wv near (0,0) (11)
or
vy =0 near (0,0)? (12)

A weaker version is

Open Problem 2 In addition to the assumption in Open Problem 1, we further assume
that

o(ty),  t20,Jyl <1,
w(t,y) := { is C% in {(t,9) | [t| <1, [y| <1}. (13)

U(—t,y), t< 0’ |y| <1

Is it true that either (11) or (12) holds?

If the answer to Open Problem 2 is affirmative, then the Conjecture can be proved by
modification of the arguments in [7] and the present paper. The answer to Open Problem 1 in
dimension n = 1 is affirmative, as proved in [7]. On the other hand, the answer to Open Problem

ak
2 in higher dimensions is not known even under an additional hypothesis that W:(O, 0) > 0 for
some integer k > 2.
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Though our knowledge about the problems above concerning variations of the Hopf Lemma
is very limited, here is a simple variation of the strong maximum principle.

Theorem 3 Forn > 2, let Q) be in (4), and let u,v € C?(Q) satisfy (10),

u>v in (14)
and
max{us, v} >0 in Q. (15)
Then either
u>v i, (16)
or
u=v in . (17)

A more general result, Theorem 4, is proved in Section 4.

Remark 3 The analogue of Theorem 3 in dimension n = 1 was proved in [7]. The same
conclusion of Theorem 3 holds when the mean curvature operator H(Vu, V2u) is replaced by
any elliptic operator F(u, Vu, V2u), see Theorem 4 in Section 4.

Another weaker form of Open Problem 1 is

Open Problem 3 Let u and v satisfy (5), (8), (9), (10),
u>v>0 inQ, (18)
and
u(0,y) =v(0,y) =0, V|yl <1. (19)
Is it true that (11) holds?

In Open Problem 3, one may also replace the mean curvature operator by other elliptic
operators including the Laplacian.

Theorems 1 and 2 are proved in Sections 2 and 3. Section 5 contains some partial results
on the open problems 1-3 and variations of the Hopf Lemma. We think that they are of
independent interest.

2 Proof of Theorem 1
This is the main section of the paper.
2.1
We start with the method of moving planes.

Proof of Theorem 1 Without loss of generality, we assume that

max{X,41 | (X1, -, Xnt1) € M for some X;,---, X, } =0.
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For A < 0, let S\ := {X € M | Xp41 > A} denote the portion of M above the hyperplane
{Xn41 = A}, and S denote the mirror image of Sy with respect to {X,41 = A}. It is obvious
that for A < 0 but close to 0,

54 lies in G, the interior of M, Sy N M =0, (20)
and for all X € 95,
Vi (X) < 0. 21)

Let (Ag,0) denote the largest open interval such that (20) and (21) hold for all A € (Ag,0).
To prove the theorem we need only to show that

M =55,US,, (22)

where S_g\o =8}, Uos,,-
It is easy to see from the definition of )y that

Un1(X) <0, VX €Sy, (23)
and that at least one of the following two cases occurs:

there exists some X € Syo N M with Vi1 (X) >0, (24)
there exists some X € dS\, N M with Vny1(X) = 0. (25)

If (24) occurs, S\ and M near X can be represented as graphs of smooth functions u and

w=u(X1, -, Xn), v=0(X1,---,Xn) for (Xi,---,X,) close to (X1,---,Xn).

Clearly
WXy, -, X,) =v(Xy,---,Xn), and w>v near (Xi,---,Xp). (26)
By the Main Assumption,

V(L) < V(L) near (Xi,---,X,).

1+ [Vul? V14| Vo2
It follows, using the mean value theorem, that

L(u —v) := a;;0;j(u —v) + b;0;(u —v) <0 near (X1, -, X)),
where (a;;) is some smooth positive definite n x n matrix function and {b;} are some smooth
functions, both near (Xi,---,X,). By the strong maximum principle, in view of (26), u = v
near (X1,---,X,). Since the argument applies to every point X satisfying (24), we obtain (22)
in this case.

Now we treat the much more delicate case (25), and we will assume below that (24) does
not occur. Consider

M/\ = {X:(Xl,---,Xn+1)€M|Xn+1<A0}7 (27)

0
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the part of M below the hyperplane T),. For X € M,,, let

Y(X):= (X1, -, Xn, Xo), (28)
O := {X € M), | {the segment between X and Y (X)} NS}, # 0}. (29)

For X € O, we define
Y (X) := { the segment between X and Y(X)} N S),. (30)

Tt is clear that Y(X) is uniquely defined for X € O, and it is a smooth function on O.

. Xnt1=Xo
o {\ /
\./ Xn+1 ) AO h

Y(X)
° %
Figure 1
Let
7(X) = dist(X, Y(X)), 7(X):=dist(X, V(X)) = Ao — Xp41, X €O, (31)

where dist denotes the Euclidean distance between the two points. Both 7(X) and 7(X) are
smooth functions on O, and they can be extended continuously to the closure of O.
Since we have assumed that (24) does not occur,

7(X) >0, VXe€O. (32)
Clearly,
7(X)=7(X), VX €. (33)

2.2

The main step in our proof of Theorem 1 is to establish

Proposition 1 Assume (32). Then there exist some constants €,¢ > 0 such that

T(X)>cer(X), YX€O0,:={X€e€O|7(X)=Xx—Xnt1 <€} (34)

Remark 4 Proposition 1 holds without assuming Condition T.

