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1 Introduction

In [1], Theorem 3, the authors proved, in one dimension, a generalization of the Hopf
Lemma, and the question arose if it could be extended to higher dimensions. In this
paper we present two conjectures as possible extensions, and give a very partial answer.
We write this paper to call attention to the problem.

The one dimensional result of [1] was

Theorem 1 Let u > v be positive C®, C? functions respectively on (0,b) which are also
in C'([0,b]). Assume
u(0) = u(0) =0 (1)

and
either 4 >0 on (0,b) or © > 0 on (0,b).
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Main condition:

whenever u(t) = v(s) for 0 <t < s <b, there i(t) < v"(s), (2)
(here - = 4 ' = 4,

dt? ds
Then
u=wv on|0,b]. (3)

The proof given in [1] is somewhat roundabout. In the Appendix we present a more
direct one, but it is still a bit tricky. In [1], it was assumed that u is of class C? on (0, ),
but its proof there actually required that u be of class C3.

Turn now to higher dimensions. Let u > v be C* functions of (¢,y), y € R, in

Q={(ty) [0<t <Lyl <1},
and C* in the closure of ). Assume that
u>0,v>0, uy,>0 inQ (4)

and
u(0,y) =0 for |y| < 1. (5)

We impose a main condition:
whenever u(t,y) = v(s,y) for 0 <t < s < 1,|y| <1,there Au(t,y) < Av(s,y). (6)
Under some additional conditions we wish to conclude that
u=wv. (7)

Here are two conjectures, in decreasing strength, which would extend Theorem 1. In
each, we consider u and v as above.

Conjecture 1 Assume, in addition, that
u(0,0) = 0. (8)

Then (3) holds:



Conjecture 2 In addition to (8) assume that
u(t,0) and v(t,0) vanish at t =0 of finite order. 9)

Then
u=v.

We have not succeeded in proving them. What we present here is a partial answer to
Conjecture 2: Here let k,l be the orders of the first t—derivative of u, v respectively at
the origin which are not zero. Clearly £ < [.

Theorem 2 In addition to the conditions of Conjecture 2, we assume the annoying con-
dition
Vyutt((), 0) =0. (10)

Then u = v provided k = 2 or 3.

For k£ < 3 the proof is simple, but not that for £ = 3.

We will always use Taylor series expansions for u, v, in ¢,

12 3 12 A
u=a(y)t + az(y)a + as(ﬂ)g +e v="bi(y)t+ bz(y)a + bs(y)§ +-- (11)

The conditions on v and v are as follows

t2 t3
0 S u(t) — ’U(t) = (a1 - b1)t+ (az — bZ)E + (CL3 - b?’)? -+ .- (12)
where
u(t7 y) = U(S’ y)’ t S s)
1.e. P p 2 3
ar(y)t + a2(y)5 + as(Q)g + - =bi(y)s+ b2(y)§ + b3(y)§ +- (13)
there

2 2

i
0 Z AU—A’U = (ag—b2)+t(Aa1+a3)—S(Ab1+b3)+§(Aa2+a4)—%(Ab2+b4)+- .- (14)

We first present the proof of the more difficult case £ = 3. It takes up sections 2-5. In
section 6 we treat the case k = 2.
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Steps of the proof. We are assuming £ = 3. The proof consists of two steps:
Step A. This consists in proving

Theorem 3 Under the conditions of Theorem 2, where k = 3, we have
[ =3, and b3(0) = a3(0). (15)
Step B. In this step we consider our condition
u(t,y) =v(s,y) for 0 <t <s. (16)

Since u; > 0 for ¢ > 0, we may solve this for ¢t = t(s, y). Assuming that u is not identically
equal to v, for

7(s,y) = s — t(s,y) (17)

we derive, from (6), an elliptic differential inequality for 7(s,y). Using a comparison
function we prove that
7(s,0) > es for some 0 < € small. (18)

On the other hand, for y = 0, we have, by (15) and (11),
u(t,0) = v(s,0)
i.e. after dividing by a3(0),
t3 + higher order terms = s® + higher order terms.

Hence
t(s,0) = s + higher order terms.

