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Abstract

We extend the validity of Dain’s angular-momentum inequality to maximal, asymptotically flat,
initial data sets on a simply connected manifold with several asymptotically flat ends which are
invariant under a U(1) action and which admit a twist potential.
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1. Introduction

In [3] Dain proved an upper bound for angular momentum in terms of the mass for a
class of maximal, vacuum, initial data sets with a metric of the form

g ¼ e�2Uþ2aðdq2 þ dz2Þ þ q2e�2U ðduþ qBqdqþ AzdzÞ2; ð1:1Þ
where the functions are assumed to be u-independent. The existence of the global coordi-
nate system (1.1) has been justified for asymptotically flat axi-symmetric initial data sets on
a simply connected manifold in the first paper of this series [2].
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In this paper we extend the validity of Dain’s inequality to all maximal, asymptotically
flat, simply connected initial data sets ðM ; g;KÞ invariant under a U(1) action, with several
asymptotically flat ends and positive scalar curvature, and admitting a twist potential x as
defined by (2.6) below.

In order to give a detailed statement, some preliminary remarks are in order. We choose
an asymptotic region, say M1 and, following Dain, the remaining asymptotic regions are
described by punctures on the z-axis in the ðq; zÞ plane. The axial symmetry of the problem
implies that the angular momentum ~J i of each asymptotic region Mi is aligned along the
rotation axis, and we shall write J i for the relevant component of~J i. As is well known, x is
constant on each connected component of the punctured axis, and (cf., e.g., [9, Section 6])
J 1 is proportional to the difference of the values of x on the extreme segments of the axis,
while for i 6¼ 1 the z-component J i of the angular-momentum vector is proportional to the
jump of x at the i-th puncture. This implies

J 1 ¼
XN

i¼2

J i; ð1:2Þ

so that J 1 is determined by the remaining angular momenta.
We denote by 8pf ðJ 2; . . . ; J NÞ the numerical value of the action functional (2.13) of the

harmonic map, from R3 n fq ¼ 0g to the two-dimensional hyperbolic space, constructed in
Proposition 2.1 below.

It follows from (1.2) that for N ¼ 1 the angular momentum necessarily vanishes (so that
no non-trivial inequality involving the angular momentum can be obtained in the N ¼ 1
case), while for N ¼ 2 we have

J 1 ¼ J 2 and f ðJ 2Þ ¼ f ðJ 1Þ ¼
ffiffiffiffiffiffiffiffi
j~J 1j

q
:

We are ready now to present our version of Dain’s inequality:

Theorem 1.1. Let ðM ; g;KÞ be a three-dimensional U(1)—invariant initial data set, with

positive matter density, on a simply connected manifold M which is the union of a compact

set and of a finite number of asymptotic regions Mi; i ¼ 1; . . . ; N ;N P 2, and with ðg;KÞ—
asymptotically flat on each end in the sense of (2.1) and (2.2) with k P 6, together with

(2.4). If ðM ; g;KÞ admits a twist potential1 satisfying (2.12), then the ADM mass m1 of M1

satisfies

m1 P f ðJ 2; . . . ; J N Þ:
For N ¼ 2 this is Dain’s inequality m1 P

ffiffiffiffiffiffiffiffi
j~J 1j

q
.

Conceivably the case of main interest is N ¼ 2 (already analyzed under different
hypotheses by Dain [3]), since the function f is not known in general. (It would thus be
of interest to obtain some lower estimates on f when N P 3.) Now, it is far from clear
how large is the class of metrics considered by Dain in [3], in view of several a priori restric-
tive conditions imposed there; the analysis in [2] and here shows that the inequality applies
in substantial generality.

A sketch of the argument seems appropriate: Following Dain, we show that the mass is
bounded from below by the action of a map ðU ;xÞ, with values in the hyperbolic space,
1 This will necessarily be true in vacuum.
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determined by the norm of the rotational Killing vector and by the twist potential. This
map is singular on the rotation axis, with further distinct singularities on punctures on that
axis, which correspond to the remaining asymptotically flat regions. One then wishes to
show that the action of the map is bounded from below by the action of the extreme Kerr
solution when N ¼ 2, or by the action of a harmonic map ð eU ; ~xÞ with singularities at the
punctures resembling those of the extreme Kerr solution for N > 2. Such maps are con-
structed in Proposition 2.1; the result is essentially due to Weinstein [10]. The key element
of the remainder of the argument is a result of Hildebrandt, Kaul and Widman [6] that, on
compact domains with smooth boundary, harmonic maps with negatively curved target
space are minimizers of the action. Since we are working on a non-compact set, with maps
satisfying singular boundary conditions, some work is needed to apply this result. We start
by showing that the action is, roughly speaking, decreased by deforming ðU ;xÞ to a map
ð �U d; �xdÞ with a singularity structure at the punctures resembling that of the extreme solu-
tions. The maps ðU g;xgÞ of Lemma 2.5 are further deformations of ð �U d; �xdÞ which coin-
cide with ð eU ; ~xÞ near the punctures, and for large r. Lemma 2.6 introduces a final
deformation which takes into account the fact that ð eU ; ~xÞ satisfies the harmonic map
equations away from the rotation axis only.

2. Angular-momentum inequalities

We will consider Riemannian manifolds ðM ; gÞ that are asymptotically flat, in the usual
sense that there exists a region M ext � M diffeomorphic to R3 n BðRÞ, where BðRÞ is a coor-
dinate ball of radius R, such that in local coordinates on M ext obtained from R3 n BðRÞ the
metric satisfies the fall-off conditions, for some k P 1,

gij � dij ¼ okðr�1=2Þ; ð2:1Þ
okgij 2 L2ðM extÞ; ð2:2Þ
Ri

jk‘ ¼ oðr�5=2Þ; ð2:3Þ

where we write f ¼ okðrkÞ if f satisfies

ok1
. . . ok‘f ¼ oðrk�‘Þ; 0 6 ‘ 6 k:

Let ðM ; g;KÞ be a general relativistic, not necessarily vacuum, initial data set, with 2p-peri-
odic Killing vector g. We impose asymptotic flatness on g as before and, in each asymp-
totic region, we assume the following asymptotic decay of K, for large r

jKjg ¼ Oðr�kÞ; k > 5=2: ð2:4Þ

We will further suppose that k 6 3, as faster decay would necessarily lead to zero angular
momentum; k ¼ 3 is the decay rate corresponding to the Kerr family of solutions. Note
that (2.4) enforces the vanishing of the ADM momentum of the initial data set.

We also assume that the initial data set is maximal, trgK ¼ 0, and that the Einstein con-
straint equations hold with matter density l satisfying a positivity condition,

ð3ÞR ¼ jKj2g þ 16pl P jKj2g; ð2:5Þ

A key restrictive hypothesis in what follows is the existence of a twist potential x:

�ijkKj
‘g

kg‘dxi ¼ dx: ð2:6Þ
Please cite this article in press as: P.T. Chruściel et al., Ann. Phys. (2008), doi:10.1016/
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As discussed in [3] this holds e.g., for vacuum initial data sets on simply connected man-
ifolds.