Proof of Proposition 1 If O, = {) for some € > 0, (34) is considered to hold trivially. So
we assume that O, # 0 for all € > 0. In fact, Condition T guarantees that O, is not empty,
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as shown towards the end of the proof of Theorem 1. For small € > 0, by (32) and (33), there
exists some small number ¢ = c(e) € (0, §), depending on ¢, such that

7(X) > 4c7(X) > 2¢(F(X) + 7(X)3), VX € 00.. (35)

For sufficiently small € we will prove (34) with ¢ = ¢(€) arguing by contradiction.

Here is a sketch of how the argument goes.

From our Main Assumption (1) it follows that 7 satisfies a second order linear differential
inequality on O, though we do not write it down at a general point. If (35) fails, there is a
point X where

(M2

)

o =7—-2c(T+T7T
has a negative minimum in O.. But

lim sup dist(z, TN {Xp41 = Ao}) =0. (36)

e—0 2€0.

Thus X has a closest point X in (TN {X,41 = Ao}). We then use our special coordinates,
taking X as origin, and compute, near X, the differential inequality. L7 < 0. In addition, we
find that

Lt +73)>0.
But then, X cannot be a minimum point for o.

We now proceed with the argument. First we write down the linear inequality L7 < 0 near
any point X in (TN{X,+1 = Ao}), working in the new coordinate system (y1,-- ,Yn_1,%, Ynt+1)
as described earlier.

Let, with y = (y1,- -+ ,yn—1) and & > 0 some small universal number,

Q={(t,y) |0<t<d yeR, |y| <},
Ot = {(s,y) € Q| there exists some 0 < t < s such that u(t,y) = v(s,y)}. (37)

Throughout the paper, a number is said to be universal if it depends only on M. We note that
(s,y) € QT if and only if (s,y,v(s,y)) lies in O.
By (32) and (23),

U(t, y) = U(_ta y) in Q (38)

satisfies
u(t,y) >o(t,y), (t,y) €,

and
ui(t,y) >0, (ty) €. (39)

With (39), an application of the implicit function theorem yields that for any (s,y) € QF, there
exists a unique t = t(s,y) € (0, s) satisfying

u(t(s,y)) = v(s,y), (40)

and the function ¢(s,y) is smooth in Q.
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By the Main Assumption,
H(Vu, V?u)(t(s,9),y) < H(Vv, V?0)(s,9), V(s,y) € Q. (41)
Set
7(s,y) = s —t(s,y), (s,y) € Q. (42)

Differentiating (40), we have, with 1 < o, <n —1,

vs(s,y) = ue(t,y) — we(t, y)7s(s,9), (43)
vy, (8,4) = uy, (t,y) — ut(t, ¥) 7y, (5,), (44)
Vss(8,y) = ut(t,y) — 75(8,y)[2 — Ts (8, y)Juse (t,y) — we(t,y)7ss(8,9), (45)

Vsyo (8,Y) = Uy, s(8,4) = ugy, (6,9) — wse(t, )7y, (8, 9)[1 — 7(5,9)]
— Uty (6, Y)75(5,Y) — ue(t, Y)Tsy. (5,9), (46)
Vgays (8, Y) = Uyays (8 Y) — Uty (8, Y)Tys (8,9) — Uty (8,9) 7y, (5, )
+ g (t, )Ty (8, 9)Tys (8,4) — we(t, Y)Tyay, (5, 9)- (47)

By the mean value theorem, we have, with t = #(s,y) and (s,y) € Q" and using (43) and
(44),

H(Vu(s,y), V?u(s,y)) — H(Vu(t,y), V*v(s,y))

= ( / H,(0V0(s,9) + (1 O)Vu(t, ), To(s,4))d6) - (Vo(s,) — Va(t,y)
= [0(W)r(5,9) + O(L) - Vy (5, y)]ue(t, ), (48)

where O(1) satisfies |O(1)| < C for some universal constant C.
Next we have, using (45), (46) and (47),

H(vu(ta y)a Vzv(s, y)) - H(Vu(ta y)a vzu(ta y))

n—1 n—1
= —u(t,y) [HooTss(Say) +2 Z HoaTsy,, + Z HaBTyay,e]
a=1 a,f=1
n—1
—H00(2 —Ts)utth - QZHoautyaTs +’I7 'vyT, (49)
a=1

OH(Vu(t,y),N)
6N,'j

some vector-valued function in L,

where H;; denotes which are independent of the matrix N, and 7 denotes

(21) which may vary from line to line. Note that here and

OH
in the following, Vu denotes Vu(t,y), etc., Vv denotes Vu(s,y), Hoo denotes —

, etc.
Ouyy
We deduce from (41), (48) and (49) that

n—1 n—1

0 S —Ut [HOOTSS +2 Z HOaTsya + Z HaﬁTyayg]

a=1 a,f=1

n—1
— Hoo(2 — 75)ugems + O(1)ugrs — 2 Z HoqUiy, Ts + 1 - VyT. (50)

a=1
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Since
Hoo = —(1+ |Vu|2)*%utuya, 1<a<n-—1,
we have
n—1 n—1
0< —uy [HOOTSS +2 Z HOaTsyQ + Z HaBTyayﬁ]
a=1 a,f=1
— Hyo(2 — 75)uges + O(V)uers + 1 - Vyr. (51)
Define
n—1 n—1 u n
L:=HooOss +2 Y Hoalsyo + Y Haplyuys + Hoo(2 — 75)——0s — O(1)35 — =28y, (52)
a=1 o,B=1 e Ut
We know from (51) that
LT <0 in Q7. (53)
Let
7(5,9) := s + 515, (54)
where & = 3.
A calculation gives
d - - _
L# = Hyo(2 — rs)%a[s + 8 + Hoo(1 4 €)es*™ — O(D)[1 + (1 + €)s7].
t

