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1 Introduction

A classical theorem of Liouville says:
(1.1) ueC? Au=0, andu > 0in R” imply that u = const.
The Laplacian operator A is invariant under rigid motions: For any function # on
R"™ and for any rigid motion 7' : R” — R",
AwoT) = (Au)oT.
T is called a rigid motion if Tx = Ox + b for some n x n orthogonal matrix O
and some vector b € R”, It is clear that a linear second-order partial differential
operator
Lu := a;j(x)uij + bi(x)u; + c(x)u
is invariant under rigid motion, i.e.,
L(uoT) = (Lu)oT for any function u and any rigid motion T

if and only if L = aA + ¢ for some constants a and c.

Instead of rigid motions, we look at Mobius transformations of R” U {oco} and
nonlinear operators that are invariant under Mobius transformations. A map ¢ :
R” U {oo} — R" U {oo} is called a Mobius transformation if it is a composition
of finitely many of the following three types of transformations:

a translation : x — x + X where X is a given point in R”,

a dilation : x — ax where a is a positive number,

. . X
a Kelvin transformation : x — W
X
For a function u on R”, let
n—2
up = |Jy| 2 (uog)

where J,, denotes the Jacobian of ¢.
Let H(x,s, p, M) be a smooth function in its variables, where s > 0, x, p €
R”, and M € S™", the set of n x n real symmetric matrices. We say that a
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second-order fully nonlinear operator H(-,u, Vu, V?u) is conformally invariant
if
H(-,ugp, Vg, Viuy) = H(-,u,Vu,V?u) o g

holds for all positive smooth functions u and all M&bius transformations ¢.
For a positive C2 function u, set
2 n+2 2n 2n
u.— T n— 2 T T n—2
A .——n_zu 2V u+(n_2)2u 2Vu ® Vu
2
(n—2)?

(1.2) w2z |Vul 21
|Vwl|?

2
= Ay == wVw — I withw =u"n-2,

where I denotes the n x n identity matrix.
Let ¢ be a Mobius transformation; then for some n x n orthogonal matrix func-
tions O(x) (i.e., O(x)O(x)" = I), depending on ¢,

A" (x) = 0(x) A" (p(x)) O (x).

Thus it is clear that f(A(AY)) is a conformally invariant operator for all symmetric
functions f, where A(A") denotes the eigenvalues of A*.

It was proved in [17] that an operator H (-, u, Vu, V2u) is conformally invariant
if and only if it is of the form

H(-,u,Vu,Vu) = f(A(4%)),

where f(1) is some symmetric function in A = (41,...,4,). Due to the above
characterizing conformal invariance property, the operator A,, is called the confor-
mal Hessian of w.

Taking f(A) = 01(A) := A1 4+ --- 4+ A,, we have a simple expression:

(1.3) o1 (A(A%)) = — 2u—%Au.

In general, f(A(A%)) is a fully nonlinear operator and is rather complex even for
f(A) = ok (A), k > 3, where

okM) = D> Ay Ay

1<ij<-<ix<n

is the k™ elementary symmetric function. The expression for o7 is still quite pleas-
ant:

a2 (M(A")) = 5 (01(A(4)* = (4)TA").

N =
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Let
(1.4) I' C R” be an open convex symmetric cone with vertex at the origin
satisfying
n
(1.5) Fnzz{klki>O,1§ifn}CFC{MZAi>O}=:F1.
i=1

I' being symmetric means that (Ay,...,A,) € I" implies (4;,,....4;,) € T for
any permutation (i1, ...,i,) of (1,...,n).

For 1 < k < n, let I'; be the connected component of {A € R" | o (1) > 0}
containing the positive cone I';;. It is known (see, for instance, [2]) that ['; satisfies
(1.4) and (1.5). In fact,

Ty = (A eR" [ o1(A),...,06 (1) > O}

Let © be an open subset of R”; we consider

(1.6) A(A") € T inQ
or
(1.7) A(Ayp) € 0T in Q.

It is easy to see that in dimension n > 3

(1.8) A¥ = Ay, for any positive C? function w and u = w_n%.

Equations (1.6) and (1.7) are fully nonlinear second-order degenerate elliptic equa-
tions. Fully nonlinear second-order elliptic equations with A(V?u) in such gen-
eral I were first studied by Caffarelli, Nirenberg, and Spruck in [2].

Equations (1.6) and (1.7) have obvious meaning if ¥ and w are C 2 functions. If
they are in Cliél (£€2), the equations are naturally understood to be satisfied almost
everywhere. We give the notion of viscosity solutions of (1.6) and (1.7).

DEFINITION 1.1 A positive continuous function w in €2 is a viscosity superso-
lution (respectively, subsolution) of (1.7) when the following holds: if xo € €2,
¢ € C2(R), (w—¢)(xg) =0,and w — ¢ > 0 near xo, then

A(Ap(x0)) e R"\ T

(respectively, if (w — ¢)(xo) = 0 and w — ¢ < 0 near xo, then A(4,(xo)) € ).
We say that w is a viscosity solution of (1.7) if it is both a supersolution and a
subsolution.



1296 Y. LI

Similarly, we have the following:

DEFINITION 1.1” A positive continuous function u in an open subset  of R”,
n > 3, is a viscosity subsolution (respectively, supersolution) of (1.6) when the
following holds: if xo € 2, ¢ € C%(RQ), (u — ¢)(xg) = 0, and u — ¢ < 0 near xo,
then
A(A%(xp)) e R"\ T.

(respectively, if (u — ¢)(xo) = 0 and u — @ > 0 near xq then 1(4%(xg)) € T).

We say that u is a viscosity solution of (1.6) if it is both a supersolution and a
subsolution.

Remark 1.2. In dimension n > 3, a positive continuous function u is a viscosity
subsolution (supersolution) of (1.6) if and only if w := u=2/(1=2) i 4 viscosity
supersolution (subsolution) of (1.7). This is clear in view of (1.8).

Remark 1.3. Viscosity solutions of (1.7) are invariant under conformal transforma-
tions and multiplication by positive constants. Namely, if w is a viscosity superso-
lution (subsolution) of (1.7) then, for any constants b, A > 0 and for any x € R”,
bw is a viscosity supersolution (subsolution) of (1.7), £(y) := %w(x + by)isa
viscosity supersolution (subsolution) of A(Ag) € AT in{y | x + by € Q}, and

ly —x[2\? A2(y —x)
n(y) = (—y Ax ) w(x+—|yy_x|§)

is a viscosity supersolution (subsolution) of A(4,) € oI" in
A2 (y —
Ao =0 )26) € SZ}
|y — x|
One of the two main theorems in this paper is the following Liouville theorem

for positive locally Lipschitz viscosity solutions of

(1.9) A(Ayp) € T inR",

{y‘x—i—

THEOREM 1.4 For n > 3, let T satisfy (1.4) and (1.5), and let w be a positive
locally Lipschitz viscosity solution of (1.9). Then w = w(0) in R™.

Remark 1.5. Forn = 2, I" = I'y, the conclusion does not hold. Indeed, w = e*!
satisfies A(Ay) € dI'1. In fact, A(Ay) € 0I'y is equivalent to Alogw = 0 in
dimension n = 2.

Theorem 1.4 can be viewed as a nonlinear extension of the classical Liouville
theorem (1.1). Indeed, in view of (1.3), the Liouville theorem (1.1) is equivalent to

ue C? A(A%) € Ty, and u > 0 in R” imply that u = const.