It has been shown in [2] that, under the hypotheses of Theorem 1.1, there exist coordi-
nates in which the metric can globally written in the form (1.1) (compare [1,5]). Consider
an orthonormal frame ei such that e3 is proportional to g, let hi be the dual co-frame; for
definiteness we take

h1 ¼ e�Uþadq; h2 ¼ e�Uþadz; h3 ¼ qe�Uðduþ qBqdqþ AzdzÞ:

By (2.6),

dx ¼ �ijkKj
‘g

kg‘dxi ¼ �ðoA; oB; ouÞKðdxB; ouÞdxA ¼ gðg; gÞ�ðea; eb; e3ÞKðhb; e3Þha;

for some u-independent function x. Here, as before, the upper case indices A;B ¼ 1; 2 cor-
respond to the coordinates ðq; zÞ, while the lower case indices a; b ¼ 1; 2 are frame indices.
Thus, writing Kb3 for Kðeb; e3Þ ¼ Kðhb; e3Þ, we have

q2e�2U ðK23h
1 � K13h

2Þ ¼ oqx dqþ ozxdz;

equivalently

K13 ¼ �
e3U�a

q2
ozx; K23 ¼

e3U�a

q2
oqx; ð2:7Þ

so that

e2ða�UÞjKj2g P 2e2ða�UÞðK2
13 þ K2

23Þ ¼ 2
e4U

q4
jdxj2d: ð2:8Þ

In [2] (compare [1,3,5]) it has been shown that

m ¼ 1

16p

Z
ð3ÞRþ 1

2
q2e�4aþ2U ðqBq;z � Az;qÞ2

� �
e2ða�UÞd3xþ 1

8p

Z
ðDUÞ2d3x: ð2:9Þ

Inserting (2.8) into (2.9) we obtain

m P
1

16p

Z
ð3ÞRþ 2ðDUÞ2
h i

e2ða�UÞd3x P
1

8p

Z
ðDUÞ2 þ e4U

q4
ðDxÞ2

� �
d3x: ð2:10Þ

It immediately follows from (2.7) that the twist potential x is constant on each connected
component Aj; j ¼ 1; . . . ; N , of the axis A ¼ fq ¼ 0g; in this section we assume that
N P 2. We set

xj :¼ xjAj
: ð2:11Þ

As in [2,3], in the coordinate system of (1.1) each asymptotically flat end, except the chosen
one, is represented by a point ~ai lying on the symmetry axis A.

To gain some insight into the problem at hand the following comments are in order:
Roughly speaking, asymptotic flatness implies that the twist potential x approaches some
smooth function of the angles x

�
i, typically different in each asymptotic region, as one

recedes to infinity there:

x� x
�

i ¼ oð1Þ: ð2:12Þ
Please cite this article in press as: P.T. Chruściel et al., Ann. Phys. (2008), doi:10.1016/
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The exact form of x
�

i is actually irrelevant for our purposes2; the essential point is that,
after mapping infinity to a neighborhood of a puncture~ai, ox

�
behaves as 1=ri in the local

coordinates there. This is at the origin of Dain’s mass inequality: Indeed, the first term in
(2.10) is minimized by U � 0. However, a constant U would lead to an infinite mass inte-
gral because of the second term in (2.10). So the second term, plus the requirement that the
integral converges, forces U to approach minus infinity as one approaches each puncture,
enforcing thus a non-zero lower bound on the mass.

Note that the explosion rate is faster for non-extreme solutions, compare (2.14) and
(2.15), giving a larger contribution from the first term, as compared to an extreme
solution. However, there is a tension between the two terms, as the decrease of energy
of the first term appears to be comparable to the increase of the second, which makes
the comparison delicate. In fact, it is not at all clear a priori which term will win in the
balance. In the argument below (closely related to, but not identical to Dain’s [3]) we
follow Dain’s insight that cylindrical ends have less energy than asymptotically flat
ones:

Proof of theorem 2.1. If the mass is infinite there is nothing to prove, otherwise by (2.10)
we need to find a lower bound on

I :¼
Z
ðDUÞ2 þ e4U

q4
ðDxÞ2

� �
d3x: ð2:13Þ

In a coordinate system where a Kelvin inversion has been performed in all remaining
asymptotically flat regions, as in [2], near each puncture the function U has, for small
ri, the asymptotic behavior as in [2, Theorem 2.9],

U ¼ 2 ln ri þ Oð1Þ; dU ¼ 2dðln riÞ þ Oð1Þ; ð2:14Þ
while x approaches a non-trivial angle-dependent function x

�
i as ri approaches zero.

We note the following result; when N ¼ 2 the solution ð eU ; ~xÞ below is the pair of
functions ðU ;xÞ corresponding to an extreme Kerr metric with angular momentum along
the z–axis equal to ðx2 � x1Þ=8.

Proposition 2.1. For any set of aligned punctures~ai and of axis values xj there exists a solu-

tion ð eU ; ~xÞ of the variational equations associated with the action (2.13), with finite value of

I, satisfying (2.11), with the asymptotic behavior near each punctureeU ¼ ln ri þ Oð1Þ; ð2:15Þ
~x ¼ Oð1Þ: ð2:16Þ

Remark 2.2. It would be of interest to study in detail the regularity of the solution near the
punctures, compare [8] for some related results.

Remark 2.3. As discussed in Appendix C, an identical proof gives existence of har-
monic maps with any prescribed number of non-degenerate (as in [9]) and degenerate
horizons, with several asymptotically flat regions. We also prove there uniqueness of
solutions.
2 An explicit form of x for Kerr metrics can be found in Appendix A.

Please cite this article in press as: P.T. Chruściel et al., Ann. Phys. (2008), doi:10.1016/
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Proof. This is a rather straightforward consequence of the results in [10], we give some
details to justify the estimates. Let the reference map ð �U ; �xÞ be any map from R3 n f~aig
such that

1. �x takes the prescribed values xj on the relevant connected components of the punctured
axis of symmetry;

2. ð �U ; �xÞ coincides, for all large values of q2 þ z2, with the extreme Kerr solution with the
z–component of the angular-momentum vector equal to ðxN � x1Þ=8;

3. in a small neighborhood of the i-th puncture, after perhaps a constant shift in �x; ð �U ; �xÞ
coincides with the extreme Kerr solution with angular momentum ðxiþ1 � xiÞ=8 near its
cylindrical end;

4. from the explicit form (A.2) of the twist potential x ¼ xKerr for the Kerr metrics
one has, for small q, uniformly in z, away from the plane fz ¼ 0g (see (A.11)
and (A.12))

j�x� xij 6 C
q4

r4
i

and jD�xjd 6 C
q3

r4
i
; ð2:17Þ

when �x ¼ xKerr and ri ¼ r; one can therefore also arrange that (2.17) be satisfied by the
reference map �x away from the planes fz ¼ aig.

5. To make things precise, near the axis q ¼ 0 and away from small neighborhoods of the
punctures we let ð �U ; �xÞ be defined by the usual convex linear combination of two solu-
tions using a smooth cut-off function which depends only upon z for small q.

For i large let ð �Ui; �xiÞ be the map which coincides with ð �U ; �xÞ for q < 1=i and for r P i,
and such that ð�x :¼ �U � ln q; �xÞ solves the harmonic map equations, with target manifold
metric

b :¼ dx2 þ e4xdx2; ð2:18Þ
away from the union of those last two sets; such a map exists by, e.g., [6].