Lemma 1 There exists some universal constant 8' > 0 such that

Ts(suy) <1 V(s,y) € Q+7 |(Say)| <4

Proof In view of (43) and the positivity of u; in QF, we only need to show that v,(s,y) > 0.
We prove this by contradiction. Suppose that vs(s,y) = 0 for some small (s,y), s > 0. Recall
that u(t,y) = v(s,y), 0 <t =t(s,y) < s. Since M satisfies Condition LC,

v(0,y) > v(s,y) +vs(s,y)(—8) = v(s,y). (55)

It follows that
u(0,y) = v(0,y) > v(s,y) = u(t,y),
which violates u; > 0 in QF.

We will assume from now on, making § smaller if necessary, that § < §'. Since M satisfies
Condition LC, we have, making § smaller if necessary,

Ut Z 0 in Q+. (56)
It follows, using (39), (56) and Lemma 1, that

L# > (14 €eHp,, s+ 0(1).
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Thus, making § smaller if necessary,
L?>0 in QT. (57)

Now the value of § is fixed; it works for every X in TN {X,11 = Ao}. We see from (36)
that for € > 0 small,

N| S

sup dist(z,T N {Xp41 = Ao}) <
€0,

: (58)

As we described above, we fix such an € now and take ¢ = ¢(€) the one in (35). We will prove
(34) with this value of ¢ arguing by contradiction. Suppose that (34) does not hold, then there
exists X € O, such that

(1 —c(F +72))(X) = min(r — ¢(F +7%)) < 0. (59)
O.
Because of (35), X € O.. Namely, X is an interior local minimum point of 7 — ¢(7 4+ 73) in O,.
Let X be a closest point in TN {X,+1 = Ao} to X. We know from (58) that dist(X,X) < 2.
With this X and the function v and u defined earlier, X corresponds to some (5,9) in QF, with
0 < § < €. Clearly (3, ) is an interior local maximum point of 7 — ¢ in Q. Thus

Lt —c¢t) >0 at (3,9).
On the other hand, by (53) and (57),

L(t —cf) <0 at (5,7).
A contradiction. Proposition 1 is established.

Now we use Condition T to show that (25) cannot hold if (24) does not occur.

Since we are treating case (25), we let X be a point satisfying (25), v = v(t,y) be the
function defined earlier for the point, and, in view of Condition T, let k& > 2 be the smallest k
satisfying (2). Set u(t,y) := v(—t,y) for ¢ > 0. By the definition of A9 and by the assumption
that case (24) does not occur, u(t,y) > v(t,y) for (¢,y) small and ¢t > 0. Since M satisfies
Condition LC, vy (t,0) > 0 for small ¢. So k is even, 8fv(0,0) > 0 and therefore v(¢,0) > 0 for
small ¢ > 0 which clearly implies that (¢,0) € QT for small ¢ > 0.

Now

1 1
v(t,0) = Hafv(O,O)tk +O0@t*),  w(t,y) = Hva(O,O)tk + O(t*+).

From u(t(s,0),0) = v(s,0) and the above, we see easily that

m (590 g (60)
s—0t S
Since
7(s,0,v(s,0)) =s, 7(s,0,v(s,0)) =7(s,0) = s —t(s,0),
and (s,0,v(s,0)) € O, we know from Proposition 1 that for some constant ¢ > 0 and for all
s > 0 small,
s —1t(s,0) = 7(s,0,v(s,0)) > c7(s,0,v(s,0)) = cs.

This is contradicted by (60). Theorem 1 is established.
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3 Proof of Theorem 2

Y. Y. Li and L. Nirenberg

Proof of Theorem 2 We follow the proof of Theorem 1 until (26). Let A(Vu, VZu) :=
(Ait(Vu, V?u) denote the second fundamental form of S} with respect to its first fundamental

form. Then, see Lemma 1.1 of [4],

UiU; U5

1
Ail (VU, V2u) = E{uil -

where

w(1l + w)

_ UIUR Ukq U WU UR Uk }
w(l+w)  w2(l+w)? )’

w=/1+ [Vul?.

Let S™*™ denote the set of real symmetric n x n matrices, and let O(n) denote the set of

n x n real orthogonal matrices. For A € S"*™ we use k(A) to denote (k1 (A),---

, kn(A)) where

k1(A),--- ,kn(A) are the n eigenvalues of A. We define a function G on

U:={A eS8 |k eT}

by

By the properties of g, G € C3(U),

o~vo=U,

G a,; (A’ >0,
G(O~140) = G(A),
Gay 4 (A)ETER <0,

9(k(A))

YO € O(n),

VAeU, neR"\ {0}, (61)
VAeU and O € O(n), (62)
VAeU VEe 8™ (63)

A(Vu, V2u), A(Vo,V?0) € U near (Xi,---,X,),

G(A(Vu, VZu)) < G(A(Vv, V).