But this contradicts (18), and the proof of Theorem 2 is then complete.
For k = 3, we will first present the proof of Step B; it seems more interesting to us.

3

Proof of (18) in case k = 3.
Here we assume that (15) holds, i.e.

b3(0) = a3(0) > 0



and first derive the elliptic inequality for 7(s,y) = s — t(s,y), where t(s,y) is the solution
of

u(t(s,y),y) = v(s,y). (19)

Differentiating this we find, setting v; = 0y,v,
Vs = utt.sw Vgs = Uglss + uttt§7

v; = Ugt; + uy, Vi = gty + 2uit; + Uty + i
Hence
0 < Au(s,y) — Ault,y) = uAt + 2uyt; + uy(|VE]? — 1).

In terms of 7 = s — ¢, this becomes, after dividing by wu;,

F(r):= A1 — %(|V7’|2 —275) + 2%7}- <0. (20)
Ut Uy
This is the differential inequality for 7.
We will consider this in the region

D ={(s,y) | s> K|y|’}, K large, near the origin, (21)

and use a comparison function:
1
h=s+s"—ClyJ 6:Z’C:K+1' (22)

Near the origin we have
h(s,y) <0 where s = K|y|>. (23)

We assume now that v is not identically equal to u near the origin and argue by
contradiction.

Observe first that if v(5,y) = u(s,y) for some y and some 5 > 0 then 7(5,7) = 0.
But near (5,7), 7 > 0 satisfies the inequality (20), which is elliptic there. By the strong
maximum principle, it would follow that 7 = 0 there. Then, again by the strong maximum
principle 7 = 0 everywhere, i.e. ¥ = u near the origin, for ¢ > 0. Contradiction.

Thus we may assume that 7 > 0 for s > 0

The basic result of this section is

Lemma 1 For 0 < e small, 7 > €h in D near the origin.



Once the lemma is proved, it follows that 7(s,0) > es for 0 < s small, i.e., (18) holds,
and Step B would be complete.
Proof of Lemma 1. Choose positive ¢ < 1/10, so small that on D N {s = ¢}, ¢ to be
fixed — where 7 is positive, and hence bounded away from zero —

T > €h, (24)

€ depends on c.
In view of (23) it follows then that

T — eh > 0, 0n the boundary of G =D nN{s < c}.
We now use the maximum principle, suitably to show that

T>¢€h inG. (25)

— completing the proof of Lemma 1. We argue by contradiction.
Suppose T — eh has a negative minimum at some point (5, %) in G. There, of course,

7 < e(s+5") < 2es,

and so 4
t:s—72(1—2e)8253. (26)
At (8,9), VT = eVh and
AT > eAh.
Therefore, there, eh satisfies the inequality
Aeh) — M (2|Vh|? — 2¢hy) + 2¢ 2R, < 0
Ut Uy

i.e. after dividing by e,

Fleh] = Ah — % {1+ (1+6)s°)? + 4C|yI’] — 2 — 2(1 + 6)s°} — 40“2'%’ <0. (27)
t ¢
For small € and ¢ (which may depend on K),
the expression { } in (27) is negative. (28)

We will choose K to ensure that

uy(t(5,9),7) > 0. (29)



We have
Utt:af2+a/3t+"' (30)
Since a3(0) > 0, near the origin,
as(0
as(t.0) > “4 1)
Recall that u; > 0, i.e.
2
O<a1+ta2+5a3+--- (32)

Thus a; > 0 and a; = O(|y|?). By (10), and it is only here that (10) is used,
laz| < Aly|® (33)

for some A > 0.
Now, still at (5, 7), and for ¢t = ¢(5, 7), we have

0
Uy = ag+agt+---> a?’T()t — Aly> +0(#)
> agiO)t — Aly|? (for ¢ small)
> 20 Ay
)
by (26). We require
K > 54 .
as(0)
Then (29) holds:
uy > 0
(we may suppose K > 1.)
Consequently, from (27) we find
4C
Ah — u—ut,-yi <0 at (5, gj) (34)
t

Next, by a well known elementary inequality which uses the fact that the second order
derivatives in y of u; are bounded in absolute value we have, for some constant B,