By construction the tension map associated to ð �U � ln q; �xÞ, as defined in [10], has
compact support on R3 n f~aig, and is uniformly bounded in the norm defined by the metric
b. Indeed, the last property is clear away from the axis. In the interpolation region near the
axis the map ð�x; �xÞ is of the form

�x ¼ � ln qþ a0ðzÞ þ a2ðzÞq2 þ Oðq4Þ; �x ¼ xi þ b4ðzÞq4 þ Oðq6Þ; ð2:19Þ
for some smooth functions a0ðzÞ; a2ðzÞ; b4ðzÞ, with the obvious associated behavior of the
derivatives. The non-vanishing Christoffel symbols of the metric b are

Cx
xx ¼ �2e4x; Cx

xx ¼ Cx
xx ¼ 2:

This leads to the following formula for the norm squared of the tension,

jT j2b ¼ ðD�x� 2e4�xjD�xj2Þ2 þ e4�xðD�xþ 4D�x � D�xÞ2;
where D is the flat Laplacian on R3, with the scalar product, and norm of D, taken with
respect to the flat metric on R3. A uniform bound on jT jb readily follows from (2.19).

Note that ð �Ui; �xiÞ has finite action I which is smaller than or equal to the action of
ð �U ; �xÞ, as the action of ð �U i; �xiÞ is strictly smaller than that of ð �U ; �xÞ on the region where
they differ by [6].
Please cite this article in press as: P.T. Chruściel et al., Ann. Phys. (2008), doi:10.1016/
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As outlined in [10, Section 3], an appropriately chosen diagonal subsequence of the
sequence ð �U i; �xiÞ converges uniformly on compact subsets of R3 n f~aig to the desired
harmonic map ð eU � ln q; ~xÞ, with ð eU � ln q; ~xÞ lying a b–finite distance from
ð �U � ln q; �xÞ. The estimate (2.15) follows.

The action I of the limit is smaller than or equal to that of ð �U ; �xÞ by Fatou’s Lemma, in
particular it is finite. h

The arguments in [10], together with elementary scaling in coordinate balls of radius
q=2 centered at ðq; zÞ, show that there is a uniform gradient estimate

jdð eU � ln qÞj2 þ e4ðeU�ln qÞjd~xj2 ¼ jdð eU � ln qÞj2 þ e4eU
q4
jd~xj2 6 Cq�2: ð2:20Þ

An identical estimate (with possibly a different constant, independent of i) holds for the
approximating sequence, which implies that d~x vanishes on the punctured axis, and ~x at-
tains the desired values there. In fact, near ~ai from (2.20) one obtains

jd eU j 6 C0

q
; jd~xj 6 C0q

r2
: ð2:21Þ

For further purposes we will need a stronger estimate, which we prove in integral form.
We consider small, non-overlapping balls near each puncture. Since all the functions
are invariant under rotations around the rotation axis A it suffices to work in a half-disc

DþðC
ffiffiffi
d
p
Þ :¼ fx1 P 0; ðx1Þ2 þ ðx2Þ2 6 C2dg � R2

of radius C
ffiffiffi
d
p

, with polar coordinates centered at ð0; aiÞ : ðx1; x2Þ ¼ ðq sin h; ai þ q cos hÞ.
The reader is warned that the polar coordinate q here corresponds to ri in the applications
that follow, and x1 here is q in the applications below; this explains the weight x1 in the
measure in (2.22).

Proposition 2.4. Let l > 1=2, and let �x be as in the proof of Proposition 2.1, and let d > 0 be

such that the half-disc Dþð
ffiffiffi
d
p
Þ centered at the origin contains only one puncture. There exists

a constant C1, independent of d, such that for any positive measurable function g ¼ gðj~xjÞ,
where j~xj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1Þ2 þ ðx2Þ2

q
, we haveZ

Dþð
ffiffi
d
p
Þ
ð~x� �xÞ2 1

sin2lþ2 h

gðj~xjÞ
j~xj2

x1dx1dx2

6 C1

Z
Dþð

ffiffi
d
p
Þ
jDð~x� �xÞj2 1

sin2l h
gðj~xjÞx1dx1dx2: ð2:22Þ

Proof. Let, first, u be any function which vanishes near the axis x1 ¼ 0, we claim that there
exists a constant C1, independent of d, such thatZ

Dþð
ffiffi
d
p
Þ
u2 1

sin2lþ2 h

gðj~xjÞ
j~xj2

x1dx1dx2
6 C1

Z
Dþð

ffiffi
d
p
Þ
jDuj2 1

sin2l h
gðj~xjÞx1dx1dx2: ð2:23Þ

In order to see that, we first prove that for a 6¼ �1, and for f 2 C1ð0; pÞ, vanishing near 0
and p,Z p

0

haf ðhÞ2dh 6
4

ðaþ 1Þ2
Z p

0

haþ2f 0ðhÞ2dh: ð2:24Þ
Please cite this article in press as: P.T. Chruściel et al., Ann. Phys. (2008), doi:10.1016/
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Indeed,Z p

0

haf ðhÞ2dh ¼ 1

aþ 1

Z p

0

f ðhÞ2dðhaþ1Þ ¼ � 2

aþ 1

Z p

0

haþ1f ðhÞf 0ðhÞdh

6
2

aþ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ p

0

haf ðhÞ2dh

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ p

0

haþ2f 0ðhÞ2dh

s
:

The inequality (2.24) follows from the above.
Next, for a < �2 (we will apply this with a ¼ �2l� 1, which then requires l > �1=2),

by using (2.24) we obtain:Z p

0

haðp� hÞaf ðhÞ2dh 6 ðp=2Þa
Z p

2

0

haf ðhÞ2dhþ
Z p

p
2

ðp� hÞaf ðhÞ2dh

 !

6 ðp=2Þa
Z p

0

haf ðhÞ2dhþ
Z p

0

ðp� hÞaf ðhÞ2dh

� �
¼ ðp=2Þa

Z p

0

haf ðhÞ2dhþ
Z p

0

haf ðp� hÞ2dh

� �
6 CðaÞ

Z p

0

haþ2f 0ðhÞ2 þ
Z p

0

haþ2f 0ðp� hÞ2
� �

ðbyð2:24ÞÞ

6 CðaÞ
Z p

0

haþ2f 0ðhÞ2 þ
Z p

0

ðp� hÞaþ2f 0ðhÞ2
� �

6 C0ðaÞ
Z p

0

haþ2ðp� hÞaþ2f 0ðhÞ2 ðused aþ 2 < 0Þ:

ð2:25Þ

Now, for x 2 Dþð1Þ set f ðxÞ ¼ uð
ffiffiffi
d
p

xÞ, we haveZ
Dþð

ffiffi
d
p
Þ
u2 1

sin2lþ2 h

gðj~xjÞ
j~xj2

x1dx1dx2¼
ffiffiffi
d
p Z

Dþð1Þ
f 2 1

sin2lþ2 h

gðj~xjÞ
j~xj2

x1dx1dx2

¼
ffiffiffi
d
p Z 1

q¼0

Z p

h¼0

f 2 1

q2 sin2lþ2 h
gðqÞq2 sinhdqdh

6|{z}
ð�Þ

C1

ffiffiffi
d
p Z 1

q¼0

Z p

h¼0

of
oh

� �2
1

q2 sin2l h
gðqÞq2 sinhdqdh

6C1

ffiffiffi
d
p Z 1

q¼0

Z p

h¼0

jDf j2 1

sin2l h
gðqÞq2 sinhdqdh

¼C1

Z
Dþð

ffiffi
d
p
Þ
jDuj2 1

sin2l h
gðj~xjÞx1dx1dx2;

where in the step (*) we have used (2.25).
Since xi coincides with �x for small x1, we conclude that (2.23) holds with u replaced by

xi � �x. Passing to the limit i!1, (2.22) follows. h
Please cite this article in press as: P.T. Chruściel et al., Ann. Phys. (2008), doi:10.1016/
j.aop.2007.12.011
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By an abuse of terminology, the couple ð eU ; ~xÞ constructed in Proposition 2.1 will be
referred to as an extreme Kerr solution; this is justified when there is only one singular
puncture.