Using the mean value theorem as usual we have, by (61),

L(u —v) := a;;0;j(u —v) + b;0;(u —v) <0 near (X1, , Xn),

where (a;;) is some smooth positive definite n x n matrix function and {b;} are some smooth

functions, both near ()Z'l, .-

,X,). We obtain (22) in this case as in the proof of Theorem 1.

Now we treat the much more delicate case (25), and we will assume below that (24) does

not occur. We follow from (27) until (33), and we give the

Proof of Proposition 1 under the Hypotheses of Theorem 2 Follow from the

beginning of the proof of Proposition 1 until (40). Instead of (41), we have

F(Vu,V?u)(t(s,y),y) < F(Vv,V?0)(s,y),

where we have used notation

(64)

F(Vu,V?u) = G(A(Vu, VZu)).
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With 7(s,y) defined in (42), we still have (43)—(47). Similarly to (48), we have
F(V’U(s, y); VQU(S, y)) - F(vu(t, y); VQ’U(S, y))
=[0(M)7s(s,y) + O1) - Vy7 (s, y)]u(t, y)- (65)

Since we only work in regions where u; and € are very small, there
{A(Vu(t,y),0V?u(s,y) + (1 = ) VZu(t,y)) [ 0< 8 <1} C U.
Since G(A) is concave in A and A(p, N) is linear in N, F(p, N) is concave in N. So we have

F(Vu(t, y)7 V2’U(S, y)) - F(Vu(t, y)7 V2u(t, y))
< Fje(Vu(t,y), V2u(t,y)[vik(s, y) — ujn(t, y)],

where

OF(p, N
J

It is easy to see from (61) that for some universal constant C; > 1,
1 . .
C_1|€|2 < ij(Vu(t,y),Vzu(t,y))§j.£k < Cl|§|25 V& € R".
Next, still with ¢t = ¢(s,y) and (s,y) € QT and using (45), (46) and (47), we have

F(Vu(tay)a V2U($,y)) - F(V’U,(t, y)a V2U(t,y))

n—1 n—1

S _ut(ta y) [FOOTSS(Sa y) + 2 Z FOaTsya + Z FaﬂTyayﬂ]
a=1 a,f=1
n—1
— Foo(2 = To)uuts — 2 Y FoatioaTs + 1+ VyT, (66)
a=1

where ugy = ugy,, Fjr denotes Fji(Vu(t,y), V2u(t,y)), and n denotes some vector-valued
function in L{S (QF) which may vary from line to line.

The term —Fpo(2 — 75)ug 7s can be handled as in the proof of Theorem 1, by using Lemma
1 and Condition LC. We mainly need to show that

n—1

> Foatioa = O(1)uy. (67)

a=1

Fori<a<n-1,

DA(Vu, N);
Footon = Y, G- (8N0 ) LUa-

0<i,i<n—1

Observe that

PAVUN)y _ 1,
W = w(‘szO‘slﬂ +O0(M)w), 1<pB<n-1. (68)
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It follows that

n—1

0A(Vu, N
E FOa'U0a=E E Goti( a )OZU0a+O(1)Ut
a=1

8N0a
a>11>0
OA(Vu, N
=Y Goﬁ%uw +O0(1)uy. (69)
1 O

Since {A(Vu, N)}g>1 is linear in {Noq}o>1, we have, using Lemma 6,

> Foa-toa = Y Gop(A)Aos + O(1)uy = O(1) Y [Aos|* + O(1)uy

a>1 S A>1
=0(1) > |uogl* + O(1)uy.
821
Since u; > 0 and Vzut = 0(1) in 2Q, we have, using some well known inequality, see [§],
for some universal constant C,
S ey, (69)| < CValtr), ¥ (ty) € 9. (70)
jz1
With this, we obtain (67).
We deduce from (64)—(67) that

LT<0 in Q+, (71)
where
n—1 n—1 ¢ n
tt
L := Fy00,s + 2 Zl FOaasya + 'BZI Faﬁayay;i + F00(2 - Ts)u_tas - 0(1)63 - u_(zaya'
a= a,f=

Using Condition S and Lemma, 1, as in the proof of Theorem 1, we have

Foo(2 - TS)Z—t: >0 inQ. (72)

Let 7(s,y) be in (54) with € = 1, we derive from (72) that for § > 0 small,
L#>0 in Q. (73)

With (71) and (73), the rest of the proof of Theorem 2 follows as in the proof of Theorem 1.

4 A Variation of the Strong Maximum Principle

In this section we establish a result more general than Theorem 3. We consider F' €
CH(R x R* x S™*™) satisfying
OF
aNi]’
Theorem 4 Forn > 2, let F be as above, and let  be in (4). We assume that u,v € C%(Q)
satisfy (14), (15) and

(SapaN)é-ié-j >07 VfERn\{O}, V(s,p,N).

{z’f u(t,y) =v(s,y), 0<s <1, |y| <1, then there (74)

F(u, Vu, V?u)(t,y) < F(v, Vo, V?v)(s, ).
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Then either (16) or (17) holds.
Remark 5 The analogue of Theorem 4 in dimension n =1 was proved in [7].