50 4 4CBly|
M = —fuy] < —— (35)
t Vut
Now, recall, t = t(s, y),
t? t 0
ut=a1+a2t+a37+--- zt(a2+‘%+---) zt(—A|yl2+“3T()t)
by (33), for ¢ small. So
A a3(0) 4 A a3(0)
>t(— s+ N > Zg(— 2
up > t( 5t t) > 55( %5t 5 s)
by (26). Hence
a3(0) ,
>
Uy 0 S (36)
provided
A CL3(O)
K — 100 (37)
Inserting (36) in (35) we find
4C
M = 2O 5 < Y (38)
where
I 4y/10CB
a3(0)
Thus, by (21),
L
M< ——.
- VKs
We now insert this in (34) and, computing Ah, we find
4410 K+1 B
§(1+0)s" ' — VIO K+

2nC < \/TTO)W%

But for 6 = 1/4, and c restricted still further if necessary, we see that this is impossible.
O

Remark 1 Our use of the mazimum principle ws somewhat unusual. Normally, one would
prove that Feh], in (27) is positive in G; in fact we do not know how to prove that. But,
as we see, it suffices only to show that it is positive at (£(5,7), 7).



4 Step A

4.1. We turn now to Step A. Let
a;(y) be the lowest order terms of a;(y) (39)
in its Taylor expansion; @; is a homogeneous polynomial. We know that
dega,, deg 131, deg(ay — 52) > 2, (40)

since, by (14), @ — by is non-positive.
Our aim is to prove, in this and the next section, that if £ = 3 then

I =3 and b3(0) = a3(0). (41)

We will constantly use (12)-(14).
Proof that if [ =3 then b3(0) = a3(0).
Since v > v > 0 in €2, necessarily

CL3(0) > b3(0) > 0.
In (13) set y = 0 and solve for t = t(s). Clearly
b3(0>>% 2
t= s+ 0(s).
<a3(0) &)

Inserting this value for #(s) in (14) we find, by looking at the coefficients,

0> (%) " (A6 (0) + a5(0)) — (Aby (0) + bs(0).
N (b3)3 Ay — (as)3 Aby + (b)3az — (a3)3b; <0, at y = 0. (42)

Since ag > b3 > 0 at y = 0, we infer that
(b3)3Ady — (a5)3Ab; <0,  at y=0. (43)

Now @, > b, > 0. This implies Aaq(0) > AIA)l(O) > 0. If both = 0 then (42) implies

CL3(O) = bg(O)
Then, since Aa(0) > 0, it follows that

Aby(0) > 0. (44)
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In particular, deg by = dega, = 2.
Next, at a point y where by (y) > 0, take

s = Kay(y), K large.
Then from (13) we solve for ¢t = ¢(s) and find, looking at terms of various degrees in y,
t = Kbi(y) +o(lyl)-

Insert this in (14); we obtain, looking at terms of second degree in y, and using the
fact that K is arbitrarily large,

0> by (y)(Adr (0) + as(0)) — 1 (y) (Abi (0) + bs(0)). (45)
Since the right hand side is a homogeneous quadratic, its Laplacian is < 0, i.e.
0> Aby(Ady + a3(0)) — Ady(Aby + b3(0)),

SO
ag(O)Ai)l — bg(O)ACALl S 0.

Using (43) it follows, then, that
a§ b3§ A&l S bgAdl
which implies (41):
bg(O) = ag(O).

From now on we assume [ > 3 and prove that this is impossible.
4.2. The case | > 3.
(i) Claim 1 In this case
by = O(ly[*). (46)

Proof. Suppose not, then b, has degree 2 since by the positivity of v, by > 0. G also has
degree 2 since a; > b;. The proof above of (45) still works, and yields

0 Z Bl (A&l + CL3(O)) — &1AIA)1. (47)

Taking trace we find R
0 2 Ab1a3(0)

i.e. 131 = (0 — recall that 51 > 0. Contradiction. The claim is proved.
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Next, set y = 0 and solve for #(s) in (13). We find
6 b,(0) " |
¢ — (S 20) /3 13y
<l!a3(0)> 817 4+ o(s"?)

Inserting this in (14) we find, at y = 0, since Ab; =0,

1 1/3
0 Z (g) ’ (ﬂ) sl/3(Aa1 + a3) - SQ(AbQ + b4) + O(Sl/3 + 82).