Such a Liouville theorem was proved by Chang, Gursky, and Yang in [3] for u €
Ch !, T =Ty, andn = 4; by Aobing Liin [16] foru € C\;', T = I'y,and n = 3;

loc oc ’

independently by Aobing Li in [16] and by Sheng, Trudinger, and Wang in [30] for
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ueC3r = 'y, k < n,and n > 3. By entirely different methods we established
in [26, 27] the following theorems:

Consider
(1.10) feCcl(T)n C%T) is symmetric in A;,
(1.11) f is homogeneous of degree 1,
(1.12) f >0, f -:ﬂ>omr flap =0
: ’ Ai EYY ’ ar >
n
(1.13) > fa =8 inT forsome§ > 0.

i=1

Examples of such (f,T") include those given by elementary symmetric func-
tions: For1 <k <n, (f,T) = (o]i/ k , I['y) satisfies all the above properties; see,
for instance, [2].
THEOREM A [26] Forn > 3, let (f,) satisfy (1.4), (1.5), (1.10), and (1.12),
and let u be a positive Clz)él solution of
(1.14) f(A(A") =0 inR".
Then u = u(0) in R™.
THEOREM B [27] Forn > 3, let (f, ') satisfy (1.4), (1.5), (1.10), and (1.12), and
let u be a positive locally Lipschitz weak solution of (1.14). Then u = u(0) in R".

Throughout this paper, by a weak solution of (1.14) we mean in the sense of
definition 1.1 in [26, 27], with F(M) := f(A(M)) and U := {M | A(M) € T}.
Our proof of Theorem 1.4 is along the line of [26, 27], which makes use of ideas
developed in [19, 23] in treating the isolated singularity of u at co.
Remark 1.6. Let (f, ') satisfy (1.4), (1.5),

f e C%T)issymmetricin A;, f >0inT, flor =0,
JA+w) = fA) VYAel pely,

and let 2 be an open subset of R”. If u is a Clé’cl solution of
(1.15) fA(4*) =0 inQ,

then it is a weak solution of (1.15). The proof is standard in view of lemma 3.7 in
[26, 27]. If u is a weak solution of (1.15), then it is clearly a viscosity solution of
(1.6).

The motivation of our study of such Liouville properties of entire solutions of
A(A%) € dT is to answer the following questions concerning local gradient esti-
mates of solutions to general second-order, conformally invariant, fully nonlinear
elliptic equations.

Let B3 C R” be a ball of radius 3 and centered at the origin.
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Question 1. Letn > 3, (f,I') satisfy (1.4), (1.5), and (1.10)—(1.13). For constants
0<b<ooand0 < h < 1,letu € C3(Bj3) satisfy

(1.16) FO(A%)) =h, 0 <u < b, A(A*) € T in Bs.

Is it true that
[Vlogu| < C in By

for some constant C depending only on b and (f,")?

Let (M, g) be a smooth, compact Riemannian manifold of dimension n > 3.
We use ip and R;jx; to denote, respectively, the injectivity radius and the curvature
tensor. Consider the Schouten tensor

1 R
A= 1 (Rie, - Re ).
g n—z(wg 2(n—1)g)

where Ricg and Ry denote, respectively, the Ricci tensor and the scalar curvature.
We use A(Ag) = (A1(Ag)....,An(Ag)) to denote the eigenvalues of Ag with
respect to g.

Let g = ut/(n=2) g be a conformal change of metrics; then (see, for example,

reference [35]),
2

2n
Ay = ————u~1lv? — w3V \Y%
n_zu u+(n_2)2u U Vu

2 -2 2
——=u “|Vu|“g + A,
where covariant derivatives on the right-hand side are with respect to g.
For g1 = ut/(n=2) Zflat, With gg,e denoting the Euclidean metric on R”,
Ag, = uﬁA?j dx' dx’
where A" is defined in (1.2). In this case, A(Ag,) = A(4AY).

A more general question on Riemannian manifolds is the following:

Question 2. Let g be a smooth Riemannian metric on B3 C R”, n > 3, and let
(f, ') satisty (1.4), (1.5), and (1.10)—(1.13). For a positive number b and a positive
function h € C1(B3), letu € C3(B3) satisfy, with § := u*/ =2 g,

(1.17) S(A(Ag)) =h, 0<u <b, A(Az) €T, inB3.
Is it true that
(1.18) [Vlogulg < C in By

for some constant C depending only on b, g, ||A||c1(p5). and (£, T')?
For (f,T") = (O']i/ k, I'x), the local gradient estimate (1.18) on Riemannian man-
ifolds was established by Guan and Wang in [12]; see a related work by Chang,
Gursky, and Yang [3] where global a priori C? and C! estimates for f = 021 /2
and n = 4 were derived. Efforts at achieving further generality were made in
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[11, 13, 17, 30]. On locally conformally flat manifolds, “semilocal” gradient es-
timates were established and used in [17, 19] for (f,T") satisfying (1.4), (1.5),
(1.10), and (1.12) via the method of moving spheres (or planes). A consequence of
the semilocal gradient estimates is the following (see also lemma 0.5 and its proof
in [18]):

THEOREM C Under an additional assumption u > a > 0 in B3, the answer to
Question 1 is yes, but with the constant C also depending on a.

Remark 1.77. In Theorem C, assumptions (1.11) and (1.13) are not needed.

Equations (1.16) and (1.17) are fully nonlinear elliptic equations of u. Exten-
sive studies have been given to fully nonlinear equations involving f(A(V?u))
by Caffarelli, Nirenberg, and Spruck [2], Guan and Spruck [10], Trudinger [31],
Trudinger and Wang [33], and many others.

Fully nonlinear equations involving f(A (Vgu + g)) on Riemannian manifolds
are studied by Li [21], Urbas [34], and others. Fully nonlinear equations on Rie-
mannian manifolds involving the Schouten tensor have been studied by Viaclovsky
in [35, 36], by Chang, Gursky, and Yang in [3, 4], and by many others; see, for ex-
ample, [5, 22, 32, 37] and the references therein. Here we study, on Riemannian
manifolds (M, g), local gradient estimates to solutions of

(1.19) S (Aya/m-24)) =h, A(Aya/n-24) €T.
If we make an additional concavity assumption
(1.20) f € C*(I") N C°%T) is symmetric in A;and is concave in T,

then we have the following corollary of Theorem A and the proof of (1.39) in [17].

THEOREM 1.8 Let (M, g) be as above and let (f,T") satisfy (1.4), (1.5), (1.11),
(1.12), and (1.20). For a geodesic ball B3, in M of radius 3r < %io, letu be a C*
positive solution of (1.19) in B3,. Then

(1.21) IV(logu)llg < C i By,

where C is some positive constant depending only on (f,I'), upper bounds of
1/io, supp,, u, ||lc2(By,) and a bound of R;jx; together with their covariant
derivatives up to second order.

It has been observed independently by Wang in [38] that Theorem 1.8 follows
from Theorem A. The theorem is proved by Chen in [6] using a different method.
It is well-known, see, e.g., [2], that (£, ") = (a,i / k, ') satisfies the hypotheses of
the theorem.

Remark 1.9. It is easy to see from Section 3 that Theorem 1.8 holds under slightly
weaker hypotheses on (f,I'): Assuming that it satisfies the statements in (1.4),
(1.5), (1.12), and (1.20),

(1.22) lim inf f(sA) = oo forany compact subset K of I'
§—>00 AeK
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and

(1.23) inf (|x| > fa (A)) >§ for some § > 0.

A€, A= 5
The second main result in this paper is following:

THEOREM 1.10 Let (M, g) be as above and let (f,T") satisfy (1.4), (1.5), and
(1.10)—(1.13). For a geodesic ball By, in M of radius 9r < %io, let u be a C3
positive solution of (1.19) in Byy. Then (1.21) holds, where C is some positive con-
stant depending only on (f,T'), the upper bounds of 1/io, supg, u, [|1]c1(p,,)
and a bound of R;jy; together with their first covariant derivatives.

Remark 1.11. If (f,T") satisfies (1.4), (1.5), and (1.10)—(1.12) and f is concave
in I', then (1.13) is automatically satisfied; see [34]. Thus Theorem 1.10 implies
Theorem 1.8. The main point of Theorem 1.10 is that no concavity assumption is
made on f.

Remark 1.12. Replacing the function % in (1.19) by h(-, u) with
s72h(x,5) € C'(Boy x (0,00)) N L*(Boy x (0,5))

for all b > 1, estimate (1.21) still holds, with the constant C depending also on the
function /. This is easy to see from the proof of the theorem.