Proof Suppose that (16) does not hold, then w(3,§) = v(5,§) for some (5,7) € Q.
Clearly, u:(3,5) = v(3,5) > 0 and, by the implicit function theorem, for (s,y) close to
(3,7) there exists a unique C? function ¢t = t(s,y) such that u(t(s,y),y) = v(s,y). Thus
F(u,Vu, V2u)(t(s,y),y) < F(v,Vv,V?v)(s,y). As in the proof of Theorem 1, (43)—(47)
hold near (§,7) with 7(s,y) = s — t(s,y). As usual these lead to L7 < 0 near (5,§) where
L = a;;0;; + b;0 with (a;;) positive definite. Since 7(5,%) = 0 and 7 > 0 near (5,7), we have,
by the strong maximum principle, 7 = 0 near (5,3). Namely u = v near (5,7). Theorem 4 is
established.

5 Partial Results on Open Problems 1-3

In this section we give some partial results on or related to Open Problems 1-3 and variations
of the Hopf Lemma.

5.1
Theorem 5 Let 2 be as in (4), and let u and v satisfy (5), (7), (8), (18), (9), (10) and

We assume that for some open set 0 e w Cw C {y € R" | |y| < 1},

% (0,9) <0, Vy € ow. (76)
Then .
%(0,0) -0, Yk>2.

Remark 6 It is clear from the proof that the conclusion of Theorem 5 still holds when the
mean curvature operator is replaced by the more general curvature operators in Theorem 4.

Proof We prove it by contradiction argument. Suppose the contrary, then for some integer
k>2,

OFu diu
—_— — = 1<:1<k—-1.
ik (0,0) #0, 5% (0,0) =0, <i<k (77)

By (76), (9) and Theorem 3, u > v in Q. Let QF be as in (37). Clearly for some ¢; > 0,
(t,0) € QF for all 0 < t < €. On the other hand, in view of (76) and (9), there exists some
€2 > 0 such that {(t,y) |0 <t < e} NQT =0, Vy € Ow. For 0 < € < min{ey, €2}, let

Qf ={(s,y) € Q" | 0< s <€}
Then QF is a nonempty open set satisfying

QF c{(s,y) | 0< s <€y € w} (78)
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Let t(s,y) and 7(s,y) be defined as in (40) and (42). Then 7 = s on 90} N {0 < s < €}, and
7> 0 on 9N} N {s = €}. Thus, for some constant ¢ = c(e) € (0, 1),

r—c(s+s3)>0 on ont. (79)

Let L be defined in (52). By (75), we still have (55), and therefore we still have 74 < 1
in Qt. Making € smaller if necessary, we have, as established in the proof of Theorem 1,
LT <0< L(s + s?) in Q. Thus

Lt —c(s+52)) <0 in QF.

It follows that T > c(s + s%) > ¢s in QF. With (77), we reach a contradiction by using the
argument towards the end of the proof of Theorem 1.

5.2
Let Q be as in (4), and let

f € COO([_]-a l]nil X (0,00)), (80)
uweC®), u>0 inQQ, (81)
u(0,y) =0, Vly| <1, (82)
and
Au(t,y) = f(y,u(t,y)) in Q. (83)
Assume, for some integer k > 1,
u(t,y) = t*ar(y) + O(**1), (84)
where
ag(y) >0, V|y <1 (85)

Theorem 6 Let Q and f be as above, and let u be a solution of (83) satisfying (81), (82),
(84) and (85).

!
(i) Ifk=1, then all {%u(o,y)}l>2 are determined by f and a1 (y).
a
i > — ' .
(ii) Ifk > 2, then both k and {Otlu(o’y)}»k are determined by f

(iii) If both u and v are solutions of (83) sat;sfying (81), (82), (84) and (85), so that by (i)
and (ii),

o o
_lu(oay) = _l/U(O,y), vlyl < ]-a l > k: (86)
ot ot

and u > v in Q, then v =u in Q.

Remark 7 The f in Theorem 6 is not assumed to be smooth up to v = 0, otherwise the
conclusion follows from classical results.
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Lemma 2 Assume (80)—(85) with k > 2. Then, for some constant C > 0,

sup | f(y,5) — ar(y) Ek(k — 1)s T |57 < oo, (87)
|ly|<1,0<s<1
m (v, ulty) =k(k—-1), uniformin |y| <1. (88)

t—0+ [U(;,y)]
Consequently, both k and ar(y) are determined by f.
Proof Write

u(t,y) = thag(y) + O(*1). (89)
Then
Au(t,y) = k(k — D)t*2ax(y) + O* ).
Set
s = u(t,y) = t*ax(y) + O(**).
We have
(s F b oz [ 2
t= [ak(y)] [1+0(s%)], ¢ [a (y)] +0(s%),

Ault,y) = k(k — Dag(y)*s = +0(s * ).

Estimate (87) follows from this and (83). It is easy to see from (87) that % is determined by f.
In turn, again from (87), ax(y) is determined by f.
By (87), we have, for some constant C' > 0,

k—2 k—1
| (v, u(t,y)) — k(k = Dar(y) Fult,y) = | < Cult,y) *, V]y| < 1. (90)
By (89),
lu(t,y) — tFar(y)| < CtF+t, Vg <1, 0<t< 1. (91)
By (90) and (91),
tim TG g D)t vy <1, (92)
t—0+ u(t, y)T
. ult,y)® 2
t1—1>1(1)1+ e ar(y)*, Vy <1 (93)

Estimate (88) follows from (92) and (93). Lemma 2 is established.