{! as

Consequently
[ > 6.

We shall make use of the following

Lemma 2 Letv > 0 be given by (11) and assume that | is the order of the first t—derivative
of v which is > 0 at the origin. Let m be the first value of i (if it exists) such that

deg b = 1.
Suppose that for some j, 1 < j < (1+4)/3,

degb; >3 fori< j.
Then

~

Proof. Clearly j < m <. At some y, b,,(y) < 0. Then, at that y, if we set

s = |yl|%, 0 < a to be chosen,
we have, since v > 0,
1 i 1 i 1 i !
0< > sbi(y)s'+ Y Sbhiy)s'+ Yo Sbi(y)s' +O(s). (49)
i<j b j<i<m—1 % m<i<i—1 %
In case j = 1 we find
1 -
0 < —5—bms™ = O(ly[’s) + O(s). (50)

2m
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Suppose that (48) does not hold, i.e.
l+1
5

Then there exists a > 0 such that deg LHS of (50) < deg of each term on RHS of (50).
One easily verifies this using the fact that

m <

But then (50) is impossible. X
In case j > 1 we find from (49) and the fact that b, = O(|y|*), that

b ()|

0< —
2m/!

< O(y[***) + Oy ****) + O(ly[***) + O(ly["). (51)
Suppose that (48) does not hold, i.e.

m < H_Tj (52)

Claim: There exists a > 0 such that the degree of LHS of (51) < the degree of each term
on RHS of (51).
If so, (52) is impossible.
Proof of Claim. The claim asserts the existence of a > 0 such that
l+ma<4+a, iea< %,
14+ ma<3+2a, ie a<25ifm>2,
14+ma <2+ ja, ie a< mL_].ifm>j,

1+ ma < la, i.e.a>ﬁ.

(53)

If m = 2, the second and third inequalities automatically hold, so does the third if
m = j. Otherwise it says that

1
a<
m—=]
One easily verifies using (52) that
3 ifme=j—
1 L, mo dm=7=2
m< min{ >, —*5} ifm=j>3,
min{%, %, #ﬂ} if m > j.

It follows that the required a exists. Hence, Lemma 2 is proved.
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We come now to a crucial step.
Proposition 1 Ifl > 3i, 1 > 3,1 > 1, then

deg Ei > 3.

Using the proposition we may now give the

13

Completion of the proof of Theorem 3. At y = 0, if we solve (13) for ¢ we find as

before,
t = As'® 4 o(s'/?),
where 6 5
A= (=23,
(l‘ 0,3)

Inserting this in (14) and using Proposition 1 we see that
0> As'3(Aay + as) + O (/3.

But this is impossible, and Theorem 3 is proved.
Proof of Proposition 1. By Lemma 2,

A l
degb; >1 fori< 5-4—1.
Suppose the proposition is false. Then there is a first j < /3 such that
deg l;j = 2.

We will show that this is impossible.
By (46), j > 2.
Claim. b; > 0.
If not, at some y, ZA)j(y) < 0. Then, setting

§= ‘y‘a’

we have, using Lemma 2, and (46),

B' yja a a a j a
0 <~ 2 _ o1y 1ty + Oy 24 + Oy 72) 4 Oy |,

25!

(54)
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Setting a > 1/j but very close to 1/j, we see that the degree in y of LHS of (54) < the
degree of each term on RHS of (54), i.e. (here we use j <1/3)

2+ ja<min{d+a,2a+ 3,1+ a(l + j)/2,al}. (55)

But then (54) is impossible. The claim is proved.

We now distinguish two cases.
Case 1. degda; = 2. We have Bj > 0.

Fix y so that b;(y) > 0; since @, cannot vanish on an open set we may also ensure
that a; (y) > 0.

As before, set s = |y|* with a > 1/j but very close to 1/j, so that (55) holds. Then,
as before, in the expression for v the term

1. - 1

= ) = byl (56)

J ;

has degree smaller than that of any other term.
Consequently we may solve (13) first, and find

L b

aj+o aj .
]!Al(y)lyl (ly[*)

Inserting these values for s and ¢ in (14) we find

aji)- aj .
0> W% (Ady 4 aa(0)) = 2 b, + o),
]' a1 J'

1.e.

