
Local Gradient Estimates of Solutions
to Some Conformally Invariant

Fully Nonlinear Equations

YANYAN LI
Rutgers University

1 Introduction
A classical theorem of Liouville says:

(1.1) u 2 C 2; �u D 0; and u > 0 in Rn imply that u � const:

The Laplacian operator � is invariant under rigid motions: For any function u on

Rn and for any rigid motion T W Rn ! Rn,

�.u ı T / D .�u/ ı T:
T is called a rigid motion if T x � Ox C b for some n � n orthogonal matrix O

and some vector b 2 Rn. It is clear that a linear second-order partial differential

operator

Lu WD aij .x/uij C bi .x/ui C c.x/u

is invariant under rigid motion, i.e.,

L.u ı T / D .Lu/ ı T for any function u and any rigid motion T

if and only if L D a�C c for some constants a and c.

Instead of rigid motions, we look at Möbius transformations of Rn [ f1g and

nonlinear operators that are invariant under Möbius transformations. A map ' W
Rn [ f1g ! Rn [ f1g is called a Möbius transformation if it is a composition

of finitely many of the following three types of transformations:

a translation W x ! x C Nx where Nx is a given point in Rn;

a dilation W x ! ax where a is a positive number;

a Kelvin transformation W x ! x

jxj2 :
For a function u on Rn, let

u' WD jJ' j n�2
2n .u ı '/

where J' denotes the Jacobian of '.

Let H.x; s; p;M/ be a smooth function in its variables, where s > 0, x; p 2
Rn, and M 2 Sn�n, the set of n � n real symmetric matrices. We say that a
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second-order fully nonlinear operator H. � ; u;ru;r2u/ is conformally invariant

if

H. � ; u' ;ru' ;r2u'/ � H. � ; u;ru;r2u/ ı '
holds for all positive smooth functions u and all Möbius transformations '.

For a positive C 2 function u, set

(1.2)

Au WD � 2

n � 2u
� nC2

n�2 r2uC 2n

.n � 2/2u
� 2n

n�2 ru˝ ru

� 2

.n � 2/2u
� 2n

n�2 jruj2I

� Aw WD wr2w � jrwj2
2

I with w D u� 2
n�2 ;

where I denotes the n � n identity matrix.

Let ' be a Möbius transformation; then for some n� n orthogonal matrix func-

tions O.x/ (i.e., O.x/O.x/T D I ), depending on ',

Au' .x/ � O.x/Au.'.x//OT.x/:

Thus it is clear that f .�.Au// is a conformally invariant operator for all symmetric

functions f , where �.Au/ denotes the eigenvalues of Au.

It was proved in [17] that an operatorH. � ; u;ru;r2u/ is conformally invariant

if and only if it is of the form

H. � ; u;ru;r2u/ � f .�.Au//;

where f .�/ is some symmetric function in � D .�1; : : : ; �n/. Due to the above

characterizing conformal invariance property, the operator Aw is called the confor-

mal Hessian of w.

Taking f .�/ D �1.�/ WD �1 C � � � C �n, we have a simple expression:

(1.3) �1.�.A
u// � � 2

n � 2u
� nC2

n�2�u:

In general, f .�.Au// is a fully nonlinear operator and is rather complex even for

f .�/ D �k.�/, k � 3, where

�k.�/ WD
X

1�i1<���<ik�n
�i1 � � ��ik

is the kth elementary symmetric function. The expression for �2 is still quite pleas-

ant:

�2.�.A
u// � 1

2

�
�1.�.A

u//2 � .Au/TAu�
:
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Let

(1.4) � � Rn be an open convex symmetric cone with vertex at the origin

satisfying

(1.5) �n WD f� j �i > 0; 1 � i � ng � � �
�
�

ˇ̌ nX
iD1

�i > 0

�
DW �1:

� being symmetric means that .�1; : : : ; �n/ 2 � implies .�i1 ; : : : ; �in/ 2 � for

any permutation .i1; : : : ; in/ of .1; : : : ; n/.

For 1 � k � n, let �k be the connected component of f� 2 Rn j �k.�/ > 0g
containing the positive cone �n. It is known (see, for instance, [2]) that �k satisfies

(1.4) and (1.5). In fact,

�k D f� 2 Rn j �1.�/; : : : ; �k.�/ > 0g:
Let � be an open subset of Rn; we consider

(1.6) �.Au/ 2 @� in �

or

(1.7) �.Aw/ 2 @� in �:

It is easy to see that in dimension n � 3

(1.8) Au � Aw for any positive C 2 function w and u D w� 2
n�2 :

Equations (1.6) and (1.7) are fully nonlinear second-order degenerate elliptic equa-

tions. Fully nonlinear second-order elliptic equations with �.r2u/ in such gen-

eral � were first studied by Caffarelli, Nirenberg, and Spruck in [2].

Equations (1.6) and (1.7) have obvious meaning if u and w are C 2 functions. If

they are in C
1;1
loc .�/, the equations are naturally understood to be satisfied almost

everywhere. We give the notion of viscosity solutions of (1.6) and (1.7).

DEFINITION 1.1 A positive continuous function w in � is a viscosity superso-
lution (respectively, subsolution) of (1.7) when the following holds: if x0 2 �,

' 2 C 2.�/, .w � '/.x0/ D 0, and w � ' � 0 near x0, then

�.A'.x0// 2 Rn n �
(respectively, if .w � '/.x0/ D 0 and w � ' � 0 near x0, then �.A'.x0// 2 �).

We say that w is a viscosity solution of (1.7) if it is both a supersolution and a

subsolution.
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Similarly, we have the following:

DEFINITION 1.10 A positive continuous function u in an open subset � of Rn,

n � 3, is a viscosity subsolution (respectively, supersolution) of (1.6) when the

following holds: if x0 2 �, ' 2 C 2.�/, .u� '/.x0/ D 0, and u� ' � 0 near x0,

then

�.A'.x0// 2 Rn n �:
(respectively, if .u � '/.x0/ D 0 and u � ' � 0 near x0 then �.A'.x0// 2 �).

We say that u is a viscosity solution of (1.6) if it is both a supersolution and a

subsolution.

Remark 1.2. In dimension n � 3, a positive continuous function u is a viscosity

subsolution (supersolution) of (1.6) if and only if w WD u�2=.n�2/ is a viscosity

supersolution (subsolution) of (1.7). This is clear in view of (1.8).

Remark 1.3. Viscosity solutions of (1.7) are invariant under conformal transforma-

tions and multiplication by positive constants. Namely, if w is a viscosity superso-

lution (subsolution) of (1.7) then, for any constants b; � > 0 and for any x 2 Rn,

bw is a viscosity supersolution (subsolution) of (1.7), �.y/ WD 1
b
w.x C by/ is a

viscosity supersolution (subsolution) of �.A�/ 2 @� in fy j x C by 2 �g, and

�.y/ WD
� jy � xj2

�

�2
w

�
x C �2.y � x/

jy � xj2
�

is a viscosity supersolution (subsolution) of �.A�/ 2 @� in�
y

ˇ̌̌
x C �2.y � x/

jy � xj2 2 �
�
:

One of the two main theorems in this paper is the following Liouville theorem

for positive locally Lipschitz viscosity solutions of

(1.9) �.Aw/ 2 @� in Rn:

THEOREM 1.4 For n � 3, let � satisfy (1.4) and (1.5), and let w be a positive
locally Lipschitz viscosity solution of (1.9). Then w � w.0/ in Rn.

Remark 1.5. For n D 2, � D �1, the conclusion does not hold. Indeed, w D ex1

satisfies �.Aw/ 2 @�1. In fact, �.Aw/ 2 @�1 is equivalent to � logw D 0 in

dimension n D 2.

Theorem 1.4 can be viewed as a nonlinear extension of the classical Liouville

theorem (1.1). Indeed, in view of (1.3), the Liouville theorem (1.1) is equivalent to

u 2 C 2; �.Au/ 2 @�1; and u > 0 in Rn imply that u � const:

Such a Liouville theorem was proved by Chang, Gursky, and Yang in [3] for u 2
C
1;1
loc , � D �2, and n D 4; by Aobing Li in [16] for u 2 C 1;1loc , � D �2, and n D 3;

independently by Aobing Li in [16] and by Sheng, Trudinger, and Wang in [30] for
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u 2 C 3, � D �k , k � n, and n � 3. By entirely different methods we established

in [26, 27] the following theorems:

Consider

f 2 C 1.�/ \ C 0.�/ is symmetric in �i ;(1.10)

f is homogeneous of degree 1;(1.11)

f > 0; f�i
WD @f

@�i
> 0 in �; f

ˇ̌
@�

D 0;(1.12)

nX
iD1

f�i
� ı in � for some ı > 0:(1.13)

Examples of such .f; �/ include those given by elementary symmetric func-

tions: For 1 � k � n, .f; �/ D .�
1=k

k
; �k/ satisfies all the above properties; see,

for instance, [2].