Remark 1.13. Once (1.21) is established, it follows from the proof of (1.39) in [17],
under the hypotheses of Theorem 1.8, that

IVz(ogu)llg < C in By,

where C is some positive constant depending only on an upper bound of 1/,
supp,, U, supg, ||Vullg, ||hlc2(p,,)- and a bound of R;jy; together with their
covariant derivatives up to second order.

A subtlety of the local gradient estimate (1.21) is that the bound depends on
an upper bound of u, but not on upper bounds of u~!. Global estimates of |Vu|
allowing the dependence of an upper bound of both u and u~! were given by
Viaclovsky in [36]; see a related work [21]. One application of the local gradient
estimate is for a rescaled sequence of solutions in the following situation: For
solutions {u;} of (1.19) in a unit ball B; satisfying, for some constant » > 0
independent of i,

supu; < bu;(0) — oo,
B

3) = — ( » )
v (y) = V; .
l u;i (0) u,—(O)ﬁ
One knows that

(1.24) v;(0) = Land v; (y) < b ¥|y| < u; (0)i=2

consider
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and v; satisfies the same equation with g replaced by the rescaled metric g®. One
would like to derive a bound of |Vv;| on {y | |y| < B} for any fixed § > 1.

Some time ago the author arrived at the following idea: Try to establish the
estimate of |Vv;| in two steps:

(1) To establish, for solutions u of (1.19) for general (f,T"), local gradient
estimates that depend on an upper bound of both 1 and u~!.
(2) To establish, for solutions u of (1.19) in B; satistying u(0) = 1, an esti-
mate on Bs of u~! from above, which depends on an upper bound of u.
Once these two steps were achieved, the needed gradient bound for solutions
{vi} satisfying (1.24) would follow. The reason is that we know from step 2 that
Vi > ain By for some a,d > 0 independent of i. Since —L ,)v; > 0 where Lga)
denotes the conformal Laplacian of ¢, and since g tends to the Euclidean
metric in C2_(R™), we have, for any 8 > 2,

loc
v = Ei on Bﬂ \ Bs,
where §; is the solution of
Lo =0 inBg\ Bs, & =a ondBs, & =0 ondBg.
Clearly,

apn—25mn—2 ( 1 1

§i = prn—2 _gn=2\ [x|n—2 - gn—2

This provides an upper bound of v;” L on Bg />, and the desired estimate follows
from step 1.

Aobing Li and the author then started to implement this idea. Step 1 for locally
conformally flat manifolds was known to us; see Theorem C. We established step 1
on general manifolds and for general (£, I"):

THEOREM D [20] Let (M, g) be as above and let ( f,T") satisfy (1.4), (1.5), and
(1.10)—(1.13). For a geodesic ball By, in M of radius 9r < %io, let u be a C3
positive solution of (1.19) in Bo, satisfying, for some positive constants 0 < a <
b < oo,

) uniformly in Bg \ Bs.

a<u<b onBy,.
Then (1.21) holds, where C is some positive constant depending only on a, b, 6,

the upper bounds of 1/io, |hlc1(B,,) and a bound of R;jy; together with their
first covariant derivatives.

This result was extended to manifolds with boundary under prescribed mean
curvature boundary conditions in [15]; see theorem 1.3 there. The proof of The-
orem D uses Bernstein-type arguments. The choice of the auxiliary function ¢ in
the proof is similar in spirit to that in [21, 36]: finding a ¢ that satisfies on a finite
interval some second-order ordinary differential inequalities (see (A.3)). If the dif-
ferential inequalities (A.3) had a bounded solution ¢ on a half-line («, co0), then
Theorem 1.10, without the assumption ¥ > a > 0, would have been proved by
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the same method. However, the differential inequalities do not have any bounded
solution on any half-line.

The method the author had in mind for step 2 was to obtain, via Bernstein-type
arguments, a bound on |V®(u)| = |®'(u)Vu| for an appropriate ®. For instance,
|V(u®)| < C fora < 0is weaker than |V logu| < C, and it becomes weaker when
« is smaller. On the other hand, an estimate of |V (u%)| for any o < 0 would yield
an upper bound of u~! near the origin. In principal, estimating |V (u%)| for very
negative « should be easier than estimating |V logu|. However, we encountered
some difficulties in completing this step.

The author then took another path that requires establishing appropriate Li-
ouville theorems for general degenerate, conformally invariant equations (1.14).
What is needed is to prove that any positive locally Lipschitz function u satisfying
(1.14) in an appropriate weak sense must be a constant. In [26], a notion of weak
solutions, tailored for the application to local gradient estimates, was introduced.
Such a Liouville theorem for Cléc weak solutions of (1.14) is established there. My

first impression was that weakening the regularity assumption from Cléc to Clg’cl

(locally Lipschitz) is perhaps a subtle borderline issue whose solution would re-
quire some new ideas beyond those used in [26]. It turns out, to our surprise, that

this only requires some modification of our proof of the Liouville theorem for Cl(l)C

weak solutions. The improvement, Theorem B, is given in [27]. Theorem B, to-
gether with Theorem C, is enough to answer Question 1 affirmatively; this can be

seen in the proof of Theorem 1.10.

With the help of the Jensen approximations (see [1, 14]), we can further extend
Theorem B for positive, locally Lipschitz viscosity solutions. The theory of viscos-
ity solutions for nonlinear partial differential equations was developed by Crandall
and Lions in [7]. Its basic idea also appears in earlier papers by Evans [8, 9].

Theorem 1.4 allows us to, by using Theorem D, first establish a local Holder
estimate of logu instead of the local gradient estimate of logu. With the Holder
estimate of logu, which yields the Harnack inequality of u, we then obtain the
local gradient estimate of log u by another application of Theorem D.

The following problem looks reasonable and worthwhile to the author: using
the Bernstein-type arguments to complete the above-mentioned step 2, without any
concavity assumption on f, by choosing an appropriate ®.

One important ingredient in our proof of Theorem 1.4 is a new proof of the
classical Liouville theorem (1.1) that uses only the following two properties of
harmonic functions.

Conformal invariance of harmonic functions: For any harmonic function u,
and for any Mobius transformation ¢, u, is harmonic.

Comparison principle for harmonic functions on balls: Let B C R", n >
2, be a ball centered at the origin. Assume that u € C2_ (B \ {0}) and

loc
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v € C2(B) satisfy
Au=0,u>0, inB\{0}, Av=0 inB,

and
u>v ondB.
Then
u>v inB\{0}.
It is easy to see from this proof of the Liouville theorem (1.1) that the following
comparison principle is sufficient for a proof of Theorem 1.4.

PROPOSITION 1.14 (Comparison Principle) Let 2 C R”, n > 3, be a bounded
open set containing m points Sy, = {P1,..., Pm}, m > 0, v € COLQ \ Sin),
and w € COY(Q). Assume that w is a viscosity supersolution of A(Ay) € T in
Q\ Sm, v is a viscosity subsolution of A(Ay) € o in Q \ Sy, and

w>0inQ, v>0inQ\ Sy, w>v ond.
Then

1.25 inf (w—v)>0.
(1.25) sz\sm( )
Remark 1.15. The proposition was proved in [26, 27] under stronger hypotheses:
Instead of C%! viscosity super- or subsolutions, they were assumed to be C %!
weak super- or subsolutions that include C !*! super- or subsolutions.

Remark 1.16. Our equation A(Ay) € dI', or (1.14), does not satisfy the usual
requirement of the dependence on w or u in the literature on viscosity solutions.

Remark 1.17. The proof of Proposition 1.14 for m > 1, which makes use of the
method developed in [19] (proof of theorem 1.3), [23] (theorems 1.6-1.10) and
[27] (theorem 1.6 and remark 1.8) in treating isolated singularities, is much more
delicate than that for m = 0, So = @. For m = 0, the conclusion of the above
theorem still holds in dimension # = 2. On the other hand, the conclusion does
not hold in dimension n = 2 for I' = I'; if m > 1. See the example below.