Let ð eU ; ~xÞ be the functions U and x given by Proposition 2.1 with the same value of ~x
on the axis as the map ðU ;xÞ under consideration, so that

ðx� ~xÞjA ¼ 0: ð2:26Þ

We will show that a lower bound on the action can be obtained by working in the class of
U’s of the form (2.15). For this let d > 0 be small, we start by deforming ðU ;xÞ to a pair
ð �U d; �xdÞ with the following properties:

1. Away from balls centered at the punctures ~ai of radius C
ffiffiffi
d
p

, for an appropriate con-
stant C, the new pair of functions ð �U d; �xdÞ coincides with the original one ðU ;xÞ.

2. For ri < d the pair ð �U d; �xdÞ coincides with ðln r; ~xÞ, where ~x is the function x of Prop-
osition 2.1.

3. The action I calculated for ð �U d; �xdÞ, which we denote by �Id, is smaller than the action I

calculated for the original solution, except perhaps for an error which tends to zero as d
tends to zero3.

This can be done as follows: (2.14) shows that for all 0 < d < 1 small enough the
equation

Uðri; hÞ ¼ ln d

has a solution ri ¼ r
�

iðh; dÞ �
ffiffiffi
d
p

satisfying

d 6 r
�

i 6 � :¼ C
ffiffiffi
d
p

;

for a large constant C. We let �U d to be equal to U away from a collection of non-overlap-
ping balls centered at the punctures, where we set

�U dðri; hÞ :¼
ln ri; ri 6 d;

ln d; d 6 ri 6 r
�

iðh; dÞ;
Uðri; hÞ; ri P r

�
iðh; dÞ:

8><>: ð2:27Þ

Then �U d is continuous, piecewise differentiable, hence in H 1
loc. Now,Z

R3

jD �U dj2 ¼
Z
[if0<ri6dg

jD �U dj2|fflfflffl{zfflfflffl}
r�2

i

þ
Z
[ifd<ri6r

�
ig
jD �U dj2|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

0

þ
Z
\ifr
�

i<rig
jD �U dj2

¼ 4pðN � 1Þdþ
Z
\ifr
�

i<rig
jDU j2;

(recall that there are N asymptotically flat ends, hence N � 1 punctures). On the other
hand
3 We expect �Id to be strictly smaller than I, but this is apparent from our proof for small angular momenta only.
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Z
R3

jDU j2 ¼
Z
[if0<ri6dg

jDU j2 þ
Z
[ifd<ri6r

�
ig
jDU j2 þ

Z
\ifr
�

i<rig
jDU j2

P
Z
[if0<ri6dg

jDU j2|fflffl{zfflffl}
PðorUÞ2

þ
Z
\ifr
�

i<rig
jDU j2

P
Z
[if0<ri6dg

r�2
i ð4þ oð1ÞÞ þ

Z
\ifr
�

i<rig
jDU j2

¼ 16pðN � 1Þdþ oðdÞ þ
Z
\ifr
�

i<rig
jDU j2

¼ 12pðN � 1Þdþ oðdÞ þ
Z

R3

jD �U dj2: ð2:28Þ

It clearly follows for all d small enough that the first term in I will be decreased when U is
replaced by �U d.

It remains to check that the possible increase of the second term in I can be controlled
uniformly in d. For this we need to understand the behavior of x near the axis. It is con-
venient to rewrite (2.7) as

ozx ¼ �e�3Uþaq2K13; oqx ¼ e�3Uþaq2K23: ð2:29Þ

Condition (2.4) implies that there exists a constant bC such that in each asymptotically flat
region we have

jDxjd 6 bCq2r�k: ð2:30Þ

Let ðxAÞ ¼ ðq; zÞ be the symmetry-adapted coordinates which extend to infinity in the i’th
asymptotic region. Performing an inversion (compare [2])

yA � aA
i ¼ xA=jxj2; ð2:31Þ

near each puncture ~ai ¼ ð0; aiÞ ¼ ðaA
i Þ we obtain

jDxjd 6 bCq2rk�6
i : ð2:32Þ

This shows thatZ
R3

e4U

q4
jDxj2 ¼

Z
[if06ri6C

ffiffi
d
p
g

e4U

q4|{z}
6C0r8

i q
�4

jDxj2|fflffl{zfflffl}
6ðbCq2rk�6

i Þ2

þ
Z
\ifriPC

ffiffi
d
p
g

e4U

q4
jDxj2

¼ Oðdk�1=2Þ þ
Z
\ifriPC

ffiffi
d
p
g

e4U

q4
jDxj2

¼ oðd2Þ þ
Z
\ifriPC

ffiffi
d
p
g

e4U

q4
jDxj2: ð2:33Þ

Next, let �xd be equal to x away from a collection of non-overlapping balls centered at the
punctures, while in those balls we set
Please cite this article in press as: P.T. Chruściel et al., Ann. Phys. (2008), doi:10.1016/
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�xdðri; hÞ :¼

xðri; hÞ; ri P C
ffiffiffi
d
p

;

xðri; hÞ
ln
�

ri

d

	
ln
�

C
ffiffiffi
d
p

d

	þ ~xðri; hÞ
ln
�

ri

C
ffiffiffi
d
p
	

ln
�

d
C
ffiffiffi
d
p
	 ; d 6 ri 6 C

ffiffiffi
d
p

;

~xðri; hÞ; ri 6 d:

8>>>>><>>>>>:
We haveZ

R3

e4 �Ud

q4
jD�xdj2 ¼

Z
[if06ri6dg

r4
i

q4
jD~xj2 þ

Z
[ifd6ri6C

ffiffi
d
p
g

e4 �Ud

q4
jD�xdj2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼:A

þ
Z
\ifriPC

ffiffi
d
p
g

e4U

q4
jDxj2:

The first term goes to zero as d goes to zero because ð eU ; ~xÞ has finite action. We claim that
A goes to zero as d goes to zero as well, this requires some work. For d 6 ri 6 C

ffiffiffi
d
p

we
rewrite �xd as

�xdðri; hÞ ¼ ðx� �xÞðri; hÞ
lnðri

dÞ
lnðC

ffiffi
d
p

d Þ
þ ð~x� �xÞðri; hÞ

lnð ri

C
ffiffi
d
p Þ

lnð d
C
ffiffi
d
p Þ þ

�xðri; hÞ;

where �x is as in the proof of Proposition 2.1. By (2.27) and (2.14)

e4 �Udðri; hÞ ¼
d4; d 6 ri 6 r

�
iðh; dÞ;

e4Uðri ;hÞ 6 C0r8
i 6 C00d4; r

�
iðh; dÞ 6 ri 6 C

ffiffiffi
d
p

:

(
ð2:34Þ

Hence, for some constant C2,

C�1
2 A 6

Z
[ifd6ri6C

ffiffi
d
p
g

d4

q4
ðjDxj2 þ jD�xj2 þ jD~xj2Þ þ

Z
[ifd6ri6C

ffiffi
d
p
g

d4

q4

ðx� �xÞ2

r2
i

þ
Z
[ifd6ri6C

ffiffi
d
p
g

d4

q4

ð~x� �xÞ2

r2
i

: ð2:35Þ

The integral involving D�x goes to zero as d goes to zero becauseZ
[ifd6ri6C

ffiffi
d
p
g

d4

q4
jD�xj2 6 C3

Z
[ifd6ri6C

ffiffi
d
p
g

e4U

q4
jD�xj2; ð2:36Þ

while ð �U ; �xÞ has finite action; similarly for that involving D~x. The integral involving Dx
goes to zero by direct estimation using (2.32). Next, using Proposition 2.4 with
g � 1 and l ¼ 2, we can writeZ

[ifd6ri6C
ffiffi
d
p
g

d4

q4

ð~x� �xÞ2

r2
i

6

Z
[ifd6ri6C

ffiffi
d
p
g

r4
i

q6
ð~x� �xÞ2 6

Z
[ifri6C

ffiffi
d
p
g

r4
i

q6
ð~x� �xÞ2

6

Z
[ifri6C

ffiffi
d
p
g

r4
i

q4
jDð~x� �xÞj2:

The right-hand-side is integrable over the set [ifri 6 �g as in (2.36), and thus goes to zero
as d does, hence also the left-hand-side.