THEOREM A [26] For n � 3, let .f; �/ satisfy (1.4), (1.5), (1.10), and (1.12),
and let u be a positive C 1;1loc solution of

(1.14) f .�.Au// D 0 in Rn:

Then u � u.0/ in Rn.

THEOREM B [27] For n � 3, let .f; �/ satisfy (1.4), (1.5), (1.10), and (1.12), and
let u be a positive locally Lipschitz weak solution of (1.14). Then u � u.0/ in Rn.

Throughout this paper, by a weak solution of (1.14) we mean in the sense of

definition 1.1 in [26, 27], with F.M/ WD f .�.M// and U WD fM j �.M/ 2 �g.

Our proof of Theorem 1.4 is along the line of [26, 27], which makes use of ideas

developed in [19, 23] in treating the isolated singularity of u at 1.

Remark 1.6. Let .f; �/ satisfy (1.4), (1.5),

f 2 C 0.�/ is symmetric in �i ; f > 0 in �; f j@� D 0;

f .�C �/ � f .�/ 8� 2 �; � 2 �n;
and let � be an open subset of Rn. If u is a C

1;1
loc solution of

(1.15) f .�.Au// D 0 in �;

then it is a weak solution of (1.15). The proof is standard in view of lemma 3.7 in

[26, 27]. If u is a weak solution of (1.15), then it is clearly a viscosity solution of

(1.6).

The motivation of our study of such Liouville properties of entire solutions of

�.Au/ 2 @� is to answer the following questions concerning local gradient esti-

mates of solutions to general second-order, conformally invariant, fully nonlinear

elliptic equations.

Let B3 � Rn be a ball of radius 3 and centered at the origin.
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Question 1. Let n � 3, .f; �/ satisfy (1.4), (1.5), and (1.10)–(1.13). For constants

0 < b < 1 and 0 < h � 1, let u 2 C 3.B3/ satisfy

(1.16) f .�.Au// D h; 0 < u � b; �.Au/ 2 � in B3:

Is it true that

jr loguj � C in B1

for some constant C depending only on b and .f; �/?

Let .M; g/ be a smooth, compact Riemannian manifold of dimension n � 3.

We use i0 and Rijkl to denote, respectively, the injectivity radius and the curvature

tensor. Consider the Schouten tensor

Ag D 1

n � 2
�

Ricg � Rg

2.n � 1/g
�
;

where Ricg and Rg denote, respectively, the Ricci tensor and the scalar curvature.

We use �.Ag/ D .�1.Ag/; : : : ; �n.Ag// to denote the eigenvalues of Ag with

respect to g.

Let Og D u4=.n�2/g be a conformal change of metrics; then (see, for example,

reference [35]),

A Og D � 2

n � 2u
�1r2uC 2n

.n � 2/2u
�2ru˝ ru

� 2

.n � 2/2u
�2jruj2g C Ag ;

where covariant derivatives on the right-hand side are with respect to g.

For g1 D u4=.n�2/gflat, with gflat denoting the Euclidean metric on Rn,

Ag1
D u

4
n�2Auij dx

i dxj

where Au is defined in (1.2). In this case, �.Ag1
/ D �.Au/.

A more general question on Riemannian manifolds is the following:

Question 2. Let g be a smooth Riemannian metric on B3 � Rn, n � 3, and let

.f; �/ satisfy (1.4), (1.5), and (1.10)–(1.13). For a positive number b and a positive

function h 2 C 1.B3/, let u 2 C 3.B3/ satisfy, with Qg WD u4=.n�2/g,

(1.17) f .�.A Qg// D h; 0 < u � b; �.A Qg/ 2 �; in B3:

Is it true that

(1.18) kr logukg � C in B1

for some constant C depending only on b, g, khkC1.B3/
, and .f; �/?

For .f; �/ D .�
1=k

k
; �k/, the local gradient estimate (1.18) on Riemannian man-

ifolds was established by Guan and Wang in [12]; see a related work by Chang,

Gursky, and Yang [3] where global a priori C 0 and C 1 estimates for f D �
1=2
2

and n D 4 were derived. Efforts at achieving further generality were made in
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[11, 13, 17, 30]. On locally conformally flat manifolds, “semilocal” gradient es-

timates were established and used in [17, 19] for .f; �/ satisfying (1.4), (1.5),

(1.10), and (1.12) via the method of moving spheres (or planes). A consequence of

the semilocal gradient estimates is the following (see also lemma 0.5 and its proof

in [18]):

THEOREM C Under an additional assumption u � a > 0 in B3, the answer to
Question 1 is yes, but with the constant C also depending on a.

Remark 1.7. In Theorem C, assumptions (1.11) and (1.13) are not needed.

Equations (1.16) and (1.17) are fully nonlinear elliptic equations of u. Exten-

sive studies have been given to fully nonlinear equations involving f .�.r2u//
by Caffarelli, Nirenberg, and Spruck [2], Guan and Spruck [10], Trudinger [31],

Trudinger and Wang [33], and many others.

Fully nonlinear equations involving f .�.r2guC g// on Riemannian manifolds

are studied by Li [21], Urbas [34], and others. Fully nonlinear equations on Rie-

mannian manifolds involving the Schouten tensor have been studied by Viaclovsky

in [35, 36], by Chang, Gursky, and Yang in [3, 4], and by many others; see, for ex-

ample, [5, 22, 32, 37] and the references therein. Here we study, on Riemannian

manifolds .M; g/, local gradient estimates to solutions of

(1.19) f .�.Au4=.n�2/g// D h; �.Au4=.n�2/g/ 2 �:
If we make an additional concavity assumption

(1.20) f 2 C 2.�/ \ C 0.�/ is symmetric in �iand is concave in �;

then we have the following corollary of Theorem A and the proof of (1.39) in [17].

THEOREM 1.8 Let .M; g/ be as above and let .f; �/ satisfy (1.4), (1.5), (1.11),
(1.12), and (1.20). For a geodesic ball B3r inM of radius 3r � 1

2
i0, let u be a C 4

positive solution of (1.19) in B3r . Then

(1.21) kr.logu/kg � C in Br ;

where C is some positive constant depending only on .f; �/, upper bounds of
1=i0, supB9r

u, khkC2.B9r /
, and a bound of Rijkl together with their covariant

derivatives up to second order.

It has been observed independently by Wang in [38] that Theorem 1.8 follows

from Theorem A. The theorem is proved by Chen in [6] using a different method.

It is well-known, see, e.g., [2], that .f; �/ D .�
1=k

k
; �k/ satisfies the hypotheses of

the theorem.

Remark 1.9. It is easy to see from Section 3 that Theorem 1.8 holds under slightly

weaker hypotheses on .f; �/: Assuming that it satisfies the statements in (1.4),

(1.5), (1.12), and (1.20),

(1.22) lim
s!1 inf

�2K
f .s�/ D 1 for any compact subset K of �
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and

(1.23) inf
�2�;j�j� 1

ı

�
j�j

X
i

f�i
.�/

�
� ı for some ı > 0:

The second main result in this paper is following:

THEOREM 1.10 Let .M; g/ be as above and let .f; �/ satisfy (1.4), (1.5), and
(1.10)–(1.13). For a geodesic ball B9r in M of radius 9r � 1

2
i0, let u be a C 3

positive solution of (1.19) inB9r . Then (1.21) holds, whereC is some positive con-
stant depending only on .f; �/, the upper bounds of 1=i0, supB9r

u, khkC1.B9r /
,

and a bound of Rijkl together with their first covariant derivatives.

Remark 1.11. If .f; �/ satisfies (1.4), (1.5), and (1.10)–(1.12) and f is concave

in � , then (1.13) is automatically satisfied; see [34]. Thus Theorem 1.10 implies

Theorem 1.8. The main point of Theorem 1.10 is that no concavity assumption is

made on f .

Remark 1.12. Replacing the function h in (1.19) by h. � ; u/ with

s
4

n�2h.x; s/ 2 C 1.B9r � .0;1// \ L1.B9r � .0; b//
for all b > 1, estimate (1.21) still holds, with the constant C depending also on the

function h. This is easy to see from the proof of the theorem.

Remark 1.13. Once (1.21) is established, it follows from the proof of (1.39) in [17],

under the hypotheses of Theorem 1.8, that

kr2g.logu/kg � C in Br ;

where C is some positive constant depending only on an upper bound of 1=i0,

supB9r
u, supB3r

krukg , khkC2.B9r /
, and a bound of Rijkl together with their

covariant derivatives up to second order.

A subtlety of the local gradient estimate (1.21) is that the bound depends on

an upper bound of u, but not on upper bounds of u�1. Global estimates of jruj
allowing the dependence of an upper bound of both u and u�1 were given by

Viaclovsky in [36]; see a related work [21]. One application of the local gradient

estimate is for a rescaled sequence of solutions in the following situation: For

solutions fuig of (1.19) in a unit ball B1 satisfying, for some constant b > 0

independent of i ,

sup
B1

ui � bui .0/ ! 1;

consider

vi .y/ WD 1

ui .0/
vi

�
y

ui .0/
2

n�2

�
:

One knows that

(1.24) vi .0/ D 1 and vi .y/ � b 8jyj � ui .0/
2

n�2 ;
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and vi satisfies the same equation with g replaced by the rescaled metric g.i/. One

would like to derive a bound of jrvi j on fy j jyj < ˇg for any fixed ˇ > 1.