Example. Let w(x) = (1 + €)e=1/D¥1 y(x) = e~ W/DxIxI2 ¢ 5 0, Clearly
w e C®(B1),v e C®(B;\{0}), w > von dBy, and they are positive functions.
Since x1 is harmonic in By and xp|x|~2 is harmonic in B; \ {0}, we know that
wAw — |Vw|?> = 0in By and vAv — |Vv|?> = 0in By \ {0}, i.e., A(Ay) € 0T} in
By and A(Ay) € 9"y in By \ {0}. However, infg,\ (o} (w — v) < O for small e.

To prove Theorem 1.4, we only need Proposition 1.14 form = 1 and w €
C%1(Q) a viscosity supersolution of A(A4y) € o' in Q. In fact, we only need a
weak comparison principle that assumes a priori w > v in Q \ {0}; see [28].

THEOREM 1.18 For n > 3, let I satisfy (1.4) and (1.5), and let u be a positive,
locally Lipschitz viscosity solution of

(1.26) A(A%) € OT  inR™\ {0}
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Then
(1.27) uxa(y) Su(y) VO<A<|x|, [y—x[=21, y#0.

Consequently, u is radially symmetric about the origin and u'(r) < 0 for almost
all0 <r < oo.

The result was proved in [26, 27] under stronger hypotheses: assuming u is a
Ckl)’c1 ora Clgél weak solution of (1.26).

In the rest of this introduction we assume that (M, g), n > 3, is a smooth com-
pact Riemannian manifold with nonempty smooth boundary dM. Let i, denote
the mean curvature of dM with respect to the outer normal (a Euclidean ball has

positive mean curvature). For a conformal metric § = u*/=2) it is known that

_n—2 ou n—2
h§=u 2 (—E+ 5 hgu),

where vg denotes the unit outer normal. We study

f(A(AuM(”—Z)g)) = Wv

(1.28) /\(Au4/(n—2)g) el on 01 \aM,
—33711, + "2;2hgu = n(x)u™ =2 on 0, N IM,

where O is an open set of M, ¥ € C%(0y),and n € C%(0; N IM).

THEOREM 1.19 Assume that (M, g) is a smooth, compact, n-dimensional (n > 3),
Riemannian manifold with smooth boundary oM, and that (f,T") satisfies (1.4),
(1.5), and (1.10)=(1.13). Let Oy be an open set of M, and let u € C3(01) be a
solution of (1.28). If

O<u<b on0O
for some constant b, then, for any open set O of M satisfying O, C Oy,
(1.29) |V(logu)lg < C on Oy

for some positive constant C depending only on n (f,T"), (M, g), ¥, n, b, Oy,
and O».

Remark 1.20. For (f,T") satisfying a more restrictive condition (H;) defined in
[17], which includes all (o,i/ k, I'x), estimate (1.29) was established in [15].
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Remark 1.21. Replacing the function i and 7 in (1.28) by ¥ (-, u) and n(-,u),
respectively, satisfying
ST (x.5) € C2(0; x (0,00)) N L¥(01 x (0.1)))
and
ne C3((01 NAM) x (0,00)) N L®°((01 N M) x (0,b))

for all b > 1, estimate (1.29) still holds. This is easy to see from the proof of the
theorem.

Let
R = {x = (x",xp) e R" | x" = (x1,....,Xp—1),xn > O}

denote the half Euclidean space, and let Qt C R’ be an open set. We use the
notation

et =0t nR%, et =9Qt\yQt.

The following definition is standard:

DEFINITION 1.22 A function u € C%(%) is said to satisfy

“ <0 (resp., > 0) ond'Q™"
dxy

in the viscosity sense, if ¥ € ¢'Q*, ¥ € C1(QT), and u — ¢ has a local minimum
(respectively, local maximum) at x, then

Y

(1.30) —(x) <0 (resp., > 0).
dxy,
Similarly, we define
du ou fot oo
<0 or >0 ond Q7 in the viscosity sense
0xp Xn

by making the inequalities in (1.30) strict. We say that ;7"” = 0on dQ7 in the

viscosity sense if both ;T”n < 0and 8% > 0 on &'Q7T in the viscosity sense.

THEOREM 1.23 Let T satisfy (1.4) and (1.5), and let u € C%! (M) be a positive
viscosity solution of

(1.31) A(A") e o' inR%
satisfying, in the viscosity sense,

du
(1.32) o, =0 ondR%.

Thenu = u(0) in R™.
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Theorem 1.4, Theorem 1.8, and Theorem 1.10 were announced in [25], and the
proofs were given in [24]. The proof of Theorem 1.4 in this revised version of [24]
is improved in presentation.

The paper is organized as follows: In Section 2 we prove Proposition 1.14,
Theorem 1.4, and Theorem 1.18. In Section 3 we prove Theorem 1.8. In Section 4
we prove Theorem 1.10. In Section 5 we prove Theorem 1.23 and Theorem 1.19.
In the Appendix we give, for the reader’s convenience, the proof of Theorem D.

We end this introduction with a question related to Theorem 1.4. Let I" satisfy
(1.4) and (1.5), and let E € C°(R” x R4 x R") satisfy

E(x,as,ap) = aE(x,s,p) VYa,s >0, x,p € R",
and
E(x,1,00=0 VxeR"
Assume that w is a positive function in C *°(R") satisfying
(1.33) A(V2w + E(x,w,Vw)) € 3T Vx € R™.
Question 3. Under what additional hypothesis on E does the above imply that

w = w(0) on R”? What if w has less regularity, e.g., in Ckl)’c1 (R™), or a locally
Lipschitz viscosity solution of (1.33)?

‘We know from Theorem 1.4 and Remark 1.5 that for

\v4 2
E(x,w,Vu))z—| w|
the answer is yes in dimension #n > 3 and no in dimension n = 2. What about
Vw|?
E(x,w,Vw)Eb| | 1

for other constants b?

2 Proofs of Proposition 1.14, Theorem 1.4, and Theorem 1.18

We first give a new proof of the classical Liouville theorem (1.1). For every
x € R™ and for every A > 0, let

n—2 2 _
ux 1 (y) = A—u(x + M)

ly —x|n—2 ly — x|?

We know that uy ; = u on dBy(x), u € C%(B; (x)), Uy ) € CO%B;(x) \ {x}),
and u and u, 5 > O are positive harmonic functions in B (x) and By (x) \ {x},
respectively. Note that we have used the conformal invariance of harmonic func-
tions to obtain the harmonicity of u ;. By the comparison principle for harmonic
functions on balls, uy 5 > u in By (x) \ {x}, which is equivalent to u, ; < u in
R™\ By (x). It follows that v = u(0); see, e.g., lemma 11.2 in [29] or lemma A.1
in [19].
Now we have the following:
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PROOF OF THEOREM 1.4 USING PROPOSITION 1.14: For every x € R” and
forevery A > 0, applying Proposition 1.14 tou and u, 3 on By (x) yields uy 5 > u
in By (x) \ {x}. This implies u = u(0). g

PROOF OF THEOREM 1.18 USING PROPOSITION 1.14: For every x € R” \
{0} and for every 0 < A < |x/|, applying Proposition 1.14 to u and u ; on By 1 (x)
yields uy 3 > uin By (x)\{x, |x|72(|x|>=A?)x}, i.e., (1.27) holds. It follows that
u is radially symmetric about the origin and u’(r) < 0 for almost all 0 < r < 00;
see, e.g., [23]. O

In the rest of this section we give the following proof:

PROOF OF PROPOSITION 1.14: We prove by induction on the number of points
m. We start from m = 0 with Sy = @.

Step 1. Proposition 1.14 holds for m = 0.
Because of Remark 1.3, we only need to show that w > v in 2. We prove it by
contradiction. Suppose the contrary: for some y > 0,

mgazlx(v—w)zy, v—w < —yon Q\Q,,

where Q,, 1= {x € Q | dist(x, 0R) > y}.
For small positive constants 0 < € < u < § < 1 that we specify later, let

B(y) = v() + up(y), () =7,
1
2.1 0€(y) := sup {ﬁ(X)Jré——lx—ylz},
xeQ €

. 1
we(y) ;= inf {w(x) —€e+ —|x — ylz}.
xeQ €

v has been used in [26, 27]. v€ and w, are Jensen approximations whose useful
properties can be found in theorem 1.5 and lemma 5.2 in [1]. We list below some

properties that we need.