Consider, finally, the integral in the second line of (2.35). It is convenient to split the
integration region into two, according to whether or not jz� aij 6 q. In the region
Please cite this article in press as: P.T. Chruściel et al., Ann. Phys. (2008), doi:10.1016/
j.aop.2007.12.011
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V2 :¼ fd 6 ri 6 C
ffiffiffi
d
p

; jz� aij 6 qg;

the function q is equivalent to ri, while both x and �x are bounded there. This gives the
straightforward estimateZ

V2

d4

q4

ð�x� xÞ2

r2
i

¼ OðdÞ:

In the region

V1 :¼ fd 6 ri 6 C
ffiffiffi
d
p

; jz� aijP qg

the function jz� aij is equivalent to ri. Both x and �x satisfy (2.32). By integration along
rays within the planes z ¼ const from each connected component Aj of the axis we obtain
in V1, for ri 6 � small enough and z 6¼ ai,

jx� �xj 6 bCq3jz� aijk�6
: ð2:37Þ

Integration over V1 givesZ
V1

d4

q4

ð�x� xÞ2

r2
i

¼ Oðd2k�5Þ;

which goes to zero by our hypothesis that k > 5=2.
Summarizing all this,

I P �Id � oð1Þ; ð2:38Þ

where oð1Þ goes to zero as d does. Smoothing out ð �U d; �xdÞ at the corners, we can further
assume that ð �U d; �xdÞ is smooth without affecting (2.38).

To continue, we show that �Id P eI , where eI is the action corresponding to the map of
Proposition 2.1. In order to prove this, let e

�
> 0 be such that the balls of radius e

�
centered

at the punctures do not overlap, and note that there exists a large constant C
�

such that
both ð �U d; �xdÞ and ð eU ; ~xÞ belong to the class F

C
� of maps ðU ;xÞ defined as follows:

1.
R

R3 jDU j2 þ e4U

q4 jDxj2
� �

6 C
�

;

2. For 0 < ri < e
�

we have jU � ln rij 6 C
�

;
3. x coincides with ~x near the punctures;
4. x ¼ xj on Aj.

It also follows from [2] that the map ðU ;xÞ of Theorem 1.1 satisfies the following

1. For 0 < ri < e
�

we have jDU jd ¼ oðr�1=2
i Þ;

2. for 0 < q < e
�
, we have,

jDxjd 6 C
�

q2
X

i

ðrk�6
i þ r�k

i Þ;

for some 5=2 < k 6 3 and for each i, where the first term rk�6
i accounts for small ri

behavior, while the second one r�k
i accounts for large r’s;

3. We have U ¼ oðr�1=2Þ and jDU j ¼ oðr�3=2Þ as r tends to infinity.
Please cite this article in press as: P.T. Chruściel et al., Ann. Phys. (2008), doi:10.1016/
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(this is also true for ð eU ; ~xÞ when N ¼ 2, and is expected to be true without this restriction
on N, but such an estimate has not been established so far).

Dropping the subscript ð �U d; �xdÞ for notational simplicity, we wish to show that the cor-
responding action �I is larger than or equal to that of ð eU ; ~xÞ. In order to see that, let g > 0
and let ug 2 C1ðR3Þ be any family of functions satisfying

	 0 6 ug 6 1;
	 ug ¼ 0 for 0 6 ri 6 g=2 and for ri P 2=g;
	 ug ¼ 1 on the set Wg, where

Wk :¼ fr 6 1=kg\ifri P kg;
	 jDugj 6 C=g for g=2 6 ri 6 g; and
	 jDugj 6 Cg for 1=g 6 r 6 2=g.

Set

U g ¼ ug
�U þ ð1� ugÞ eU ;

xg ¼ ug �xþ ð1� ugÞ~x:

Note that, by definition of �x, we have xg ¼ ~x near the punctures for g small enough.
Using again �I denote the value of the action I for ð �U ; �xÞ, we claim that the action Ig of
ðU g;xgÞ satisfies

Lemma 2.5. limg!0Ig ¼ �I .
Proof. Indeed, we haveZ
R3

jDU gj2¼
Z
[if06ri6g=2g

jD eU j2|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
I

þ
Z
[ifg=26ri6gg

jDU gj2|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
II

þ
Z
\ifg6ri ; r61=gg

jD �U j2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
III

þ
Z
f1=g6r62=gg

jDU gj2|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
IV

þ
Z
f2=g6rg

jD eU j2|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
V

:

The integrals I and V converge to zero by the dominated convergence theorem, while III

converges to the integral over R3 of jD �U j2 by, e.g., the monotone convergence theorem.
The term IV can be handled as follows:Z

f1=g6r62=gg
jDU gj2 ¼

Z
f1=g6r62=gg

jð �U � eU ÞDug þ ugD �U þ ð1� ugÞD eU j2
6 3

Z
f1=g6r62=gg

ðjð �U � eU ÞDugj
2 þ jD �U j2 þ jD eU j2Þ

6 3

Z
f1=g6r62=gg

ðCð �U � eU Þ2r�2 þ jD �U j2 þ jD eU j2Þ:
The second and third term go to zero by the Lebesgue dominated convergence theorem.
Letting ð �U ; �xÞ be as in the proof of Proposition 2.1, for small g the first term can be esti-
mated as follows:
Please cite this article in press as: P.T. Chruściel et al., Ann. Phys. (2008), doi:10.1016/
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14 P.T. Chruściel et al. / Annals of Physics xxx (2008) xxx–xxx

ARTICLE IN PRESS
Z
f1=g6r62=gg

r�2ð �U � eU Þ2 ¼ Z
f1=g6r62=gg

r�2ðU � eU Þ2
6 2

Z
f1=g6r62=gg

r�2ð2U 2 þ 2 �U 2 þ ð �U � eU Þ2Þ:
The first two integrals tend to zero by direct estimations. As �U � eU is the limit of com-
pactly supported functions the weighted Poincaré inequality applies to the third term,
implying that the function r�2ð �U � eU Þ2 is in L1. The vanishing of the limit of IV as g goes
to zero follows now from the Lebesgue dominated convergence theorem.

The analysis of II is identical.