Proof of Part (i) and (ii) of Theorem 6 Because of Lemma 2, we only need to prove
!
that {a—u(O,y)} are determined by f and ax(y). We will prove it by induction.

ot! I>k+1
Write

u(t,y) = tPar(y) + "M ap 1 (¥) + - H " a1 (y) + tam(y) £ O™, (94)
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and we assume that m > k + 1, and ax(y), - ,am—1(y) are determined by f. We will prove
that an,(y) is also determined by f and ag(y).
Let

s:=u(t,y) = t'ag(y) + "M agpa (y) + - + t"am(y) + O™ ).

Then

1 1
Azz[ ° ]k {1+t ’“*1+---+tm—’“a—m+0(tm—’“+l)}’°.
ag ag

It follows that

A= t{l + -4 tm_k_lbm—k—l + tm—k]ij + O(tm_k+1)},
k

where {b;(y) }i<m—k—1 are determined by f and ax(y).

. d\ d’\ dm=k)\ .
Clearly, 1}1_r)r(1) 2 =1. We know that & o’ 2 ‘t o ’W‘t:o are determined by f
and ag(y). We now write ¢ in terms of \. First
dtix _
dx dt
. d .
Applying P\ to the above m — k 4 1 times, we have
&'t d (ﬁ)zdﬂ_ &t dA (ﬁf@_
d\? dt d\) dt2 77 d)X3 dt d\/ dt3 7 ’
dm k1t d dt \m—k+1 gm—k+1)
dAm—k+1 g T (ﬁ) P
Set A = 0 in the above. All the “---” contribute to quantities determined by f and a(y). There-
fore dt ﬁ‘ dm—_kt‘ are determined by f, and w w
d\Ix=0" d)2Ix=0" ~ d ™kl =0 e v dA\m—k+1 | =g = dtm—k+1 [1=g
is determined by f and ax(y). We also note that dtT’”f\ o= (m—Fk+ 1)!]?:]9—(5]). Tt follows
that

t=A+XNey) + -+ X" Fep_k(y) — /\m_k“]:;"k—((yy)) + AR e g (y) + O(N™TR2),

where ¢2(y), -+, ¢m_k+1(y) are determined by f and a(y).
Applying A to (94) yields

m—1
u(t,y) = Y 30 — D2 (y) +m(m — D™ *an(y) + O™ 1),
=k
where {a;(y) }k<j<m-1 are determined by f. Since f(y,u) = Au, we have

m—1
Z 3G = D 2ai(y) + m(m — D)t™ 2an(y) + O™ ).
=k
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Fork<j<m-—1,

. . j—2
t1—2 — )\.7—2{1 + X + -+ Am—k—lcm_k _ /\m—k am(y) + O(/\mfk+1)}3

kay(y)
= N2 My 4 X A 2 () o))
kay(y)
— /\]72 + /\]71d2 44 Am+]7k73dm_k _ J—/\m+]7k72am(y) + O(/\m-}—]fkfl)’
kay(y)

where da, - - ,dy—, are determined by f and ag(y).
The coefficient of a,,(y) in the above expansion of t*~2 is of order A™~2 ~ t™~2_ while the
coefficients of a,,(y) in the expansions of t/=2 for k < j < m — 1 are of higher order. Thus

fy,8) =N 2epa(y) + -+ A" Pem_z(¥) — (k= 1)(k — 2)A™ 2an(y)

+m(m — DA™ 2a,,(y) + A" 2epn_a(y) + OA™1),

where {e;(y)}r—2<j<m-2 are determined by f and ay(y). Since m > k+1, we have m(m—1) >
(k—1)(k—2). Therefore an(y) is also determined by f and a(y). Part (i) and (ii) of Theorem
6 are established.

To prove Part (iii) of Theorem 6, we can make use of the following

Theorem 7 Let w € C>®(f) satisfy
w>0 inQ,
0°w(0,y) =0, Vl]y| <1, Va,
and, for some positive constant Cy,
Aw < Cot% in €.

Then
w=0 1in.

Theorem 7 is an immediate corollary of the following kind of Hopf Lemma.

Theorem 8 Consider a domain Q in R* with C? boundary, and a positive function w in

Q, w € C®(N), satisfying: for some positive constant Cy,

Aw(z) < C w(z)

= Y0 dist(z, 00)2" (93)

Suppose w = 0 at some boundary point P. Then, along the inner normal to Q2 at P, close to
P,

w(z) > alz - P[*, (96)
where a is a positive constant and k > n satisfies

k(k —n) = Cy. (97)
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Proof Let Bg be an open ball in Q2 whose boundary touches 99 only at P. We may suppose
that its center is the origin and that P = (—R,0,---,0). Set |z| = r. By (95), w satisfies

Aw(z) < Cy w(@)

<S m in BR. (98)

We construct a comparison function h = (R — r)* with k satisfying (97). In the region

K::{xEBR‘x1<—§}

we have
R—r
< 1.
r
Then, in K,
k—2 R—r k—2
Ah=(R—r1) [k(k—l)—(n—l)k —L] > (R =) k(k - ).
Thus h
Ah > Cprot .
2Oy

Since w > 0 in €2, on the straight part of 0K, w > ch for some constant ¢ > 0. This same
inequality holds on the curved part of 0K since, there, h = 0. By the maximum principle it
follows that

w>ch in K,

and so (96) follows.