2.2) ¢ and we are punctually second-order differentiable a.e. in €2,
(2.3) V25€ > —%I, V2w, < %1, in Qy.

For any x € Q,, there exist x* = x*(x) and x4« = x4(x) in Q such that
(2.4) €(x) = ﬁ(x*)+€—%|x*—x|2,
(2.5) We(x) = w(xs) —€ + élx* —x|?,
(2.6) [x* — x| + |x« — x| < Ce,

2.7) V€| + |[Vwe| < C  in Qy,
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where C denotes various positive constants independent of u, §, and €. We shall
use this notation in what follows as well. The punctual second-order differentia-
bility is defined as in definition 1.4 in [1]. Properties (2.2)—(2.5) can be found in
[1] that hold for continuous w and v. Property (2.6) follows from the proof of (5)
in lemma 5.2 in [1] by using the Lipschitz regularity of w and v. Property (2.7)
can easily be deduced as follows from (2.4)—(2.6) by again using the Lipschitz reg-
ularity of w and v: For any y and z in 2, we have, by (2.4) and the definition
of v€,

*

. R 1
f00>v@—Z+Zﬂ+e—gk —z[?

=0(y—z2+2") -0 +9°(2)
0¢(z) = Cly — z|.

This gives the bound of V€| in (2.7). The bound of |Vwe| can be obtained simi-
larly.

Using the Lipschitz regularity of v and w, it is easy to deduce from (2.4)—(2.6)
that

A%

[0 — 0| + |lwe —w| < Ce  in Q.
Thus, for small € and w, there exists 1 < be < C such that
ﬁe_bewe S_V inQ\Qy,

mgazlx{ﬁe —bewe}y = €.

Let & := € —bcwe, and let FS? denote the concave envelope of £ := max{&., 0}
on Q. By (2.3),

C
V% > ——1 inQ,.
€
Thus, by lemma 3.5 of [1],
/ det(—V2F$+) > 0.
{&:FEJ}

It follows that the Lebesgue measure of {& = F$+} is positive. By (2.2), there
exists xe € {& = F$+} such that both ¢ and we are punctually second-order
differentiable at x.. Clearly, for small €, x¢ € 2,

(2.8) 0 < ée(xe) <k,
2.9) |[VEc(xe)| < Ce,

(2.10) V2E.(xe) = V20¢(xe) — be Viwe(xe) <0,
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1 T2 2
(2.11) We(Xe + 2) > We(xe) + Vwe(xe) - 2 + EZ VZwe(xe)z — o(|z]9),

N N . 1 .
(2.12) 0¢(xe +2) < 0(xe) + VO(xe) - 2 + Evazve(xe)z + o(|z]?).
By the definition of 0€, we have, with (x¢)* = (x¢)*(x) as in (2.4),
N N 1
D€ (xe +2) = 0((xe)* +2) + € — EKXE)* — xe|?

’

and therefore, in view of (2.12) and (2.1),
R 1
v((xe)* +2) < 0(xe +2) —€+ Zl(xe)* — xel> — po((xe)* + 2)

< Qe(2) + o(|z),
where Qc(z) is the quadratic polynomial with

1
0e(0) = 0(xe) —€ + EKXE)* - xe|2 — np((xe)™)
= 0°(xe) — np((xe)™) + Ofe),
VOe(0) = Vi(xe) — uVo((xe)™),
V20c(0) = V25¢(xe) — uV2p((xe)™),

where |O(€)| < Ce.
By (2.4) and (2.1), Q¢(0) = v((x¢)*). Since v is a viscosity subsolution of
(1.7), we have

(2.13) A(Ag.(0) eT.
For small 0 < € < u < §, we have, as in the proof of lemma 3.7 in [26, 27], that
[p((xe)*) + O(5)]
Ap.(0) < |1- &
00 = (1055
I

]
- %[(p((xe)*) + 0(% + 3)}36(&)1.

Similarly, using (2.11) and the definition of we, we have

)Aﬁf (xe)
(2.14)

1
W((re)s +2) = We(xe +2) + € = —|(xe)x = xel* = Pe(2) —o(l2]?),
where P¢(z) is the quadratic polynomial with
1
Pe(0) = we(xe) + € = ~|(xe)e = xel” = we(xe) + O(e).
VP(0) = Vwe(xe), VZPe(0) = VZwe(xe).

By (2.5), P<(0) = w((x¢)«). Since w is a viscosity supersolution of (1.7), we have
(2.15) A(Ap_(0)) e R"\ T.
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By (2.7),
1
(2.16) Ap.(0) = [We(xe) + 0(€)]Vwe(xe) — 5|vw€(x€)|2 I
= (1 + 0(6)) Au, (xe) + O(e).
By (2.10),
Ay, (xe) > %Aﬁs(xe)
1 (bewe(Xe) o e 2 5
@(Txe)|vv (xe)l V(bewe)(xe)l )1.
By (2.8) and (2.9),
M—l < Ce, |V1A}E(x€)—V(bew€)(xe)| < Ce.
¢ (Xe)

It follows, in view of (2.7),

DeeXe) |G 5e )P — [V (bewe) (xe)P] < Ce
V€ (xe)
and
2.17) A (x0) > 25D 4 (o) = Cer

be € (xe)
By (2.16), (2.17), and (2.14), we have, after fixing some small 0 < u < &,
Ap.(0) = a(i,8)Ag(0) + b(i, )T — C(u, 8)el,
where a (i, 8), b(u, 8), and C(u, §) are some positive constants independent of ¢.
Now fix € > 0 such that b(u, §) — C(u, §)e > 0; we deduce from (2.13), using the
properties of I', that A(Ap_(0)) € I'. This violates (2.15). Step 1 is established.
Step 2. Proposition 1.14 holds for m if it holds for m — 1.
Now we assume that the proposition holds for m — 1 points, m — 1 > 0, and we
will prove that it holds for m points. We prove (1.25) by contradiction. Suppose it
does not hold, then

inf (w—v) <O0.
Q\Sm( ) <

By shrinking €2 slightly and working with the smaller one, we may assume without
loss of generality that w is C %! in some open neighborhood of . Let

n—2

_n=2 _
u:=v" 2 and £:=w" 2.

Then

inf (u—§) <0, > 092,
Q1\nSm(u §) < u > £ on

u is a viscosity supersolution of

(2.18) A(A%) € 0T inQ\ Sp.
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and £ is a viscosity subsolution of
1A% e T in Q.

For a positive C? function ¥, A¥ (x¢) € T implies Ay(xg) < 0. So by the
definition of u being a viscosity supersolution of (2.18),

Au <0 in Q\ S, in the viscosity sense.
It follows, from using also the positivity of u, that

inf u > infu > 0.
Q\Sm A0

Thus, for some 0 <a <1,

inf (u— = 0.
Ql\nsm(u af)

Since we can use @~ 'u instead of u, we may assume without loss of generality that

a = 1. So we have, in addition,

inf (u—§)=0.
Ql\nsm(u §)

Let Py, be the origin, and let
Q:=Q\ Sm_1. Sm—1:={P1....,Pm_1}.
LEMMA 2.1 There exists € > 0 such thatu = & = £(0) in B¢ \ {0}.

PROOF OF LEMMA 2.1: We first claim that

(2.19) liminf(u — £)(y) = 0.
ly|—0

If (2.19) did not hold, there would be some € > 0 such that infg_\(oy(u — &) > 0,
ie.,

(2.20) inf (w—v)>0.
Be\{O}( )

Since the singular set of v in Q \ B is S;;—1, which contains only m — 1 points,
we have, by the induction hypothesis,

inf (w—v)>0.
(Q\BI\Spm—1

This and (2.20) violate (2.19).
Now let

D&, x, A y) = A6 (x + ).