A similar analysis applies to the remaining integral in Ig. The only delicate term isZ
f1=g6r62=gg

e4Ug

q4
jDxgj2 6

Z
f1=g6r62=gg

jDxgj2

6

Z
f1=g6r62=gg

C
q4
jðx� ~xÞDug þ ugDxþ ð1� ugÞD~xj2

6 3

Z
f1=g6r62=gg

C
q4
ðjðx� ~xÞDugj

2 þ jDxj2 þ jD~xj2Þ

6 3

Z
f1=g6r62=gg

C
q4
ðCðx� ~xÞ2r�2 þ jDxj2 þ jD~xj2Þ:

The last two terms go to zero as before. The first can be estimated asZ
f1=g6r62=gg

1

q4r2
ðx� ~xÞ2 6 2

Z
f1=g6r62=gg

1

q4r2
ððx� �xÞ2 þ ð�x� ~xÞ2Þ:

The first term goes to zero by direct estimations. The weighted Poincaré inequality (2.22)
with l ¼ 1 and gðrÞ ¼ r�4 applies to the last term, givingZ

f1=g6r62=gg

1

q4r2
ð�x� ~xÞ2 6

Z
f1=g6r62=gg

1

r4 sin2 h
jDð�x� ~xÞj2

6

Z
f1=g6r62=gg

1

q4
jDð�x� ~xÞj2

6 C
Z
f1=g6r62=gg

e4 �U

q4
jD�xj2 þ e4eU

q4
jD~xj2

 !
;

and the right-hand-side goes to zero in the limit. h

The next step is to prove

Lemma 2.6. Ig P eI for all g small enough.
Proof. For all g small the maps ðU g;xgÞ and ð eU ; ~xÞ coincide on balls of radius g=2
around the punctures, as well as on the complement of a ball of radius 2=g. One would
like to use a result of [6], that the action I is minimized by the solution of the Dirichlet
problem, which is expected to be ð eU ; ~xÞ; however, that result does not apply directly
because of the singularity of the equations at the axis q ¼ 0; moreover, we are working
in an unbounded domain. To take care of that, for � < 1 let
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û� ¼

0; q 6 �;

ln q
�

ln
ffiffi
�
p

�

; � 6 q 6
ffiffi
�
p

;

1; q P
ffiffi
�
p
:

8>>><>>>:
Set

U g;� ¼ û�U g þ ð1� û�Þ eU ; xg;� ¼ û�xg þ ð1� û�Þ~x:
Let Ig;� denote the action of ðU g;�;xg;�Þ. We claim thatZ

fq6
ffiffi
�
p
g
ðDU g;�Þ2 þ

e4Ug;�

q4
ðDxg;�Þ2

� �
d3x!�!00: ð2:39Þ

Equivalently,

Ig;�!�!0Ig: ð2:40Þ
In order to see this, note that, for � 6 g=2, the integrand of (2.39) is non-zero only away
from balls of radius g=2 centered at the punctures, with moreover r 6 2=g. Next, the inte-
gral over the set f0 6 q 6 �g approaches zero as � tends to zero by the Lebesgue domi-
nated convergence theorem. So it remains to consider the integral over

Wg;� :¼ f� 6 q 6
ffiffi
�
p
g \ fr 6 2=gg\ifri P g=2g;

which can be handled as follows:Z
Wg;�

ðDU g;�Þ2 ¼
Z
Wg;�

 
ðU g � eU ÞDû�|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
6Cðqj ln �jÞ�1

þû�DU g þ ð1� û�ÞD eU
!2

6 3

Z
Wg;�

C2

q2j ln �j2
þ jDU gj2 þ jD eU j2

 !

6 Oð 1

j ln �jÞ þ 3

Z
06q6�;r62=g

ðjDU gj2 þ jD eU j2Þ:
The integral in the last line goes to zero by the dominated convergence theorem.

The analysis of the term containing the derivatives of xg;� is similar, using (2.32), (2.37),
and Proposition 2.4 with l ¼ 4 and gðrÞ ¼ r2:
Z
Wg;�

e4Ug;�

q4
ðDxg;�Þ2 6

Z
Wg;�

CðgÞ
q4
ððxg � ~xÞDû� þ û�Dðxg � ~xÞ þ D~xÞ2

6 C0ðgÞ
Z
Wg;�

1

sin6 hj ln �j
ððx� �xÞ2 þ ð�x� ~xÞ2Þ

þ 1

sin4 h
ðjDxj2 þ jD~xj2Þ 6 oð�Þ þ CC0ðgÞ



Z
Wg;�

1

sin4 h
ðjDxj2 þ jD�xj2 þ jD~xj2Þ!�!00:

This ends the proof of (2.39).
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Now, ðU g;�;xg;�Þ coincides with ð eU ; ~xÞ on the set fq 6 �g, and on balls of radius g=2
around the punctures, and on the complement of a ball of radius 2=g. Further, after
shifting U by ln q, the variational equations associated with the action I are the harmonic
map equations, with target space — the two-dimensional hyperbolic space. Hence the
target manifold satisfies the convexity conditions of [6] (see Remark (i), p. 5 there). We can
thus conclude from [6] that action minimizers with Dirichlet boundary conditions exist,
are smooth, and satisfy the variational equations. It is also well known that solutions of
the Dirichlet boundary value problem are unique when the target manifold has negative
sectional curvatures. All this implies that ð eU ; ~xÞ, with its own boundary data, minimizes
the action integral over the set
fq P �g \ fr 6 2=gg\ifri P g=2g:

Hence

Z
fqP�g

ðDU g;�Þ2 þ
e4Ug;�

q4
ðDxg;�Þ2

� �
d3x P

Z
fqP�g

ðD eU Þ2 þ e4eU
q4
ðD~xÞ2

" #
d3x:

By the monotone convergence theorem we have

Z
fqP�g

ðD eU Þ2 þ e4eU
q4
ðD~xÞ2

" #
d3x!�!0

eI ;
so that

Ig ¼ lim
�!0

Z
fqP�g

ðDU g;�Þ2 þ
e4Ug;�

q4
ðDxg;�Þ2

� �
d3x P lim

�!0

Z
fqP�g

ðD eU Þ2 þ e4eU
q4
ðD~xÞ2

" #
d3x

¼ eI :
Returning to the proof of Theorem 1.1, Lemmas 2.5 and 2.6 applied to ð �U ; �xÞ ¼ ð �U d; �xdÞ
give �Id P eI . Passing to the limit d! 0 we obtain, by (2.38), I P eI . In the case of two
asymptotic regions one concludes by noting, following [3], that

eI ¼ ffiffiffiffiffiffi
j~J j

q
: �
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Appendix A. Kerr solutions

The Kerr black holes provide an explicit family of solutions of the singular harmonic
map equations, as follows: In Boyer–Lindquist coordinates, which are denoted by
ðt;~r; h;uÞ, the metrics take the form
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g ¼ � D� a2 sin2 h
R

dt2 þ 4ma~r sin2 h
R

dtduþ ð~r
2 þ a2Þ2 � Da2 sin2 h

R


 sin2 hdu2 þ R
D

d~r2 þ Rdh2: ðA:1Þ

Here

R ¼ ~r2 þ a2 cos2 h; D ¼ ~r2 þ a2 � 2m~r ¼ ð~r � rþÞð~r � r�Þ;

and rþ < ~r <1, where

r� ¼ m� ðm2 � a2Þ
1
2:

The function x reads [4]

x ¼ Jðcos3 h� 3 cos hÞ � ma3 cos h sin4 h
R

: ðA:2Þ

The constant m is of course the total mass and a ¼ J=m, where J is the angular momen-
tum. Note that the leading order term in x is uniquely determined by J.