Some time ago the author arrived at the following idea: Try to establish the

estimate of jrvi j in two steps:

(1) To establish, for solutions u of (1.19) for general .f; �/, local gradient

estimates that depend on an upper bound of both u and u�1.

(2) To establish, for solutions u of (1.19) in B1 satisfying u.0/ D 1, an esti-

mate on Bı of u�1 from above, which depends on an upper bound of u.

Once these two steps were achieved, the needed gradient bound for solutions

fvig satisfying (1.24) would follow. The reason is that we know from step 2 that

vi � a in Bı for some a; ı > 0 independent of i . Since �Lg.i/vi � 0 where Lg.i/

denotes the conformal Laplacian of g.i/, and since g.i/ tends to the Euclidean

metric in C 2loc.R
n/, we have, for any ˇ > 2,

vi � �i on Bˇ n Bı ;
where �i is the solution of

Lg.i/�i D 0 in Bˇ n Bı ; �i D a on @Bı ; �i D 0 on @Bˇ :

Clearly,

�i ! aˇn�2ın�2
ˇn�2 � ın�2

�
1

jxjn�2 � 1

ˇn�2

�
uniformly in Bˇ n Bı :

This provides an upper bound of v�1
i on Bˇ=2, and the desired estimate follows

from step 1.

Aobing Li and the author then started to implement this idea. Step 1 for locally

conformally flat manifolds was known to us; see Theorem C. We established step 1

on general manifolds and for general .f; �/:

THEOREM D [20] Let .M; g/ be as above and let .f; �/ satisfy (1.4), (1.5), and
(1.10)–(1.13). For a geodesic ball B9r in M of radius 9r � 1

2
i0, let u be a C 3

positive solution of (1.19) in B9r satisfying, for some positive constants 0 < a <

b < 1,
a � u � b on B9r :

Then (1.21) holds, where C is some positive constant depending only on a, b, ı,
the upper bounds of 1=i0, khkC1.B9r /

, and a bound of Rijkl together with their
first covariant derivatives.

This result was extended to manifolds with boundary under prescribed mean

curvature boundary conditions in [15]; see theorem 1.3 there. The proof of The-

orem D uses Bernstein-type arguments. The choice of the auxiliary function 	 in

the proof is similar in spirit to that in [21, 36]: finding a 	 that satisfies on a finite
interval some second-order ordinary differential inequalities (see (A.3)). If the dif-

ferential inequalities (A.3) had a bounded solution 	 on a half-line .˛;1/, then

Theorem 1.10, without the assumption u � a > 0, would have been proved by
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the same method. However, the differential inequalities do not have any bounded

solution on any half-line.

The method the author had in mind for step 2 was to obtain, via Bernstein-type

arguments, a bound on jrˆ.u/j D jˆ0.u/ruj for an appropriate ˆ. For instance,

jr.u˛/j � C for ˛ < 0 is weaker than jr loguj � C , and it becomes weaker when

˛ is smaller. On the other hand, an estimate of jr.u˛/j for any ˛ < 0 would yield

an upper bound of u�1 near the origin. In principal, estimating jr.u˛/j for very

negative ˛ should be easier than estimating jr loguj. However, we encountered

some difficulties in completing this step.

The author then took another path that requires establishing appropriate Li-

ouville theorems for general degenerate, conformally invariant equations (1.14).

What is needed is to prove that any positive locally Lipschitz function u satisfying

(1.14) in an appropriate weak sense must be a constant. In [26], a notion of weak

solutions, tailored for the application to local gradient estimates, was introduced.

Such a Liouville theorem for C 1loc weak solutions of (1.14) is established there. My

first impression was that weakening the regularity assumption from C 1loc to C
0;1
loc

(locally Lipschitz) is perhaps a subtle borderline issue whose solution would re-

quire some new ideas beyond those used in [26]. It turns out, to our surprise, that

this only requires some modification of our proof of the Liouville theorem for C 1loc

weak solutions. The improvement, Theorem B, is given in [27]. Theorem B, to-

gether with Theorem C, is enough to answer Question 1 affirmatively; this can be

seen in the proof of Theorem 1.10.

With the help of the Jensen approximations (see [1, 14]), we can further extend

Theorem B for positive, locally Lipschitz viscosity solutions. The theory of viscos-

ity solutions for nonlinear partial differential equations was developed by Crandall

and Lions in [7]. Its basic idea also appears in earlier papers by Evans [8, 9].

Theorem 1.4 allows us to, by using Theorem D, first establish a local Hölder

estimate of logu instead of the local gradient estimate of logu. With the Hölder

estimate of logu, which yields the Harnack inequality of u, we then obtain the

local gradient estimate of logu by another application of Theorem D.

The following problem looks reasonable and worthwhile to the author: using

the Bernstein-type arguments to complete the above-mentioned step 2, without any

concavity assumption on f , by choosing an appropriate ˆ.

One important ingredient in our proof of Theorem 1.4 is a new proof of the

classical Liouville theorem (1.1) that uses only the following two properties of

harmonic functions.

Conformal invariance of harmonic functions: For any harmonic function u,

and for any Möbius transformation ', u' is harmonic.

Comparison principle for harmonic functions on balls: Let B � Rn, n �
2, be a ball centered at the origin. Assume that u 2 C 2loc.B n f0g/ and



GRADIENT ESTIMATES OF CONFORMALLY INVARIANT EQUATIONS 1303

v 2 C 2.B/ satisfy

�u D 0; u > 0; in B n f0g; �v D 0 in B;

and

u � v on @B:

Then

u � v in B n f0g:
It is easy to see from this proof of the Liouville theorem (1.1) that the following

comparison principle is sufficient for a proof of Theorem 1.4.

PROPOSITION 1.14 (Comparison Principle) Let � � Rn, n � 3, be a bounded
open set containing m points Sm WD fP1; : : : ; Pmg, m � 0, v 2 C 0;1.� n Sm/,
and w 2 C 0;1.�/. Assume that w is a viscosity supersolution of �.Aw/ 2 @� in
� n Sm, v is a viscosity subsolution of �.Av/ 2 @� in � n Sm, and

w > 0 in �; v > 0 in � n Sm; w > v on @�:

Then

(1.25) inf
�nSm

.w � v/ > 0:

Remark 1.15. The proposition was proved in [26, 27] under stronger hypotheses:

Instead of C 0;1 viscosity super- or subsolutions, they were assumed to be C 0;1

weak super- or subsolutions that include C 1;1 super- or subsolutions.

Remark 1.16. Our equation �.Aw/ 2 @� , or (1.14), does not satisfy the usual

requirement of the dependence on w or u in the literature on viscosity solutions.

Remark 1.17. The proof of Proposition 1.14 for m � 1, which makes use of the

method developed in [19] (proof of theorem 1.3), [23] (theorems 1.6–1.10) and

[27] (theorem 1.6 and remark 1.8) in treating isolated singularities, is much more

delicate than that for m D 0, S0 D ¿. For m D 0, the conclusion of the above

theorem still holds in dimension n D 2. On the other hand, the conclusion does

not hold in dimension n D 2 for � D �1 if m � 1. See the example below.

Example. Let w.x/ D .1 C 
/e�.1=2/x1 , v.x/ D e�.1=2/x1jxj�2

, 
 > 0. Clearly

w 2 C1.B1/, v 2 C1.B1 n f0g/, w > v on @B1, and they are positive functions.

Since x1 is harmonic in B1 and x1jxj�2 is harmonic in B1 n f0g, we know that

w�w � jrwj2 D 0 in B1 and v�v � jrvj2 D 0 in B1 n f0g, i.e., �.Aw/ 2 @�1 in

B1 and �.Av/ 2 @�1 in B1 n f0g. However, infB1nf0g.w � v/ < 0 for small 
.

To prove Theorem 1.4, we only need Proposition 1.14 for m D 1 and w 2
C 0;1.�/ a viscosity supersolution of �.Aw/ 2 @� in �. In fact, we only need a

weak comparison principle that assumes a priori w � v in � n f0g; see [28].

THEOREM 1.18 For n � 3, let � satisfy (1.4) and (1.5), and let u be a positive,
locally Lipschitz viscosity solution of

(1.26) �.Au/ 2 @� in Rn n f0g:
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Then

(1.27) ux;�.y/ � u.y/ 8 0 < � < jxj; jy � xj � �; y ¤ 0:

Consequently, u is radially symmetric about the origin and u0.r/ � 0 for almost
all 0 < r < 1.

The result was proved in [26, 27] under stronger hypotheses: assuming u is a

C
1;1
loc or a C

0;1
loc weak solution of (1.26).