Since ®(£,0,1;-) = £ and u > £ on 02, we can fix some €4 > 0 so that |x| < €4
and |A — 1| < €4 guarantee

(2.21) u>oE, x,A;-) ondQ.
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For such x and A, if we assume both
(2.22) inf [u — @&, x,4;-)] =0
Q\{0}
and
liminf [u(y) — ®(§,x,4;y)] > 0,
|¥|—0

we would have, for some €, €/ > 0,
(2.23) u(y) — o, x,A;y) > VO<|y| <e.
Let
W) = ul). E0) = EG+ )
We know from (2.21) and (2.23) that & > gon A\ Be), ie.,
v < )L_%w(x +-) ond(R\ Bo).

Since A2/("=2y(x + -) is still a viscosity supersolution of (1.7), while the sin-
gular set of v in Q \ Be¢ is S;,;—1, which contains only m — 1 points, we have, by
the induction hypothesis,
_inf [)L_n%Zw(x +-)—v]>0,
(Q\B)\Sm—1
ie.,

_inf [u—PE, x,A;-)] > 0.
(Q\B)\Sm—1
This and (2.23) violate (2.22), which is impossible. We have proved that (2.22)
implies

liminf [u(y) — ®(&,x,A;y)] = 0.
ly|—0

Therefore we can apply theorem 1.6 in [26, 27] to obtain, in view of (2.19), u =
& = £(0) near the origin. Lemma 2.1 is established. O

Because of Lemma 2.1,
(2.24) v=w=w(0) in B,

and therefore v is a viscosity solution of A(A4,) € ' in B.. Thus v € Clg’cl (Q\
Sm—1) is a viscosity subsolution of A(A4,) € dT" in Q \ S;,—1. By the induction
hypothesis, we have

inf —v) > 0.
Q\lgvlm—l(w v)

This violates (2.24), which is impossible. Step 2 is established. We have therefore
proved Proposition 1.14.

g
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3 Proof of Theorem 1.8

PROOF OF THEOREM 1.8: Suppose the contrary of (1.21); then in B;, the ball
in R” of radius 2 and centered at the origin, there exists a sequence of C* functions
{u;}, C? functions {/; }, and n x n symmetric positive definite C* matrix functions

(al(z (x)) satisfying, for some a@ > 0,
1 i _
3.1) a:|s|2 <aD()E'e™ <alg)® Vx e By, £ €R”,
(32) lagallcssy: hillcasy <@ 0 <ui <a on Ba,
and, for the Riemannian metric,
(3.3) gi = al(Z(x)dxl dx™,
f()t(Au;t/m—z)gi)) = hi, A(Au?/m—z)g[) el in By,

sup |Vlogu;| — oo.
B2

3.4)

It follows, for some x; € By, that

(1= |x: DIV Iogu; (x;)| = gl&xl(l — [xDIVIogui(x)| — oo,

where

x| = [ Y ().
=1

Leto; := (1 — |x;])/2 and €; := (2|Vlogu;(x;)|)~L. Then

3.5 % 00, 2|Vlogu;i(xi)| = |Vlogu;(x)| V|x—xi| < oj.
€
Consider
1 ]
(3.6) vi(y) = ——ui(xi +€y). |yl <—.
u; (xi) €

Then v; (0) = 1 and, by (3.5) and the definition of ¢;,
o
3.7) Viogvi(y)| = 2Viogv; (0)| =1 ¥|y| < —.

1

Thus for any 8 > 1 there exists some positive constant C(f), independent of i,
such that

1
(3.8) —— =vi(y) =C(B) VIyl<B.
cp)
For g = al(i,)l(xi + eiy)dytdy™, yi = u,-(xi)_n;iZei_2 — 00, and x =
Xi + €Y,

o
(3.9)  f(yiAAy, s m-240)) = f(AAy, (x)3/0-2g,)) = hi, |y] < e_l

1
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By the proof of (1.39) in [17], applied to f(y; -), we have, for a possibly larger
C(B),

(3.10) V20 (»)] < C(B) V|y| <B.

. . 1 .
Passing to a subsequence, v; — v in Cloéa (R™) forall 0 < o« < 1, where v is a

positive function in Cklx’:1 (R") satistying |Vv(0)| = % In particular, v cannot be a
constant.

By (3.8), (3.7), and (3.10), |A(A,, (yy4/0-2g@)| = C(B) Y|y| < B. This and
(3.9) imply, in view of (1.12) and (1.22), that lim; 500 f(A(A4y, (yya/a—2 1)) =
0. Therefore v is a Cliél solution of f(A(AY)) = 0 in R”. By theorem 1.3 in
[26, 27], v is identically a constant, which is a contradiction. Theorem 1.8 is

established. O

It is easy to see from the proof that in Remark 1.9 assumption (1.23) can be
replaced by the following weaker one:

inf A28 (A)) =6 forsomed > 0.

4 Proof of Theorem 1.10

In this section we prove Theorem 1.10. We first introduce some notation. Let v
be a locally Lipschitz function in some open subset 2 of R”. For 0 < a < 1,
x € Q,and 0 < § < dist(x, 92), let

o [v(y) —v(x)]
[V]e.s(x) == sup T e
o<ly—x|<s |y —x|
oo if [v]a,dist(x,BQ)(x) <1,
8(v, X182, ) 1= 1 || where 0 < u < dist(x, 9Q) and p*[v]q. . (x) = 1
if [U]a,dist(x,BQ) > 1.

PROOF OF THEOREM 1.10: Before establishing the gradient estimate of log u,
we first prove the following Holder estimates:
1 —1
@1 sup | logu(y) —logu(x)|

<C(x) YO0<a<l.
[yl,|x|<r,|ly—x|<2r |y _X|a

Suppose the contrary of (4.1), then for some 0 < o < 1, there exist, in B»,
C3 functions {u;}, C! functions {A;}, and n x n symmetric positive definite C3

matrix functions (al(i,)l (x)) satisfying, for some a > 0, (3.1), (3.2), and

”“1(2”03(32)» lhillci(sy < a,
and (3.4) holds with g; given by (3.3), but

'gf S(logu;i, x) — 0,

X€ 1/2
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where
d(logu;i, x) := (logu;, x; Bz, o).
It follows, for some x; € By,
—1 — il = max —1 — x| —
d(logu;i,x;) |x|<1 8(logu;, x)

Let
1 _ .

4.2) 0; = 2|xl|, € = 6(logu;, xi).
Then

of
(4.3) — =00, € —0,

€]
and
4.4) €; <28(loguj,z) V|z—xi| <oi.

Let v; be defined as in (3.6) with the new ¢; as just defined. By the definition of
8(log Ui, xi),

[log vile,1(0) = € [logu;i]a.e; (xi)
= S(logu;, xi)*[log Uile, s(ogu; i) (Xi) = 1.

For any 8 > 1 and |x| < B, we have, in view of (4.3), (4.4), and the triangle
inequality, that for large i,

[logu;i(z) — logu;(x; + €;x)|

=

1
logu;(z) — logu; (E(Z + xi + €ix))‘

+

1
log u; (E(Z + x; + eix)) —logu;(x; + €;x)

’

1
|z — (x; + €ix)| =2Z—§(Z + Xi +€X)

’

1
= Z‘E(Z 4+ x; +€x)— (xj +€x)

[log vila,1(x) = 6?‘[10g Uila,e; (Xi + €x)

<27%}( sup llogui, ¢ (2) + [loguil, g (xi + €ix))

lz—(x; +e€ix)|<e;

=CB(  sup 8(logui. 2)*[loguila,sogu; ,2)(2)

lz—(x;i +ei x)|<e;
+ 8(logu;, x; + €;x)*[log ui](x,ﬁ(logui,xi+eix) (xi + e,-x))
= C(p).
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This implies (3.8) for any 8 > 1. By Theorem D, we have, for any 8 > 1,
[Vui(y)l = C(B) ¥yl <B.
Passing to a subsequence,

vi > v inCl (R") foralla <y <1,

where v is a positive function in Clg’cl (R™) satisfying [log v]e,1(0) = 1. In partic-
ular, v cannot be a constant.
Clearly, (3.9) holds with the new ¢; given in (4.2). Thus, by (1.13) and (3.9),
il—ifgof(A(Avi(y)“/(”*z)g(”)) =0.
CLAIM. w := v~2/®=2) modulo a linear change of coordinates, is a positive
locally Lipschitz viscosity solution of A(Ay,) € oI in R”.