By choosing K much narrower one sees that (96) holds provided k(k — 1) > Cp; of course
a depends on k. An immediate consequence of this is the following kind of Hopf Lemma, in
which we may take k£ < 2.

Corollary 3 In a domain Q in R* with C? boundary, let w > 0, w € C?(Q), satisfy (95)
near 00, with Cy < 2. Suppose that at some boundary point P, w and its normal derivative
vanish. Then w = 0.

Remark 8 The proof of Theorem 8 applies also to a function w > 0 satisfying an elliptic
inequality

Lu(z) < Co distl(um(xa)n)f

Here Lw = a;jw;; + bjw; + cw is uniformly elliptic with bounded coefficients. The value of &
is, of course, different.

Returning to Theorem 6, we derive some further properties of f.

Lemma 3 Assume (80)—(85) with k = 1. Then

sup |f(y7 31) - f(ya 52)' < 0. (99)

0<s1<s2<1,|y|<1 |s1 — 82|
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Proof Write u(t,y) = tai(y) + t2a2(y) + t2az(y) + O(t*). Then
w(ty) =a1(y) + O), Au(t,y) =6as(y) + Ayai(y) + O(1).
Applying 0; to (83) yields

Aug(t,y) _ Bas(y) + Ayai(y) + O(F)
u(t,y) ai(y) + O(t)

Let s = u(t,y) = tai(y) + O(t?). Then

fu(y,u(t,y)) =

a1 (y) +O()-

It follows that
6as(y) + Ayai(y) + O(s)

1) =0 + o)

This implies (99). Lemma 3 is established.

Lemma 4 If k > 2, there exists some positive constant C' such that

fuly,s) < Cs ™%, V]y|<1,0<s<1.

Proof For k > 3,
ug(t,y) = kar()tF =1 + O@tF), Augt,y) = k(k — 1)(k — 2)ar(y)t" 2 + O(tF2).
Applying 9; to (83) gives
Au(t,y) = fuly, wue(t, y)- (100)

Write s = u = ax(y)t* + O(t*+1). We have

t=[ak(y] [1+0(sH).

Thus

2 _ 2 Buty) _ k(k—1)(k = 2)tF% + O(F?)
8* fuly,s) = u(t,y) kth=1 4+ O(t*)

= (k—1)(k—2) ass—0".

For k = 2, write u(t,y) = a2(y)t? + as(y)t> + O(t*). Applying &; to the above gives
wi(t,y) = 2a2(y)t + O(t%),  Auy(t,y) = 6az(y) + O(t).
We still have (100). Write s = u(t,y) = as(y)t2 + O(t>). We have

o} fuly,5) = 5 Au(t,y) _ g Bas(y) +O()  3as(y)
w8 w(t,9) 2taz(y) + O(%)  \Jaaly)

Lemma 4 is established.

as s = 0T,

Proof of Part (iii) of Theorem 6 For k = 1, it follows from Lemma 3 that

A(u—v) =0(1)(u—v) in Q.
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Since P
u=v20 inQ, S (u=-v)0y) =0, Vy <1,

we have, by the Hopf Lemma and the strong maximum principle, that v = v in Q.

Now we assume that k& > 2. Clearly, for any € € (0,1), there exists some positive constant
C such that

1
6t’c <wu,v <Ctt in (1-e€)Q. (101)
Using the equation satisfied by « and v, Lemma 4 and (101), we have

A(u—v) = fy,u) — f(y,0) = / Fuly, 00+ (1 — 6)0)d8(u — v)

u—7v

— 0(1)(u - v)/o but (1= 0p] F =0 2" in(1-00

If u > v in Q, then, by Theorem 7, u = v in (1 — €)Q2. Part (iii) of Theorem 6, where we have
u > v in (2, is established.

5.3
The following two theorems are not used in this paper.

Theorem 9 Forn =2, let Q be in (4), and let u and v satisfy (5), (7), (8), (18), (9), (13),
(75) and

if u(t,y) =v(s,y), 0 <s<1, < 1, then there
{f (t,y) = v(s,y) 1yl (102)

Au(t,y) = Av(s,y).

We also assume that if u;(0,5) = O for some |g| < 1, then for some integer k > 2, which may
depend on 7,

k
T L 0.9) £0. (103)

Then u =v in Q.

Proof It is easy to see that we only need to consider the following two cases:

Case 1 There exist —1 < a < 8 < 1 such that u;(0,y) = 0 for all y € («, 5)-
Case 2 There exist —1 <y~ < 0 < y* < 1 such that u;(0,y*) > 0.

In Case 1, we can find some point § € (a,3) and some even integer k¥ > 2 such that
0Fu(0,9) = O0Fv(0,9) > 0, and dfu(0,y) = dfv(0,y) = 0 forall 1 < i < k—1and all y
in some neighborhood of §. Without loss of generality, § = 0. By subtracting u(0,y) from
both » and v, we may assume without loss of generality that (19) holds. Now (84) holds with
Klag(y) = 0Fu(0,y) = 0Fv(0,y). Thus, for some § > 0,

w>v>0 in Q. (104)
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By (9), the map (¢,y) = (u(t,v),y) is a local diffeomorphism and, by the implicit function
theorem, ¢ is locally a smooth function of u and y in . Thus, in view of (9) and (19),

Au = f(y,u) in 69,

where f is some unknown smooth function in {(y,u) | v > 0, |y| < 1} and continuous in
{(y,u) | w > 0, |y| < 1}. By (104), for every (s,y) € 012, there exists some (t,y), with

0 < t < s, such that u(t,y) = v(s,y). Thus, by (102),
Av = f(y,v) in Q.