In the rest of this introduction we assume that .M; g/, n � 3, is a smooth com-

pact Riemannian manifold with nonempty smooth boundary @M . Let hg denote

the mean curvature of @M with respect to the outer normal (a Euclidean ball has

positive mean curvature). For a conformal metric Og D u4=.n�2/, it is known that

h Og D u� n�2
2

�
� @u

@�g
C n � 2

2
hgu

�
;

where �g denotes the unit outer normal. We study

(1.28)

8̂<
:̂
f .�.Au4=.n�2/g// D  ;

�.Au4=.n�2/g/ 2 � on O1 n @M;
� @u
@�g

C n�2
2
hgu D �.x/un=.n�2/ on O1 \ @M;

where O1 is an open set of M ,  2 C 2.O1/, and � 2 C 2.O1 \ @M/.

THEOREM 1.19 Assume that .M; g/ is a smooth, compact, n-dimensional .n � 3/,
Riemannian manifold with smooth boundary @M , and that .f; �/ satisfies (1.4),
(1.5), and (1.10)–(1.13). Let O1 be an open set of M , and let u 2 C 3.O1/ be a
solution of (1.28). If

0 < u � b on O1

for some constant b, then, for any open set O2 of M satisfying O2 � O1,

(1.29) jr.logu/jg � C on O2

for some positive constant C depending only on n .f; �/, .M; g/,  , �, b, O1,
and O2.

Remark 1.20. For .f; �/ satisfying a more restrictive condition .H1/ defined in

[17], which includes all .�
1=k

k
; �k/, estimate (1.29) was established in [15].
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Remark 1.21. Replacing the function  and � in (1.28) by  . � ; u/ and �. � ; u/,
respectively, satisfying

s
4

n�2 .x; s/ 2 C 2.O1 � .0;1// \ L1.O1 � .0; b///
and

� 2 C 2..O1 \ @M/ � .0;1// \ L1..O1 \ @M/ � .0; b//
for all b > 1, estimate (1.29) still holds. This is easy to see from the proof of the

theorem.

Let

RnC WD fx D .x0; xn/ 2 Rn j x0 D .x1; : : : ; xn�1/; xn > 0g
denote the half Euclidean space, and let �C � RnC be an open set. We use the

notation

@00�C D @�C \ RnC; @0�C D @�C n @00�C:
The following definition is standard:

DEFINITION 1.22 A function u 2 C 0.�C/ is said to satisfy

@u

@xn
� 0 .resp., � 0/ on @0�C

in the viscosity sense, if Nx 2 @0�C,  2 C 1.�C/, and u� has a local minimum

(respectively, local maximum) at Nx, then

(1.30)
@ 

@xn
. Nx/ � 0 .resp., � 0/:

Similarly, we define

@u

@xn
< 0 or

@u

@xn
> 0 on @0�C in the viscosity sense

by making the inequalities in (1.30) strict. We say that @u
@xn

D 0 on @0�C in the

viscosity sense if both @u
@xn

� 0 and @u
@xn

� 0 on @0�C in the viscosity sense.

THEOREM 1.23 Let � satisfy (1.4) and (1.5), and let u 2 C 0;1.RnC/ be a positive
viscosity solution of

(1.31) �.Au/ 2 @� in RnC
satisfying, in the viscosity sense,

(1.32)
@u

@xn
D 0 on @RnC:

Then u � u.0/ in RnC.
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Theorem 1.4, Theorem 1.8, and Theorem 1.10 were announced in [25], and the

proofs were given in [24]. The proof of Theorem 1.4 in this revised version of [24]

is improved in presentation.

The paper is organized as follows: In Section 2 we prove Proposition 1.14,

Theorem 1.4, and Theorem 1.18. In Section 3 we prove Theorem 1.8. In Section 4

we prove Theorem 1.10. In Section 5 we prove Theorem 1.23 and Theorem 1.19.

In the Appendix we give, for the reader’s convenience, the proof of Theorem D.

We end this introduction with a question related to Theorem 1.4. Let � satisfy

(1.4) and (1.5), and let E 2 C1.Rn � RC � Rn/ satisfy

E.x; ˛s; ˛p/ D ˛E.x; s; p/ 8˛; s > 0; x; p 2 Rn;

and

E.x; 1; 0/ � 0 8x 2 Rn:

Assume that w is a positive function in C1.Rn/ satisfying

(1.33) �.r2w CE.x;w;rw// 2 @� 8x 2 Rn:

Question 3. Under what additional hypothesis on E does the above imply that

w � w.0/ on Rn? What if w has less regularity, e.g., in C
1;1
loc .R

n/, or a locally

Lipschitz viscosity solution of (1.33)?

We know from Theorem 1.4 and Remark 1.5 that for

E.x;w;rw/ � �jrwj2
2w

I

the answer is yes in dimension n � 3 and no in dimension n D 2. What about

E.x;w;rw/ � b
jrwj2
w

I

for other constants b?

2 Proofs of Proposition 1.14, Theorem 1.4, and Theorem 1.18
We first give a new proof of the classical Liouville theorem (1.1). For every

x 2 Rn and for every � > 0, let

ux;�.y/ WD �n�2
jy � xjn�2u

�
x C �2.y � x/

jy � xj2
�
:

We know that ux;� D u on @B�.x/, u 2 C 0.B�.x//, ux;� 2 C 0.B�.x/ n fxg/,
and u and ux;� > 0 are positive harmonic functions in B�.x/ and B�.x/ n fxg,

respectively. Note that we have used the conformal invariance of harmonic func-

tions to obtain the harmonicity of ux;�. By the comparison principle for harmonic

functions on balls, ux;� � u in B�.x/ n fxg, which is equivalent to ux;� � u in

Rn n B�.x/. It follows that u � u.0/; see, e.g., lemma 11.2 in [29] or lemma A.1

in [19].

Now we have the following:
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PROOF OF THEOREM 1.4 USING PROPOSITION 1.14: For every x 2 Rn and

for every � > 0, applying Proposition 1.14 to u and ux;� onB�.x/ yields ux;� � u

in B�.x/ n fxg. This implies u � u.0/. �
PROOF OF THEOREM 1.18 USING PROPOSITION 1.14: For every x 2 Rn n

f0g and for every 0 < � < jxj, applying Proposition 1.14 to u and ux;� on Bx;�.x/

yields ux;� � u inB�.x/nfx; jxj�2.jxj2��2/xg, i.e., (1.27) holds. It follows that

u is radially symmetric about the origin and u0.r/ � 0 for almost all 0 < r < 1;

see, e.g., [23]. �
In the rest of this section we give the following proof:

PROOF OF PROPOSITION 1.14: We prove by induction on the number of points

m. We start from m D 0 with S0 D ¿.

Step 1. Proposition 1.14 holds for m D 0.

Because of Remark 1.3, we only need to show that w � v in �. We prove it by

contradiction. Suppose the contrary: for some � > 0,

max
�
.v � w/ � �; v � w � �� on � n�� ;

where �� WD fx 2 � j dist.x; @�/ > �g.

For small positive constants 0 < 
 � � � ı � 1 that we specify later, let

Ov.y/ WD v.y/C �'.y/; '.y/ WD eıjyj2 ;

Ov�.y/ WD sup
x2�

�
Ov.x/C 
 � 1



jx � yj2

�
;

w�.y/ WD inf
x2�

�
w.x/ � 
 C 1



jx � yj2

�
:

(2.1)

Ov has been used in [26, 27]. Ov� and w� are Jensen approximations whose useful

properties can be found in theorem 1.5 and lemma 5.2 in [1]. We list below some

properties that we need.

Ov� and w� are punctually second-order differentiable a.e. in �� ;(2.2)

r2 Ov� � �C


I; r2w� � C



I; in �� :(2.3)

For any x 2 �� , there exist x� D x�.x/ and x� D x�.x/ in � such that

Ov�.x/ D Ov.x�/C 
 � 1



jx� � xj2;(2.4)

w�.x/ D w.x�/ � 
 C 1



jx� � xj2;(2.5)

jx� � xj C jx� � xj � C
;(2.6)

jr Ov�j C jrw�j � C in �� ;(2.7)
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where C denotes various positive constants independent of �, ı, and 
. We shall

use this notation in what follows as well. The punctual second-order differentia-

bility is defined as in definition 1.4 in [1]. Properties (2.2)–(2.5) can be found in

[1] that hold for continuous w and v. Property (2.6) follows from the proof of (5)

in lemma 5.2 in [1] by using the Lipschitz regularity of w and v. Property (2.7)

can easily be deduced as follows from (2.4)–(2.6) by again using the Lipschitz reg-

ularity of w and v: For any y and ´ in �� , we have, by (2.4) and the definition

of Ov�,

Ov�.y/ � Ov.y � ´C ´�/C 
 � 1



j´� � ´j2

D Ov.y � ´C ´�/ � Ov.´�/C Ov�.´/
� Ov�.´/ � C jy � ´j:

This gives the bound of jr Ov�j in (2.7). The bound of jrw�j can be obtained simi-

larly.