We relate now ~r and h to q and z. If jaj 6 m let rþ ¼ mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 � a2
p

be the largest root
of D, and let rþ ¼ 0 otherwise. For

~r > ~rþ;

so that D > 0, define a new radial coordinate r by

r ¼ 1

2
~r � mþ

ffiffiffiffi
D
p� 	

; ðA:3Þ

this has been tailored [4] so that after setting

q ¼ r sin h; z ¼ r cos h; ðA:4Þ

the space-part of the space-time metric takes the form

g ¼ e�2eUþ2a dq2 þ dz2

 �

þ q2e�2eU duþ qBqdqþ Azdz

 �2

: ðA:5Þ

We have

~r ¼ r þ mþ m2 � a2

4r
: ðA:6Þ

We emphasize that while those coordinates bring the metric to the form (A.5), familiar in
the context of the reduction of the stationary axi-symmetric vacuum Einstein equations to
a harmonic map problem, the coordinate q in (A.4) is not the area coordinate needed for
that reduction4 except when m = a.

To analyze the behavior near r ¼ 0 we have to distinguish between the extreme and
non-extreme cases. Let us first assume that m2 6¼ a2, then we have

eU ¼ 2 ln
2r
m

� �
� ln 1� a2

m2

���� ����þ OðrÞ: ðA:7Þ

On the other hand, in the extreme case m2 ¼ a2 it holds that
4 The correct (q, z) coordinates for the harmonic map reduction are q =
p

Dsinh, z ¼ ð~r � mÞ cos h.
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eU ¼ ln
r

2m

� 	
þ 1

2
lnð1þ cos2 hÞ þ OðrÞ: ðA:8Þ

Furthermore, for m ¼ �a, for small r,

x ¼ �4m2 cos h
1þ cos2 h

þ OðrÞ: ðA:9Þ

We will also need derivative estimates for x: from (A.2) we obtain the uniform estimates

johxj 6 C sin3 h ¼ C
q3

r3
; jorxj 6 C

r sin4 h
1þ r4

¼ C
q4

r3ð1þ r4Þ ; ðA:10Þ

so that, for r 6 1,

jDxjd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðorxÞ2 þ r�2ðohxÞ2

q
6 C

q3

r4
: ðA:11Þ

We claim that away from the plane z ¼ 0 we have the uniform estimate

jx� xij 6 C sin4 h: ðA:12Þ

where x1 ¼ �2J is the value appropriate in the half-space fz > 0g, while x2 ¼ 2J is the
one which should be used for z < 0. This is clear for the last term in (A.2); for the first
one this follows immediately from the following identity, obtained by expanding
cos3 h ¼ ðcos h� cosðnpÞ þ cosðnpÞÞ3 with n ¼ 0; 1:

cos3 h� 3 cos h ¼ �2 cosðnpÞ þ ðcos h� cosðnpÞÞ2ð2 cosðnpÞ þ cos hÞ;
Appendix B. Asymptotic equations near a degenerate horizon

The maps ð eU ; ~xÞ given by Proposition 2.1 are axially symmetric (i.e., invariant under
rotations around the z-axis) solutions of the variational equations for the action

eI :¼ 1

8p

Z
R3

ðD eU Þ2 þ e4eU
q4
ðD~xÞ2

" #
d3x: ðB:1Þ

where D is the usual gradient of the flat Euclidean metric on R3. Thus the equations read

D eU ¼ 2
e4eU
q4
ðD~xÞ2; ðB:2Þ

Di
e4eU
q4

Di ~x

 !
¼ 0: ðB:3Þ

One expects thateU ¼ ln r þ U
�
ðhÞ þ OðrÞ; ~x ¼ x

� ðhÞ þ OðrÞ;

where the remainder terms are bounded under r—or h— differentiation.5 Inserting this
into the Eqs. (B.2) and (B.3) it must hold
5 In fact, assuming the weaker condition that any error term, say �ðr; hÞ, has the property that
oh� ¼ OðrÞ; or� ¼ Oð1Þ; o2

r � ¼ Oð1=rÞ; o2
h� ¼ OðrÞ, leads to error terms OðrÞ in (B.4) and (B.5), and to errors

Oð1=rÞ in (B.2) and (B.3) when (B.4) and (B.5) hold.
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1

sin h
ohðsin hoh U

�
Þ ¼ �1þ 2 sin�4 he4 U

�

ðoh x
� Þ2; ðB:4Þ

oh sin�3 he4 U
�

oh x
�� 	
¼ 0: ðB:5Þ

Elementary ODE theory shows that these equations admit a four-parameter family of
solutions, some of which might fail to be regular everywhere. Note that at this stage the
question of differentiality of the solutions at the axis is open, and any such regularity in
our context would need a careful justification. (Recall, however, that for the solutions
we are considering the functions U

�
and x

�
are bounded.)

Solving (B.5) for x
�

one finds that there exists a constant c such that

1

sin h
ohðsin hoh U

�
Þ ¼ �1þ 2c2 sin2 he�4 U

�

: ðB:6Þ

All solutions with c ¼ 0 have a constant x
�

and, for some constants a; b 2 R,

U
�
¼ aþ ð1� bÞ ln sin hþ b lnð1� cos hÞ;

so thateU ¼ ln qþ aþ bðlnð1� cos hÞ � ln sin hÞ:
This is not of the form we are looking for as the correction U

�
to ln r is never bounded.

Next, the addition of a constant to U
�

can be used to rescale the constant c to an arbi-
trary value; e.g., one can choose 2c2 ¼ 1.

Finally, let a; b 2 R; one readily checks that the couples ðU
�
;x
� Þ given by

U
�
¼ aþ 1

2
lnð1þ cos2 hÞ; ðB:7Þ

x
� ¼ �e�2a cos h

1þ cos2 h
þ b; ðB:8Þ

satisfy (B.4) and (B.5). Note that

oh x
� ¼ � e�2a sin3 h

ð1þ cos2 hÞ2
;

which exhibits clearly the high order of vanishing of d x
�

at the axis. This agrees with the
functions arising from (A.8) to (A.9) if

a ¼ � lnð2mÞ:
According to Jezierski [7], the general solution of (B.6) with c 6¼ 0 can be parameterized by
two real constants b and c, with bc 6¼ 0, as follows:

U
�
¼ 1

2
ln

c ð1� cos hÞb � c2ð1þ cos hÞb
� 	

sin2�b h

bc

24 35: ðB:9Þ

In fact, it is straightforward though tedious to show that these functions do indeed solve
(B.6). Further, within this family we have

U
�
ðp
2
Þ ¼ 1

2
ln

cð1� c2Þ
bc

� �
; oh U

� p
2

� 	
¼ bð1� c2Þ

2ð1� c2Þ :
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One checks that this can always be solved for b and c in terms of U
�
ðp

2
Þ and oh U

�
ðp

2
Þ, show-

ing that all solutions of (B.6) which are bounded near p=2 are given by (B.9). Note that the
case b < 0 in (B.9) can be reduced to b > 0 by simple redefinitions. So, assuming b P 0,
one checks that the only solutions which are uniformly bounded are the ones with
b ¼ 2; c > 0, and with the plus sign chosen

U
�
¼ 1

2
ln

cðð1� cos hÞ2 þ c2ð1þ cos hÞ2Þ
2c

" #
: ðB:10Þ

One can then integrate (B.5) to obtain x
�

. We thus conclude that there exists a two-param-
eter family of bounded solutions of (B.4) and (B.5), and that the extreme Kerr solutions
provide only a one-parameter family thereof.

If one approximates ð eU ; ~xÞ by ðln r þ U
�
;x
� Þ, then (B.2) and (B.3) will be satisfied up to

terms Oð1=rÞ. Clear to the reader how to push the expansion one order higher to obtain a
bounded tension map, but the details of this calculation have no interest.