Once the claim is proved, we have, by Theorem 1.4, that v is a constant. This
leads to a contradiction. The Holder estimate (4.1) is established.

PROOF: We may assume without loss of generality that
afor (%) = Sipm,
since this can be achieved by making a change of variables
yl — b¢lx «

where (bé), depending on i, is the square root matrix of the inverse of the positive
definite matrix (al(z (xi)).

We will only prove

(1) v is a viscosity supersolution of (1.6) in Q = R”.
‘We omit the very similar proof of

(i1) v is a viscosity subsolution of (1.6) in = R”.
The claim follows from (i) and (ii) in view of Remark 1.2.

Let xo € R?, ¢ € C%2(R"), (v —¢)(xg) = 0, and v — ¢ > 0 near xg. For small
8 > 0, consider

@5(x) = p(x) = 8|x — xo/*.
Then
05(x) < @(x) =8> V]x —xo| =34,
By the convergence of v; to v,
53

vix) Z g5 (¥) + 5 VI —xo = 8

for large i.
Since v; (xg) = v(x0) = @s(x0), there exists some X; satisfying |X; — xo| < %
such that

Bi == (vi —¢s)(Xi) = min (v; —s)(x) >0 asi — oo.
|x—xo|<$
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Since
Bi = (vi — ) (Ri) + 818 — xol> = (vi — v)(%i) + 8|%i — xol*,
we have, using v; — v and f8; — 0, that
lim X; = xo.
1—>00
Set .
o5 = o5 + Bi.

We know from the above that
i . )
vid) = @5 (G, v = @0 (). V=&l <3,

Voi(%) = Vo (1), V(&) = V2a50 (&)
It follows, at X;, that
__4_ ;
AMAy,; )t/ n-2 ) = )t(vi (y) 24, (y)4/(n—2)g(i)'g(l))
= (A(l)(J’) n- 2A"(l)(y)4/(n —2)g (i) g( ))
where y _
Avi ()72 Ay, (a2 601 81)
and '
(A(z)(y) e 2AA(l)(y)4/(” 2)gm,g(z))
denote, respectively, the eigenvalues of

__4
Vi (¥) 712 Ay, (y)4/ -2 g6)  and <Pgl)(J’) n= 2AA<1>(y)4/<n ~2)¢(0)

with respect to g(i ).
Since A(A,, (4,)4/0-2¢) is in I', we deduce from the above and the property
of I" that . . .
A(aél)()%i)_mA@é")()ei)4/<n—2)g(i) ; g(l))

isin I'. Sending i to infinity, we have
~ 4 N =
A(SOS (x0) =2 Aas(xo)zt/(n—mg; g) er,

where g = 3", (dz")?. Sending § — 0 leads to A(A4%(x¢)) € T. (i) is established.
Il

Now we establish the gradient estimate (1.21) based on the Holder estimates.
The Holder estimate (4.1) yields the Harnack inequality:

supu < C inf u.
B, Bay

Consider |

u(0)
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The equation of w on B3, is

S (Aysn-2g)) = u©)72h,  A(Ays/m-2,) €T,
and w satisfies
é <w<C in By,.
Since u(0) is bounded from above, we have, using Theorem D, that
|Vu| < C in B,.
Theorem 1.10 is established. U

5 Proofs of Theorem 1.23 and Theorem 1.19

PROPOSITION 5.1 Let u™ € CO’I(BI+) and u~ € Co’l(Bl_) be two positive
functions satisfyingut =u~ on & BlJr . We assume that

(5.1)  u is aviscosity supersolution (subsolution) of)t(A"Jr) € ol in BT,

5.2) 81/;: < (>)0o0n B/Bl+ in the viscosity sense,

(5.3) u_r;s a viscosity supersolution (subsolution) of M(A* ) € oT in B,
54 32{6_ > (<) 0 0n &' By in the viscosity sense.

Then "

~ ut (X', xn)  ifxn =0,
Ux', xp) =4 _ :
u=(x',xy) ifxy, <0
is a C %1 viscosity supersolution (subsolution) ofk(Aﬁ) € dI" in By.
A consequence of Propositions 1.14 and 5.1 is the following:

COROLLARY 5.2 Let QT C R" be a bounded open set. For m points Sp, :=

(P1,....Ppt CQTUIQT, m>0, letu € COUQT\ Sp) and v € CO1(QT)
be positive functions. Assume that

u is a viscosity supersolution of A(A¥) € 9T in QT \ S,
v is a viscosity subsolution of A\(A¥) € AT in Q7
du v

<0< —on QT in the viscosity sense,

ox, — Xn
u>v ond'Qt.

Then

(5.5) Cinf (u—v) > 0.
Q+\Sn
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PROOF USING PROPOSITIONS 1.14 AND 5.1: Let u™ = u, u=(x',x,) =
u(x', =x), vt = v, 07 (X, xp) 1= v(x’, —xn),
+ (! :
um(x',x,) ifx, >0,

u-(x’,x,) ifx, <0,

ux', x,) = {

and
' xp) = v (X', xp) ifx, >0,
v (x",x,) ifx, <O.

An application of Proposition 1.14 to v=2/®=2) and 4=2/=2) in view of Propo-
sition 5.1 and Remark 1.2, yields (5.5). O

PROOF OF PROPOSITION 5.1: We first prove the proposition under, instead of
(5.2) and (5.4),
J’_ —
<0 ond' B and
Xn xn
Let X € By, ¥ € C%(By), ii(X) = ¥(x), and, for some 0 < § < 1 — x|,
u(x) > ¥ (x) for all |[x — x| < §. We need to show that

A(AY (%)) e R*\ T.

(5.6) >0 ondB 1 in the viscosity sense.

If x does not belong to B’BFL, this is obvious because of (5.1) and (5.3). So we
only need to show that ¥ does not belong to &' B;". Indeed, if X € &'B;", then,
since x;, = 0,

ut(X) =u= (%) = ¥ (%), *,u” > 1 near X.

<

Thus, by (5.6),

8—1/,()_6) <0 and Iy (x) > 0.
dxp, 0xp

A contradiction.
Now we prove the proposition under (5.2) and (5.4). We will only give the
proof when u™ and u™ are viscosity supersolutions, since the proof is essentially
the same when they are subsolutions. We start with a first variation of the operator

A" together with the Neumann boundary condition.

LEMMA 5.3 Let Q1 C R be a bounded open set, and let w € c2Qtn
CHQT U dQT) satisfy, for some constant ¢ > 0,

w>cp in Q.
and let

2 2
gD:I:(x) = 38|x| +4 xn'
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Then there exists some constant § > 0 depending only on sup{|x| | x € Q1}, and
there exists € > 0 depending only on 8, c1, and sup{|x| | x € Q1} such that for
any 0 < € <€,

p* € ot
Aw+€¢,i2 1+67 Aw+7(p wl inQT,
+
€ )
Aw_e(pi < (1 — e%)Aw — 7<piwl inQt,
d 0
—(w +ep¥) = Y 4es ond'QT,
dxy, 0xp
d 0
—(w—ep¥) = Y res ondQT.
BXn axn

PROOF: The proof is very similar to that of lemma 3.7 in [26, 27]; we omit the
details. g

Let u™ be the supersolution in Proposition 5.1; set
2 _n=2
=), B =T et ul =77
We will prove that

. . . . + .
(5.7) u is a viscosity supersolution of A(A4%¢ ) € 9T in BlJr
and
uf

dxy,

(5.8) <0 on B'Bl+ in the viscosity sense.