Using the Lipschitz regularity of v and w, it is easy to deduce from (2.4)–(2.6)

that

j Ov� � Ovj C jw� � wj � C
 in �� :

Thus, for small 
 and �, there exists 1 < b� < C such that

Ov� � b�w� � �� in � n�� ;
max
�

f Ov� � b�w�g D 
:

Let �� WD Ov��b�w�, and let �
�

C
�

denote the concave envelope of �C
� WD maxf��; 0g

on �. By (2.3),

r2�� � �C


I in �� :

Thus, by lemma 3.5 of [1], Z
f��D�

�
C
�

g
det.�r2�

�
C
�
/ > 0:

It follows that the Lebesgue measure of f�� D �
�

C
�

g is positive. By (2.2), there

exists x� 2 f�� D �
�

C
�

g such that both Ov� and w� are punctually second-order

differentiable at x�. Clearly, for small 
, x� 2 �� ,

0 < ��.x�/ < 
;(2.8)

jr��.x�/j � C
;(2.9)

r2��.x�/ D r2 Ov�.x�/ � b�r2w�.x�/ � 0;(2.10)
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w�.x� C ´/ � w�.x�/C rw�.x�/ � ´C 1

2
´Tr2w�.x�/´ � ı.j´j2/;(2.11)

Ov�.x� C ´/ � Ov�.x�/C r Ov�.x�/ � ´C 1

2
´Tr2 Ov�.x�/´C ı.j´j2/:(2.12)

By the definition of Ov�, we have, with .x�/
� D .x�/

�.x/ as in (2.4),

Ov�.x� C ´/ � Ov..x�/� C ´/C 
 � 1



j.x�/� � x�j2;

and therefore, in view of (2.12) and (2.1),

v..x�/
� C ´/ � Ov�.x� C ´/ � 
 C 1



j.x�/� � x�j2 � �'..x�/� C ´/

� Q�.´/C ı.j´j2/;
where Q�.´/ is the quadratic polynomial with

Q�.0/ D Ov�.x�/ � 
 C 1



j.x�/� � x�j2 � �'..x�/�/

D Ov�.x�/ � �'..x�/�/CO.
/;

rQ�.0/ D r Ov�.x�/ � �r'..x�/�/;
r2Q�.0/ D r2 Ov�.x�/ � �r2'..x�/�/;

where jO.
/j � C
.

By (2.4) and (2.1), Q�.0/ D v..x�/
�/. Since v is a viscosity subsolution of

(1.7), we have

(2.13) �.AQ�
.0// 2 �:

For small 0 < 
 � � � ı, we have, as in the proof of lemma 3.7 in [26, 27], that

AQ�
.0/ �

�
1 � �Œ'..x�/

�/CO. �
	
/


Ov�.x�/
�
A Ov� .x�/

� �ı

2

�
'..x�/

�/CO

�



�ı
C �

ı

��
Ov�.x�/I:

(2.14)

Similarly, using (2.11) and the definition of w�, we have

w..x�/� C ´/ � w�.x� C ´/C 
 � 1



j.x�/� � x�j2 � P�.´/ � ı.j´j2/;

where P�.´/ is the quadratic polynomial with

P�.0/ D w�.x�/C 
 � 1



j.x�/� � x�j2 D w�.x�/CO.
/;

rP�.0/ D rw�.x�/; r2P�.0/ D r2w�.x�/:
By (2.5), P�.0/ D w..x�/�/. Sincew is a viscosity supersolution of (1.7), we have

(2.15) �.AP�
.0// 2 Rn n �:
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By (2.7),

AP�.0/ D Œw�.x�/CO.
/
r2w�.x�/ � 1

2
jrw�.x�/j2I

D .1CO.
//Aw�
.x�/CO.
/:

(2.16)

By (2.10),

Aw�
.x�/ � w�.x�/

b� Ov�.x�/A Ov� .x�/

C 1

2b2�

�
b�w�.x�/

Ov�.x�/ jr Ov�.x�/j2 � r.b�w�/.x�/j2
�
I:

By (2.8) and (2.9),ˇ̌̌
ˇb�w�.x�/Ov�.x�/ � 1

ˇ̌̌
ˇ � C
; jr Ov�.x�/ � r.b�w�/.x�/j � C
:

It follows, in view of (2.7),ˇ̌̌
ˇb�w�.x�/Ov�.x�/

ˇ̌̌
ˇr Ov�.x�/j2 � jr.b�w�/.x�/j2j � C


and

(2.17) Aw�
.x�/ � w�.x�/

b� Ov�.x�/A Ov� .x�/ � C
I:
By (2.16), (2.17), and (2.14), we have, after fixing some small 0 < � � ı,

AP�
.0/ � a.�; ı/AQ.0/C b.�; ı/I � C.�; ı/
I;

where a.�; ı/, b.�; ı/, and C.�; ı/ are some positive constants independent of 
.

Now fix 
 > 0 such that b.�; ı/�C.�; ı/
 > 0; we deduce from (2.13), using the

properties of � , that �.AP�
.0// 2 � . This violates (2.15). Step 1 is established.

Step 2. Proposition 1.14 holds for m if it holds for m � 1.

Now we assume that the proposition holds for m� 1 points, m� 1 � 0, and we

will prove that it holds for m points. We prove (1.25) by contradiction. Suppose it

does not hold, then

inf
�nSm

.w � v/ � 0:

By shrinking� slightly and working with the smaller one, we may assume without

loss of generality that w is C 0;1 in some open neighborhood of �. Let

u WD v� n�2
2 and � WD w� n�2

2 :

Then

inf
�nSm

.u � �/ � 0; u > � on @�;

u is a viscosity supersolution of

(2.18) �.Au/ 2 @� in � n Sm;
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and � is a viscosity subsolution of

�.A�/ 2 @� in �:

For a positive C 2 function  , A .x0/ 2 � implies � .x0/ � 0. So by the

definition of u being a viscosity supersolution of (2.18),

�u � 0 in � n Sm in the viscosity sense:

It follows, from using also the positivity of u, that

inf
�nSm

u � inf
@�
u > 0:

Thus, for some 0 < a � 1,

inf
�nSm

.u � a�/ D 0:

Since we can use a�1u instead of u, we may assume without loss of generality that

a D 1. So we have, in addition,

inf
�nSm

.u � �/ D 0:

Let Pm be the origin, and let

y� WD � n Sm�1; Sm�1 WD fP1; : : : ; Pm�1g:
LEMMA 2.1 There exists 
 > 0 such that u D � D �.0/ in B� n f0g.

PROOF OF LEMMA 2.1: We first claim that

(2.19) lim inf
jyj!0

.u � �/.y/ D 0:

If (2.19) did not hold, there would be some 
 > 0 such that infB�nf0g.u � �/ > 0,

i.e.,

(2.20) inf
B�nf0g

.w � v/ > 0:

Since the singular set of v in � n B� is Sm�1, which contains only m � 1 points,

we have, by the induction hypothesis,

inf
.�nB�/nSm�1

.w � v/ > 0:

This and (2.20) violate (2.19).

Now let

ˆ.�; x; �Iy/ WD ��.x C y/:

Since ˆ.�; 0; 1I � / D � and u > � on @�, we can fix some 
4 > 0 so that jxj � 
4
and j� � 1j � 
4 guarantee

(2.21) u > ˆ.�; x; �I � / on @�:
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For such x and �, if we assume both

(2.22) inf
y�nf0g

Œu �ˆ.�; x; �I � /
 D 0

and

lim inf
jyj!0

Œu.y/ �ˆ.�; x; �Iy/
 > 0;
we would have, for some 
; 
0 > 0,

(2.23) u.y/ �ˆ.�; x; �Iy/ > 
0 8 0 < jyj � 
:

Let

zu.y/ WD 1

�
u.y/; z�.y/ WD �.x C y/:

We know from (2.21) and (2.23) that zu > z� on @.� n B�/, i.e.,

v < �� 2
n�2w.x C � / on @.� n B�/:

Since ��2=.n�2/w.x C � / is still a viscosity supersolution of (1.7), while the sin-

gular set of v in � n B� is Sm�1, which contains only m � 1 points, we have, by

the induction hypothesis,

inf
.�nB�/nSm�1

Œ�� 2
n�2w.x C � / � v
 > 0;

i.e.,

inf
.�nB�/nSm�1

Œu �ˆ.�; x; �I � /
 > 0:

This and (2.23) violate (2.22), which is impossible. We have proved that (2.22)

implies

lim inf
jyj!0

Œu.y/ �ˆ.�; x; �Iy/
 D 0:

Therefore we can apply theorem 1.6 in [26, 27] to obtain, in view of (2.19), u D
� D �.0/ near the origin. Lemma 2.1 is established. �

Because of Lemma 2.1,

(2.24) v D w D w.0/ in B�

and therefore v is a viscosity solution of �.Av/ 2 � in B�. Thus v 2 C
0;1
loc .� n

Sm�1/ is a viscosity subsolution of �.Av/ 2 @� in � n Sm�1. By the induction

hypothesis, we have

inf
�nSm�1

.w � v/ > 0:
This violates (2.24), which is impossible. Step 2 is established. We have therefore

proved Proposition 1.14.