In the notation of [9], the target space metric takes the form

h ¼ X�2ðdX 2 þ dY 2Þ: ðB:11Þ
In this parameterization, (A.8) and (A.9) can be rewritten as

ðX ; Y Þ ¼ 4m2 sin2 h
1þ cos2 h

;
�2 cos h

1þ cos2 h

� �
þ OðrÞ: ðB:12Þ

In this context one could also look for solutions which depend only upon h; the equations
then read

ohðsin hX�2ohY Þ ¼ 0;
1

sin h
ohðsin hohX Þ ¼ X�1ððohX Þ2 � ðohY Þ2Þ:

A solution is given by

ðX ; Y Þ ¼ ðsin h; cos hÞ: ðB:13Þ
Thus jdY jd ¼ johY =rj equals q=r2, as in the scaling estimate

jdY j 6 C
q
r2
;

and not better. However, the solution (B.13) does not behave like the extreme solutions we
are looking for: U here equals ln r plus an angle-dependent correction as desired, but the
latter blows-up badly at the axis.

Appendix C. On uniqueness of harmonic maps associated to black holes

It is expected that to a stationary ‘‘multi-black-hole” vacuum space-time one can asso-
ciate a harmonic map which lies to a finite distance, in the hyperbolic target space, from a
map with the following properties, modelled on a Kerr solution:

1. There exists Ndh P 0 degenerate event horizons, which are represented by punctures
(q = 0, z = bi), each of them labeled by a mass parameter mi > 0 and angular momen-

tum parameter ai = ± mi, with the following behavior for small ri:¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ ðz� biÞ2

q
,
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U ¼ ln
ri

2mi

� �
þ 1

2
ln 1þ ðz� biÞ2

r2
i

 !
þ OðriÞ: ðC:1Þ

The twist potential x is a bounded, angle-dependent function which jumps by 4Ji when
crossing bi from z < bi to z > bi, where Ji is the ‘‘angular momentum of the puncture”.

2. There exists Nndh P 0 non-degenerate horizons, which are represented by bounded
open intervals I i � A, with none of the previous bj’s belonging to the union of the clo-
sures of the Ii. The functions U � 2 lnq and x extend smoothly across each interval Ii,
with the following behavior near the ends points, for some constant C:

jU � 1

2
lnð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ ðz� ciÞ2

q
þ z� ciÞj 6 C near ð0; ciÞ: ðC:2Þ

The function x is assumed to be constant near the ci’s. 6

3. The functions U and x are smooth across A n ð[ifbig[jI jÞ, with x locally constant
there.
As pointed out by Dain, and used in our work above, an alternative way of representing
a non-degenerate Kerr black hole is provided by a map into the hyperbolic space, which
is not harmonic, with a puncture on the symmetry axis corresponding to the second
asymptotically flat region. This generalises naturally as follows:

4. There exists NAF + 1 asymptotically flat regions, for some NAF P 0. A set of explicitly
asymptotically Euclidean coordinates for the first asymptotic region is provided by
~x ¼ ðq cos u; q sin u; zÞ, with j~xj taking large values. The remaining asymptotic regions

are represented by punctures ~bi ¼ ð0; 0; biÞ 2 A. If we set

ri ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ ðz� biÞ2

q
;

then we have the following asymptotic behavior near each of the punctures, which cor-
responds to a Kelvin inversion of asymptotically flat coordinates of a Kerr solution
with mass mi and angular momentum parameter ai,

U ¼ 2 ln
2ri

mi

� �
� ln 1� a2

i

m2
i

���� ����þ OðriÞ: ðC:3Þ

(see [2, Theorem 2.9]; compare Appendix A). The twist potential x jumps by 4Ji when
crossing bi from z < bi to z > bi.

The structure described in points 1-4 above will be referred to as the axis data. Thus,
some of the punctures bi correspond to degenerate horizons, while the remaining ones cor-
respond to further asymptotically flat regions. Defining the distance between two maps U1

and U2 as

dðU1;U2Þ ¼ supp2R3nAdbðU1ðpÞ;U2ðpÞÞ;

where the distance db is taken with respect to the hyperbolic metric (2.18), we have the fol-
lowing generalisation of Proposition 2.1:
6 For the Kerr solution the twist potential x is of course not constant near the end points, but this simple
condition is good enough for the purposes of Theorem C.1.
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22 P.T. Chruściel et al. / Annals of Physics xxx (2008) xxx–xxx

ARTICLE IN PRESS
Theorem C.1. For any set of axis data there exists a unique harmonic map U : R3 nA! H2

which lies a finite distance from a solution with the singularity structure above, such that

x = 0 on A for large positive z.
Remark C.2. There does not seem to be any obvious relationship between the harmonic
maps here with NAF 6¼ 1 and stationary vacuum black holes: we emphasise that the
map U corresponding to non-degenerate Kerr black holes is not harmonic in conformal
coordinates (q,z) in which the second asymptotically flat region is represented by a
puncture.
Remark C.3. For NAF = Ndh = 0 existence, and uniqueness under a supplementary H1

condition, have been previously proved by Weinstein [10]. Similarly, uniqueness under
again an additional H1 condition for NAF = Nndh = 0, Ndh = 1 has been proved by Dain
[3].
Proof. Existence can be established by repeating the proof of Proposition 2.1. For unique-
ness, a simple proof can be given as follows: Because of the negative sectional curvature of
the target, the distance function f(p) = d(U1(p),U2(p)) P 0 is subharmonic on R3 nA. The
vanishing of f follows then from Proposition C.4 below. h

Recall that A denotes the z � axis. We have:

Proposition C.4. Let f 2 C0ðR3 nAÞ satisfy

Df P 0 in R3 nA; in the distribution sense; ðC:4Þ
0 6 f 6 1; on R3 nA; ðC:5Þ

and

lim
ðx;y;zÞ2R3nA;jðx;y;zÞj!1

f ðx; y; zÞ ¼ 0: ðC:6Þ

Then

f � 0; on R3 nA:

Proof of proposition 1. Given any � > 0, there exists, because of (C.6), some positive con-
stant R > 0, such that
f ðx; y; zÞ 6 �; 8 ðx; y; zÞ 2 R3 nA; jðx; y; zÞjP R: ðC:7Þ
For 0 < d < R, let

Dd :¼ fðx; y; zÞ j jðx; y; zÞj < R; jðx; yÞj > dg:
Define, on Dd,

gdðx; y; zÞ :¼ �þ logðjðx; yÞj=RÞ
logðd=RÞ :

Clearly

gd P � on Dd:

In particular, in view of (C.7),

gdðx; y; zÞP � P f ðx; y; zÞ; 8 ðx; y; zÞ 2 @Dd \ fðx; y; zÞ jðx; y; zÞj ¼ Rg:
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Using (C.5), we also have

gdðx; y; zÞ ¼ 1þ � P f ðx; y; zÞ; 8 ðx; y; zÞ 2 @Dd \ fðx; y; zÞ j jðx; yÞj ¼ dg:
Thus we have proved

gd P f ; on @Dd:

Since gd is harmonic in Dd, and f is subharmonic in Dd, we have, in view of the above,

gd P f ; on Dd:

Namely, for the � and R,

�þ logðjðx; yÞj=RÞ
logðd=RÞ P f ðx; y; zÞ; 8 jðx; y; zÞj 6 R; jðx; yÞjP d;R > d > 0:

Sending d to 0 in the above leads to, for the � and R,

� P f ðx; y; zÞ; 8jðx; y; zÞj 6 R; jðx; yÞj > 0: ðC:8Þ
This, together with (C.7), implies

� P f ; on R3 nA:
Sending � to zero leads to

0 P f ; on R3 nA:
We have thus proved

f � 0 on R3 nA
and the proposition is established. h
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