Let ¥ € Bif, v € C2(B}"), uf (¥) = ¢ (%), and ue >  near X. Then, with
_ 2
ni=ynz,
tt=n—cpt atx and £" <p—ept nearx.

By Remark 1.2, £ T is a viscosity subsolution of A (A4 g+) € 0L, and therefore
AMAy_ep+ (X)) € T.

By Lemma 5.3,
+

Aot (F) < (1 —E%)()_C)An()_c),
which implies, for small €,
AV (%) = A,(X) e T.
We have proved (5.7).

To prove (5.8), let x € 8/Bl+, Ve CI(B_fL), ut(x) = ¥(x), and ue > ¥ near
x. It follows that

2 _n=2 _ 2 _n=2 B
ut =[y7 72 —ep]” 7 atx and ut >[y "2 —epT]” 7 nearx.
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. + . . .
Since %"T <0ond BlJr in the viscosity sense, we have
n

0 n—2

0= a—W“—w] e

X=X

_2 n
€82y =2 + 0(e?).

]+

So, for small €, we have 371/”1()?) < 0. We have proved (5.8).
Similarly, we set for u™

_ 2 _ _ _ _ _,_n=2
=) 2, o= Fepn, ug =) 7,
and prove
u_ is a viscosity supersolution of A(A%< ) € aT" in B
and
du,
5.9 3 >0 on d Bj in the viscosity sense.
Xn

Itis clear that u} = u_ on 0B}

Since we now have the strict inequalities (5.8) and (5.9),
uz_(x,axn) if x, >0,
ug (x',xp) ifx, <0

e (x', xp) = {

is a viscosity supersolution of )L(Aﬁf) € oI in Bj. Since U — U in ClgC(Bl), we
have, by standard arguments, that # is a viscosity supersolution of A(A¥) € dT in
B1. Proposition 5.1 is established. O
PROOF OF THEOREM 1.23: By Proposition 5.1,
~c 7 u(x’, xn) if x, >0,
u('x ’ xl’l) = ’ .
ulx’,—x,) ifx, <0
satisfies the hypothesis of Theorem 1.4 and therefore is a constant. 0

PROOF OF THEOREM 1.19: The proof is similar to that of Theorem 1.10. Let
O3 be an open set of M satistying O3 C O3z C O3 C Op. We first establish

1 —1
(5.10) sup 108U —logul _ v g

y,x€03 diSt(y’ x)a
dist(y,x)<2r

Suppose the contrary of (5.10); then for some 0 < « < 1, there exist, in F; C R™,
C?3 functions {u;}, C! functlons {¥i} and {n;}, and n x n symmetric positive

definite C3 matrix functions (a Im (x)) satisfying, for some a > 0, (3.1) and (3.2)

in B2 , and

lagllcs sy 1illcr gy il gy < @
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f(/\(Auz_;/(n—Z)gi)) = Y; for /\(Auy(n—z)gi) e Ton B,
— i+ 2 hgur = i " on 9By

where g; is given by (3.3), but
inf §(logu;,x) — 0,

xeBl'b2
where
d(logu;, x) := 6(logu;, x; B;,a).
It follows, for some x; € Bl‘" ua Bl‘" , that
R TR
S(logu;, x;) xeBT d(logu;, x)
Let 0; and ¢; be defined as in (4.2). Then they satisfy (4.3) and
€ <28(logu;,z) Yz € By;(xi) N Bl+.

Let

1 Iof] 1
vi(y) 1= ——ui(xi +€y). |y <=, yn>-T; = ——(xi)n.
ui(x;) €; €;

After passing to a subsequence, either
lim (-7;) = —-T > —o0 or lim (-7;) = —oo0.
1—>00 1—>00
Following, with obvious modification, the arguments in the proof of Theorem 1.10,
we see, passing to another subsequence, that either
vi(++ (0, =T;)) > v inC/

loc

(ﬁ)fora110<y<l

for some positive locally Lipschitz viscosity solution v of (1.31) and (1.32) satis-
fying [log v]e,1(0',T) = 1, or

vi—>v inCl . (R") forall0 <y <1

for some positive locally Lipschitz viscosity solution of A(4V) € dT" in R” sat-
istfying [logv]e,1(0) = 1. By our Liouville theorems v must be a constant. But
[log v]e,1(0', T) = 1 or [logv]e,1(0) = 1 does not allow v to be a constant. A
contradiction. Theorem 1.19 is established. U

Appendix

We give in this appendix the proof of Theorem D in [20]. For simplicity we
present the proof on locally conformally flat manifolds. Namely, we give another
proof of Theorem C, which can easily be extended to general Riemannian mani-
folds.



GRADIENT ESTIMATES OF CONFORMALLY INVARIANT EQUATIONS 1323

2

ANOTHER PROOF OF THEOREM C: We write v = — =5 logu. Then v satis-
fies, with @ = —%logb and B = —% loga,
(A.D) JAW)) =h, AW)eT, inBj,
and

o« <v=<p onBs,

where

W = W) = e?? (vij + viv; — |V;|25ij).
We only need to prove, for some constant C depending on «, 8, and (£, I') that
(A2) |[Vv| < C on B;.

Fix some small constants €, c; > 0, depending only on « and B, such that the
function ¢ (s) := ee 2% satisfies
1
(A3) —5¢' Zc ¢+ ¢ = (@) =0, onfep]

Let p > 0 be a smooth function taking value 1 in By and O outside Bj. It is
known that p satisfies |Vp|?> < C;. Consider

G = pe? W |Vy|2.

Estimate (A.2) is established if we can show that G < C on B>. Let G(xg) =
max gz, G for some xo € By. Clearly xo € B,. After a rotation of the axis if
necessary, we may assume that W(xg) is a diagonal matrix. In the following,

we use subscripts of a function to denote derivatives. For example, G; = 0y; G,
af

Gij = 3xl~x_,~ G, and so on. We also use the notation fi = o
Applying 0y, to (A.1) leads to

(A4) [ Wi = 0.

By calculation,

Gi = 2pe®vv + pg'e? |VoPv; + e?|Vul?p;
= 2peP vy vy + (qﬁ’vi + %) G.
At xo, we have G; = 0. Equivalently, we have
(A.5) Qv = —¢'|Vo|Pv; — %|Vv|2 Vi<i<n.

Take the second covariant derivative of G and evaluate at xg,

0> (Gij) = 2vkijvee®p + 2vgiveje?p + vk vie®d'vjp + vk vie? pj

+ (¢”v,-vj + ¢'vij + —ppijp_zpipj)ped’wwz.
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Therefore, at xq,
(A6) 0=e?fiG;

=2pf vk vk + 2/ vE + 2p¢" [ vkivivi + 2 vk vepi

L2
@+ ¢+ P oIVl
VoP

. \Y
= 2Pflvk{e_2UVVii — v + 0

5ii§ +20f v
k
. Vul?0; v . Vol2o;:
— ' (1voPgrad + ) g vy, + FELL),,

; i V|2
AR Gl TR

2
+|Vv|2f"%

= 2pf e Wk = 2e VoW + V0P 4+ P T

1 1 Vg Pk ;
- §|VU|4¢/ - §|VU|ZT +2pf v}

. Vul?0:v; ) Vol2o:
Sl O A B (TR

. . Vol?
+pg 1Vl 1107 + o Vo2 £ (20w =0+ T )
L Vo i 0RO
— {-ape TR 1 = [DoPupe Y 7= 20190 i

i

ppii — 20>
+ pe 2| Vo2 f + Vo pi PP
o

+ 20 f o
. 1 . .
+ 201 "0g; = SpdIVVI* 3 ST+ @7 + ¢ = (@)Dl VV 7
i
In the following, we use C, to denote some positive constant depending only on

a, B, and (f, ') that may vary from line to line. By (A.3), we derive from (A.6)
that

0= f1Gii = (—Ca/p|VV]? = Co| Vo> + 2¢1p[Vu[*) D f

l
= |Vol*(=C2\/pI VoI = C2 + c1pVO?) ) 7,
i

which implies p|Vv|?(xg) < C3, so is G(x¢). Estimate (A.2) is established. [
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