�
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3 Proof of Theorem 1.8
PROOF OF THEOREM 1.8: Suppose the contrary of (1.21); then in B2, the ball

in Rn of radius 2 and centered at the origin, there exists a sequence of C 4 functions

fuig, C 2 functions fhig, and n�n symmetric positive definite C 4 matrix functions

.a
.i/

lm
.x// satisfying, for some Na > 0,

(3.1)
1

Na j�j2 � a
.i/

lm
.x/�l�m � Naj�j2 8x 2 B2; � 2 Rn;

(3.2) ka.i/
lm

kC4.B2/
; khikC2.B2/

� Na; 0 < ui � Na on B2;

and, for the Riemannian metric,

gi WD a
.i/

lm
.x/dxl dxm;(3.3)

f .�.A
u

4=.n�2/

i
gi
// D hi ; �.A

u
4=.n�2/

i
gi
/ 2 � in B2;

sup
B1=2

jr logui j ! 1:(3.4)

It follows, for some xi 2 B1, that

.1 � jxi j/jr logui .xi /j D max
jxj�1

.1 � jxj/jr logui .x/j ! 1;

where

jxj WD
p

nX
lD1

.xl/
2:

Let �i WD .1 � jxi j/=2 and 
i WD .2jr logui .xi /j/�1. Then

(3.5)
�i


i
! 1; 2jr logui .xi /j � jr logui .x/j 8jx � xi j < �i :

Consider

(3.6) vi .y/ WD 1

ui .xi /
ui .xi C 
iy/; jyj < �i


i
:

Then vi .0/ D 1 and, by (3.5) and the definition of 
i ,

(3.7) jr log vi .y/j � 2jr log vi .0/j D 1 8jyj < �i


i
:

Thus for any ˇ > 1 there exists some positive constant C.ˇ/, independent of i ,

such that

(3.8)
1

C.ˇ/
� vi .y/ � C.ˇ/ 8jyj < ˇ:

For g.i/ D a
.i/

lm
.xi C 
iy/dy

ldym, �i WD ui .xi /
� 4

n�2 
�2
i ! 1, and x D

xi C 
iy,

(3.9) f .�i�.Avi .y/4=.n�2/g.i/// D f .�.Aui .x/4=.n�2/gi
// D hi ; jyj < �i


i
:
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By the proof of (1.39) in [17], applied to f .�i � /, we have, for a possibly larger

C.ˇ/,

(3.10) jr2vi .y/j � C.ˇ/ 8jyj � ˇ:

Passing to a subsequence, vi ! v in C
1;˛
loc .R

n/ for all 0 < ˛ < 1; where v is a

positive function in C
1;1
loc .R

n/ satisfying jrv.0/j D 1
2
: In particular, v cannot be a

constant.

By (3.8), (3.7), and (3.10), j�.Avi .y/4=.n�2/g.i//j � C.ˇ/ 8jyj � ˇ. This and

(3.9) imply, in view of (1.12) and (1.22), that limi!1 f .�.Avi .y/4=.n�2/g.i/// D
0. Therefore v is a C

1;1
loc solution of f .�.Av// D 0 in Rn. By theorem 1.3 in

[26, 27], v is identically a constant, which is a contradiction. Theorem 1.8 is

established. �
It is easy to see from the proof that in Remark 1.9 assumption (1.23) can be

replaced by the following weaker one:

inf
�2�;j�j� 1

ı

	
j�j2�ı X

i

f�i
.�/



� ı for some ı > 0:

4 Proof of Theorem 1.10
In this section we prove Theorem 1.10. We first introduce some notation. Let v

be a locally Lipschitz function in some open subset � of Rn. For 0 < ˛ < 1,

x 2 �, and 0 < ı < dist.x; @�/, let

Œv
˛;ı.x/ WD sup
0<jy�xj<ı

jv.y/ � v.x/j
jy � xj˛ ;

ı.v; xI�;˛/ WD

8̂̂<
ˆ̂:

1 if Œv
˛;dist.x;@�/.x/ < 1;

� where 0 < � � dist.x; @�/ and �˛Œv
˛;	.x/ D 1

if Œv
˛;dist.x;@�/ � 1:

PROOF OF THEOREM 1.10: Before establishing the gradient estimate of logu,

we first prove the following Hölder estimates:

(4.1) sup
jyj;jxj<r;jy�xj<2r

j logu.y/ � logu.x/j
jy � xj˛ � C.˛/ 8 0 < ˛ < 1:

Suppose the contrary of (4.1), then for some 0 < ˛ < 1, there exist, in B2,

C 3 functions fuig, C 1 functions fhig, and n � n symmetric positive definite C 3

matrix functions .a
.i/

lm
.x// satisfying, for some Na > 0, (3.1), (3.2), and

ka.i/
lm

kC3.B2/
; khikC1.B2/

� Na;
and (3.4) holds with gi given by (3.3), but

inf
x2B1=2

ı.logui ; x/ ! 0;
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where

ı.logui ; x/ WD ı.logui ; xIB2; ˛/:
It follows, for some xi 2 B1,

1 � jxi j
ı.logui ; xi /

D max
jxj�1

1 � jxj
ı.logui ; x/

! 1:

Let

(4.2) �i WD 1 � jxi j
2

; 
i WD ı.logui ; xi /:

Then

(4.3)
�i


i
! 1; 
i ! 0;

and

(4.4) 
i � 2ı.logui ; ´/ 8j´ � xi j < �i :
Let vi be defined as in (3.6) with the new 
i as just defined. By the definition of

ı.logui ; xi /,

Œlog vi 
˛;1.0/ D 
˛i Œlogui 
˛;�i
.xi /

D ı.logui ; xi /
˛Œlogui 
˛;ı.logui ;xi /.xi / D 1:

For any ˇ > 1 and jxj < ˇ, we have, in view of (4.3), (4.4), and the triangle

inequality, that for large i ,

jlogui .´/ � logui .xi C 
ix/j
�

ˇ̌̌
ˇlogui .´/ � logui

�
1

2
.´C xi C 
ix/

�ˇ̌̌
ˇ

C
ˇ̌̌
ˇlogui

�
1

2
.´C xi C 
ix/

�
� logui .xi C 
ix/

ˇ̌̌
ˇ;

j´ � .xi C 
ix/j D 2

ˇ̌̌
ˇ´ � 1

2
.´C xi C 
ix/

ˇ̌̌
ˇ

D 2

ˇ̌̌
ˇ12.´C xi C 
ix/ � .xi C 
ix/

ˇ̌̌
ˇ;

Œlog vi 
˛;1.x/ D 
˛i Œlogui 
˛;�i
.xi C 
ix/

� 2�˛
˛i
�

sup
j´�.xi C�ix/j<�i

Œlogui 
˛; �i
2

.´/C Œlogui 
˛; �i
2

.xi C 
ix/
�

� C.ˇ/
�

sup
j´�.xi C�ix/j<�i

ı.logui ; ´/
˛Œlogui 
˛;ı.logui ;´/.´/

C ı.logui ; xi C 
ix/
˛Œlogui 
˛;ı.logui ;xi C�ix/.xi C 
ix/

�
� C.ˇ/:
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This implies (3.8) for any ˇ > 1. By Theorem D, we have, for any ˇ > 1,

jrvi .y/j � C.ˇ/ 8jyj < ˇ:
Passing to a subsequence,

vi ! v in C
�
loc.R

n/ for all ˛ < � < 1;

where v is a positive function in C
0;1
loc .R

n/ satisfying Œlog v
˛;1.0/ D 1: In partic-

ular, v cannot be a constant.

Clearly, (3.9) holds with the new 
i given in (4.2). Thus, by (1.13) and (3.9),

lim
i!1f

�
�.Avi .y/4=.n�2/g.i//

� D 0:

CLAIM. w WD v�2=.n�2/, modulo a linear change of coordinates, is a positive

locally Lipschitz viscosity solution of �.Aw/ 2 @� in Rn.

Once the claim is proved, we have, by Theorem 1.4, that v is a constant. This

leads to a contradiction. The Hölder estimate (4.1) is established.

PROOF: We may assume without loss of generality that

a
.i/

lm
.xi / D ılm;

since this can be achieved by making a change of variables

yl D bl˛´
˛;

where .bl˛/, depending on i , is the square root matrix of the inverse of the positive

definite matrix .a
.i/

lm
.xi //.

We will only prove

(i) v is a viscosity supersolution of (1.6) in � D Rn.

We omit the very similar proof of

(ii) v is a viscosity subsolution of (1.6) in � D Rn.

The claim follows from (i) and (ii) in view of Remark 1.2.