An application of Theorem 6 yields u = v near (0, 7). Theorem 9 follows in this case in view of
Theorem 4.

In Case 2, we still have (78) and (79) for small € > 0. As explained in the proof of Theorem
5, we still have 7, < 1 in Q. Thus we still have LT <0 < L(s+ sg) in QF and, for some ¢ > 0,
7> ¢(s + s2) on 9QF, where

L=0,+A,+(2- TS)Z—?aS —7- VT
Theorem 9 in this case follows as in the proof of Theorem 5.
Finally we include the following result.
Theorem 10 Let u be a C* function in the unit ball By in R™, n > 1, satisfying
Au(z) = V(2)u(z), =z € By, (105)
where V € C1(By \ {0}) satisfies, in polar coordinates (r,0), 6 € S*~1,

(r*V), == %(HV) >0 in B\ {0}. (106)

Assume that u vanishes of infinite order at the origin, i.e.,
0%u(0) =0 for all multi-index o = (a1, , ), a; > 0. (107)
Then u =0 in B;.

Proof We make use of ideas in Agmon and Nirenberg [1]. Using polar coordinates (r, ),
equation (105) takes the form

2Upr + (n — Dru, + Agu = r*Vu. (108)

Set r = e®. Then

Ug = Upe’, Ugy = Upr€Z® + ure® = r’u,,. + U,

and (108) takes the form
uss + (n — 2)us + Agu = r*Vu, (5,0) € (—oc0,0) x S" 1.

Because of (107),

2
lim max Y (|0iu(s,8)| + |0iu(s,8))e’* =0, Vb<O. (109)

s—>—o0fesSn—14
=0
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Set
¢ n—2

2

Since us = €**(vs + av), uss = €**(vys + 2av, + a’v), v satisfies

u=e*y witha=—

Vgs + Agv = mw, in (—o00,0) x S" L, (110)

where

m:= (n_2)2+r2V.

Consider

We will prove

Lemma 5

2

% logp(s) >0 whenever p(s) > 0. (111)

Proof By computation,
Ps = 2/ vusdf, pss = 2/ (vz + vvgs)db.
Sn—l Sn—l
So
Pss = 2/ v2df + 2/ v(—Agv + mv)df = 2/ [v2 + |Vgv|? +muv?]db. (112)

Next, by the Schwartz inequality,

2 A([fonr vsdh)?
Ps _ FJsn-1YUsD) < 4/ 216 113
P fSn—l v2df - S"—lvs . ( )

Multiplying (110) by 2v, and integrating in s from —oo to 0, and integrating over S™~1, we
find, using Green’s theorem,

8 8
/ vf — 2/ Vv - Vov = / / 2movs,
Sn—l —0 Sn—l —00 Sn—l
ie.,
8 8
/ f :/ |ngu|2 +/ / 2muov, :/ |ng|2 +/ mu? —/ / msv>.
Sn—l Sn—l —00 Sn—l Sn—l Sn—l —00 Sn—l

We know from (106) that ms > 0. Thus
/ v? < / [[Vov|> + mv?], s € (—o0,0). (114)
§n—1 §n—1

We deduce from (112)—(114) that

2
Pss > %, whenever p(s) > 0,
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which is equivalent to (111). Lemma 5 is established.

To prove Theorem 10, we only need to show that p = 0. Suppose p(s) > 0 for some
5 € (—00,0). By (111), log p is convex in any open interval where p > 0. So, for any interval
(=T, 5) where p is positive, we have

d
log p(s) > log p(3) + Elogp(g)(s -3, V-T<s<3s.
It follows from the above that p(s) > 0 for all —oco < s < § and, for some constant C,Cy > 0,
p(s) > Cre®?*, V¥V —oo0 < s < 3,

which violates (109). Theorem 10 is established.

6 Appendix

Let S™*™ denote the set of of real n x n symmetric matrices, and let O(n) denote the set of

real n X n orthogonal matrices. For N € S"*", we use |[N|:= > |Ngi|? to denote the
\/ o<ki<n—1

norm of N.
Lemma 6 Let G be a C? function defined on S™ ™ satisfying
G(O™'NO) =G(N), VN eS™" VYO € O(n).

Then, for some constant C' depending only on n and G,

- 9G
|;1 5 (V) Noa

n—1
<CY |Nogl’, VNes™, |N|<1.
B=1

Proof Let N denote elements in S™*™ satisfying
NOazﬁaozo, 1<a<n—1,
and let e denote elements in S™*™ satisfying
en=¢6xy=0 1<af<n-1

Consider the following function of e:

For N =N +e,

Clearly, h(0) = 0. For O = diag(—1,1,---,1),
O(N +te)O = N — te.
So h(e) = h(—e). Consequently, Vh(0) = 0. Since h is a C? function, we obtain
Ih(e)] < Clef.

Lemma 6 is established.
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