Let x0 2 Rn, ' 2 C 2.Rn/, .v � '/.x0/ D 0, and v � ' � 0 near x0. For small

ı > 0, consider

'ı.x/ D '.x/ � ıjx � x0j2:
Then

'ı.x/ � '.x/ � ı3 8jx � x0j D ı:

By the convergence of vi to v,

vi .x/ � 'ı.x/C ı3

2
8jx � x0j D ı

for large i .

Since vi .x0/ ! v.x0/ D 'ı.x0/, there exists some Oxi satisfying j Oxi � x0j < ı
2

such that

ˇi WD .vi � 'ı/. Oxi / D min
jx�x0j�ı

.vi � 'ı/.x/ ! 0 as i ! 1:
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Since

ˇi D .vi � '/. Oxi /C ıj Oxi � x0j2 � .vi � v/. Oxi /C ıj Oxi � x0j2;
we have, using vi ! v and ˇi ! 0, that

lim
i!1 Oxi D x0:

Set

y'.i/
ı

D 'ı C ˇi :

We know from the above that

vi . Oxi / D y'.i/
ı
. Oxi /; vi .x/ � y'.i/

ı
.x/; 8jx � Oxi j < ı

2
;

rvi . Oxi / D r y'.i/
ı
. Oxi /; r2vi . Oxi / � r2 y'.i/

ı
. Oxi /:

It follows, at Oxi , that

�.Avi .y/4=.n�2/g.i// D �
�
vi .y/

� 4
n�2Avi .y/4=.n�2/g.i/ Ig.i/�

� �
�y'.i/
ı
.y/� 4

n�2Ay'.i/

ı
.y/4=.n�2/g.i/ Ig.i/

�
;

where

�
�
vi .y/

� 4
n�2Avi .y/4=.n�2/g.i/ Ig.i/�

and

�
�y'.i/
ı
.y/� 4

n�2Ay'.i/

ı
.y/4=.n�2/g.i/ Ig.i/

�
denote, respectively, the eigenvalues of

vi .y/
� 4

n�2Avi .y/4=.n�2/g.i/ and y'.i/
ı
.y/� 4

n�2Ay'.i/

ı
.y/4=.n�2/g.i/

with respect to g.i/.

Since �.Avi . Oxi /4=.n�2/g.i// is in � , we deduce from the above and the property

of � that

�
�y'.i/
ı
. Oxi /� 4

n�2Ay'.i/

ı
. Oxi /4=.n�2/g.i/ Ig.i/

�
is in � . Sending i to infinity, we have

�
�y'ı.x0/� 4

n�2Ay'ı.x0/4=.n�2/ Ng I Ng� 2 �;
where Ng D P

i .d´
i /2. Sending ı ! 0 leads to �.A'.x0// 2 � . (i) is established.

�
Now we establish the gradient estimate (1.21) based on the Holder estimates.

The Hölder estimate (4.1) yields the Harnack inequality:

sup
B2r

u � C inf
B2r

u:

Consider

w WD 1

u.0/
u:
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The equation of w on B3r is

f .�.Aw4=.n�2/g// D u.0/
4

n�2h; �.Aw4=.n�2/g/ 2 �;
and w satisfies

1

C
� w � C in B2r :

Since u.0/ is bounded from above, we have, using Theorem D, that

jruj � C in Br :

Theorem 1.10 is established. �

5 Proofs of Theorem 1.23 and Theorem 1.19

PROPOSITION 5.1 Let uC 2 C 0;1.BC
1 / and u� 2 C 0;1.B�

1 / be two positive
functions satisfying uC D u� on @0BC

1 . We assume that

uC is a viscosity supersolution (subsolution) of �.Au
C
/ 2 @� in BC

1 ;(5.1)

@uC
@xn

� .�/ 0 on @0BC
1 in the viscosity sense;(5.2)

u� is a viscosity supersolution (subsolution) of �.Au
�
/ 2 @� in BC

1 ;(5.3)

@u�
@xn

� .�/ 0 on @0B�
1 in the viscosity sense:(5.4)

Then

zu.x0; xn/ WD
(
uC.x0; xn/ if xn � 0;

u�.x0; xn/ if xn < 0

is a C 0;1 viscosity supersolution (subsolution) of �.Azu/ 2 @� in B1.

A consequence of Propositions 1.14 and 5.1 is the following:

COROLLARY 5.2 Let �C � RnC be a bounded open set. For m points Sm WD
fP1; : : : ; Pmg � �C [ @0�C, m � 0, let u 2 C 0;1.�C n Sm/ and v 2 C 0;1.�C/
be positive functions. Assume that

u is a viscosity supersolution of �.Au/ 2 @� in �C n Sm;
v is a viscosity subsolution of �.Av/ 2 @� in �C;
@u

@xn
� 0 � @v

@xn
on @0�C in the viscosity sense;

u > v on @00�C:
Then

(5.5) inf
�CnSm

.u � v/ > 0:
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PROOF USING PROPOSITIONS 1.14 AND 5.1: Let uC D u, u�.x0; xn/ WD
u.x0;�xn/, vC WD v, v�.x0; xn/ WD v.x0;�xn/,

zu.x0; xn/ WD
(
uC.x0; xn/ if xn � 0;

u�.x0; xn/ if xn < 0;

and

zv.x0; xn/ WD
(
vC.x0; xn/ if xn � 0;

v�.x0; xn/ if xn < 0:

An application of Proposition 1.14 to v�2=.n�2/ and u�2=.n�2/, in view of Propo-

sition 5.1 and Remark 1.2, yields (5.5). �

PROOF OF PROPOSITION 5.1: We first prove the proposition under, instead of

(5.2) and (5.4),

(5.6)
@uC
@xn

< 0 on @0BC
1 and

@u�
@xn

> 0 on @0B�
1 in the viscosity sense:

Let Nx 2 B1,  2 C 2.B1/, zu. Nx/ D  . Nx/, and, for some 0 < ı < 1 � j Nxj,
u.x/ �  .x/ for all jx � Nxj < ı. We need to show that

�.A . Nx// 2 Rn n �:
If Nx does not belong to @0BC

1 , this is obvious because of (5.1) and (5.3). So we

only need to show that Nx does not belong to @0BC
1 . Indeed, if Nx 2 @0BC

1 , then,

since Nxn D 0,

uC. Nx/ D u�. Nx/ D  . Nx/; uC; u� �  near Nx:
Thus, by (5.6),

@ 

@xn
. Nx/ < 0 and

@ 

@xn
. Nx/ > 0:

A contradiction.

Now we prove the proposition under (5.2) and (5.4). We will only give the

proof when uC and u� are viscosity supersolutions, since the proof is essentially

the same when they are subsolutions. We start with a first variation of the operator

Au together with the Neumann boundary condition.

LEMMA 5.3 Let �C � RnC be a bounded open set, and let w 2 C 2.�C/ \
C 1.�C [ @0�C/ satisfy, for some constant c1 > 0,

w � c1 in �C;

and let

'˙.x/ WD eıjxj2˙ı2xn :
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Then there exists some constant ı > 0 depending only on supfjxj j x 2 �Cg, and
there exists N
 > 0 depending only on ı, c1, and supfjxj j x 2 �Cg such that for
any 0 < 
 < N
,

AwC�'˙ �
�
1C 


'˙
w

�
Aw C 
ı

2
'˙wI in �C;

Aw��'˙ �
�
1 � 
'

˙
w

�
Aw � 
ı

2
'˙wI in �C;

@

@xn
.w C 
'˙/ D @w

@xn
˙ 
ı on @0�C;

@

@xn
.w � 
'˙/ D @w

@xn
	 
ı on @0�C:

PROOF: The proof is very similar to that of lemma 3.7 in [26, 27]; we omit the

details. �
Let uC be the supersolution in Proposition 5.1; set

�C WD .uC/� 2
n�2 ; �C

� WD �C C 
'C; uC
� WD .�C

� /
� n�2

2 :

We will prove that

(5.7) uC
� is a viscosity supersolution of �.Au

C
� / 2 @� in BC

1

and

(5.8)
@uC
�

@xn
< 0 on @0BC

1 in the viscosity sense:

Let Nx 2 BC
1 ,  2 C 2.BC

1 /, u
C
� . Nx/ D  . Nx/, and u� �  near Nx. Then, with

� WD  � 2
n�2 ,

�C D � � 
'C at Nx and �C � � � 
'C near Nx:
By Remark 1.2, �C is a viscosity subsolution of �.A�C/ 2 @� , and therefore

�.A���'C. Nx// 2 �:
By Lemma 5.3,

A���'C. Nx/ <
�
1 � 
'

C
�

�
. Nx/A�. Nx/;

which implies, for small 
,

A . Nx/ D A�. Nx/ 2 �:
We have proved (5.7).

To prove (5.8), let Nx 2 @0BC
1 ,  2 C 1.BC

1 /, u
C
� . Nx/ D  . Nx/, and u� �  near

Nx. It follows that

uC D �
 � 2

n�2 � 
'C�� n�2
2 at Nx and uC � �

 � 2
n�2 � 
'C�� n�2

2 near Nx:
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Since @uC

@xn
� 0 on @0BC

1 in the viscosity sense, we have

0 � @

@xn

�
 � 2

n�2 � 
'C�� n�2
2

ˇ̌̌
ˇ
xD Nx

D @ 

@xn
Œ1CO.
/
C n � 2

2

ı2 

n
n�2 CO.
2/:

So, for small 
, we have @ 
@xn

. Nx/ < 0. We have proved (5.8).

Similarly, we set for u�

�� D .u�/� 2
n�2 ; ��

� WD �� C 
'�; u�
� WD .��

� /
� n�2

2 ;

and prove

u�
� is a viscosity supersolution of �.Au

�
� / 2 @� in B�

1

and

(5.9)
@u�
�

@xn
> 0 on @0B�

1 in the viscosity sense:

It is clear that uC
� D u�

� on @BC
1 .

Since we now have the strict inequalities (5.8) and (5.9),

zu�.x0; xn/ WD
(
uC
� .x

0; xn/ if xn � 0;

u�
� .x

0; xn/ if xn � 0

is a viscosity supersolution of �.Azu� / 2 @� in B1. Since zu� ! zu in C 0loc.B1/, we

have, by standard arguments, that zu is a viscosity supersolution of �.Azu/ 2 @� in

B1. Proposition 5.1 is established. �
PROOF OF THEOREM 1.23: By Proposition 5.1,

zu.x0; xn/ WD
(
u.x0; xn/ if xn � 0;

u.x0;�xn/ if xn � 0

satisfies the hypothesis of Theorem 1.4 and therefore is a constant. �
PROOF OF THEOREM 1.19: The proof is similar to that of Theorem 1.10. Let

O3 be an open set of M satisfying O3 � O3 � O3 � O1. We first establish

(5.10) sup
y;x2O3

dist.y;x/<2r

jlogu.y/ � logu.x/j
dist.y; x/˛

� C.˛/ 8 0 < ˛ < 1:

Suppose the contrary of (5.10); then for some 0 < ˛ < 1, there exist, in B
C
2 � Rn,

C 3 functions fuig, C 1 functions f ig and f�ig, and n � n symmetric positive

definite C 3 matrix functions .a
.i/

lm
.x// satisfying, for some Na > 0, (3.1) and (3.2)

in B
C
2 , and

ka.i/
lm

k
C3.B

C
2 /
; k ikC1.B

C
2 /
; k�ikC1.B

C
2 /

� Na;
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:
f .�.A

u
4=.n�2/

i
gi
// D  i for �.A

u
4=.n�2/

i
gi
/ 2 � on BC

2 ;

� @ui

@�gi

C n�2
2
hgi
ui D �iu

n=.n�2/
i on @0BC

2 ;

where gi is given by (3.3), but

inf
x2BC

1=2

ı.logui ; x/ ! 0;

where

ı.logui ; x/ WD ı.logui ; xIBC
2 ; ˛/:

It follows, for some xi 2 BC
1 [ @0BC

1 , that

1 � jxi j
ı.logui ; xi /

D max
x2BC

1

1 � jxj
ı.logui ; x/

! 1:

Let �i and 
i be defined as in (4.2). Then they satisfy (4.3) and


i � 2ı.logui ; ´/ 8´ 2 B
i
.xi / \ BC

1 :

Let

vi .y/ WD 1

ui .xi /
ui .xi C 
iy/; jyj < �i


i
; yn > �Ti WD � 1


i
.xi /n:

After passing to a subsequence, either

lim
i!1.�Ti / D �T > �1 or lim

i!1.�Ti / D �1:

Following, with obvious modification, the arguments in the proof of Theorem 1.10,

we see, passing to another subsequence, that either

vi . � C .00;�Ti // ! v in C
�
loc.R

nC/ for all 0 < � < 1

for some positive locally Lipschitz viscosity solution v of (1.31) and (1.32) satis-

fying Œlog v
˛;1.0
0; T / D 1, or

vi ! v in C
�
loc.R

n/ for all 0 < � < 1

for some positive locally Lipschitz viscosity solution of �.Av/ 2 @� in Rn sat-

isfying Œlog v
˛;1.0/ D 1. By our Liouville theorems v must be a constant. But

Œlog v
˛;1.0
0; T / D 1 or Œlog v
˛;1.0/ D 1 does not allow v to be a constant. A

contradiction. Theorem 1.19 is established. �

Appendix
We give in this appendix the proof of Theorem D in [20]. For simplicity we

present the proof on locally conformally flat manifolds. Namely, we give another

proof of Theorem C, which can easily be extended to general Riemannian mani-

folds.
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ANOTHER PROOF OF THEOREM C: We write v D � 2
n�2 logu. Then v satis-

fies, with ˛ D � 2
n�2 log b and ˇ D � 2

n�2 log a,

(A.1) f .�.W // D h; �.W / 2 �; in B3;

and

˛ � v � ˇ on B3;

where

W WD .Wij / D e2v
�
vij C vivj � jrvj2

2
ıij

�
:

We only need to prove, for some constant C depending on ˛, ˇ, and .f; �/ that

(A.2) jrvj � C on B1:

Fix some small constants 
; c1 > 0, depending only on ˛ and ˇ, such that the

function 	.s/ WD 
e�2s satisfies

(A.3) �1
2
	0 � c1; 	00 C 	0 � .	0/2 � 0; on Œ˛; ˇ
:

Let � � 0 be a smooth function taking value 1 in B1 and 0 outside B2. It is

known that � satisfies jr�j2 � C1. Consider

G D �e�.v/jrvj2:
Estimate (A.2) is established if we can show that G � C on NB2. Let G.x0/ D
max NB2

G for some x0 2 NB2. Clearly x0 2 B2. After a rotation of the axis if

necessary, we may assume that W.x0/ is a diagonal matrix. In the following,

we use subscripts of a function to denote derivatives. For example, Gi D @xi
G,

Gij D @xixj
G, and so on. We also use the notation f i WD @f

@�i
.

Applying @xk
to (A.1) leads to

(A.4) f iWi ik D 0:

By calculation,

Gi D 2�e�vkivk C �	0e� jrvj2vi C e� jrvj2�i
D 2�e�vkivk C

�
	0vi C �i

�

�
G:

At x0, we have Gi D 0. Equivalently, we have

(A.5) 2vkivk D �	0jrvj2vi � �i

�
jrvj2 8 1 � i � n:

Take the second covariant derivative of G and evaluate at x0,

0 � .Gij / D 2vkij vke
��C 2vkivkj e

��C 2vkivke
�	0vj�C 2vkivke

��j

C
�
	00vivj C 	0vij C ��ij � �i�j

�2

�
�e� jrvj2:
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Therefore, at x0,

0 � e��f iGi i(A.6)

D 2�f ivi ikvk C 2�f iv2ki C 2�	0f ivkivkvi C 2f ivkivk�i

C f i .	00v2i C 	0vi i C ��i i � �2i
�2

/�jrvj2

D 2�f ivk

�
e�2vWi i � v2i C jrvj2

2
ıi i

�
k

C 2�f iv2ki

� �	0f i
�

jrvj2	0v2i C jrvj2�ivi
�

�
� f i

�
jrvj2	0vi C jrvj2�i

�

�
�i

C �	00jrvj2f iv2i C �	0jrvj2f i
�
e�2vWi i � v2i C jrvj2

2
ıi i

�

C jrvj2f i ��i i � �2i
�

D 2�f i
�
e�2vWi ikvk � 2e�2vjrvj2Wi i C 	0jrvj2v2i C �ivi

�
jrvj2

� 1

2
jrvj4	0 � 1

2
jrvj2 vk�k

�

�
C 2�f iv2ki

� �	0f i
�

jrvj2	0v2i C jrvj2�ivi
�

�
� f i

�
jrvj2	0vi C jrvj2�i

�

�
�i

C �	00jrvj2f iv2i C �	0jrvj2f i
�
e�2vWi i � v2i C jrvj2

2
ıi i

�

C jrvj2f i ��i i � �2i
�

D
�
�4�e�2vjrvj2f � jrvj2vk�k

X
i

f i � 2	0jrvj2f i�ivi

C �e�2v	0jrvj2f C jrvj2f i ��i i � 2�2i
�

C 2jrvj2f i�ivi
�

C 2�f iv2ki � 1

2
�	0jrvj4

X
i

f i C .	00 C 	0 � .	0/2/�jrvj2f iv2i :

In the following, we use C2 to denote some positive constant depending only on

˛, ˇ, and .f; �/ that may vary from line to line. By (A.3), we derive from (A.6)

that

0 � e��f iGi i � .�C2p�jrvj3 � C2jrvj2 C 2c1�jrvj4/
X
i

f i

D jrvj2��C2q�jrvj2 � C2 C c1�jrvj2� X
i

f i ;

which implies �jrvj2.x0/ � C2, so is G.x0/. Estimate (A.2) is established. �
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