0> b;(Ady + a3(0)) — 4, Ab;.

As before, taking trace, we conclude that Z;j = 0. Contradiction.
Case 2. dega; > 2. Then dega; > 4.

Still take s = |y|*, with a > 1/j but very close to 1/j, so that (55) holds. We still
have that in the expression for v, the term J in (56) has degree smaller than that of every
other term. To solve (13) for ¢, we note that the leading terms of u(¢,y) are now

1 1
u(t,y) = a1 (y)t + §az(y)t2 + gaz«;(y)t3 + - =0(y[*t) + O(|y|*t*) + a3 (0)t* + - - -,

where we have used deg as > 2 which follows from Lemma 2. Thus

= (%J) Fo(lyl25).
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Inserting these values for s and ¢ in (14) we find
SJ ~ 24aj ai
0 > ta3(0) — i o[y 75™) +o(|y|*).

It follows, since (2 + aj)/3 < aj, that 0 > a3(0), a contradiction.
The proof of Proposition 1 in case dega; > 2 is complete. Theorem 3 is proved.

O
6 Proof of Theorem 2 in case k =2
The proof has again Step A and Step B. i.e. we first prove that
[ =2 and by(0) = az(0), (57)

and then if u is not identically equal to v, using the differential inequality (20) for 7, and
the same comparison function A of (22) we derive a contradiction.
The proof of (57) is trivial: from (12),

CLQ(O) — bQ(O) 2 0

while from (14), at t = 0, the opposite inequality holds.

Turn now to the equation for 7. We follow the argument of section 3. We have to
prove that 7 — eh cannot have a negative minimum in G. To do this we have to check, as
before that F[eh] in (27) is positive at a possible minimum point (§,7), i.e

40utzyz

Ut

Ut

5(1+8)577! —2nC — L} -

> 0. (58)

The term { } <0, and uy = ay + O(t) > 0, since a2(0) > 0. In addition,

4C AC\/ X [ui |
M = —|Utz Z| ~ » .
t

Uy

Now

1 2
ur = a1 + aot + - 5 as(0)t > gag(O)s

by (26). Thus, since s > K|y|?,

< 10C|V?u|
o GQ(O)\/I_{\/E
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We conclude that (recall C = K + 1),

Fleh] > §(1 +6)s°~' — 2nC — constant - \/—E >0

NG

since § = 1/4. (40) is proved, and the proof of Theorem 2 for k£ = 2 is complete.

O
7 Appendix. A simple proof of Theorem 1
We treat only the case:
% >0 on (0,b). (59)
We have to prove that
The proof proceeds in two steps:
Step A. (60) holds in case
v'(s) > 0. (61)
Step B. Necessarily,
v'(s) >0
Step A. Proof of (60) if v > 0.
We have
u(t) = v(s),
since u' > 0, for ¢ > 0, we may solve for ¢t = t(s). Here - = %, "= d%. Then
v =t
Compute
(W? —a*) = 20" - 2uit’ = 20" (V" — ii) (62)
> 0

by our main condition (2). But at the origin,

SO
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Hence
t? > 1.

Since t' > 0 somewhere for s arbitrarily small, it follows that ¢’ > 1, i.e. ¢ > s. But then
t = s and so u = v.

|

Step B. Proof that v' > 0.
(i) We use part of an argument of [1]:

i(t) is a function of ¢
but since % > 0 it may be written as a function of u, i.e.
i = f(u), (63)

with, however, f an unknown function. f is continuous on an interval [0, m] for some
m > 0, and of class C' on (0,m], since u is of class C* for ¢ > 0.
The main condition (2):

i(t) <v"(s) whenever u(t) =v(s), t <s,

is equivalent to the inequality
v" > f(v), (64)
We have v > v and both vanish, with their first derivatives at the origin. But we

cannot apply the Hopf Lemma to (u —v) because f is not known to be Lipschitz near the
origin.

Lemma 3 If v(s) = u(s) for some s > 0, then
v = u.

Proof. We use a differential inequality which holds for 7 = s — ¢(s). Namely, we have

! )

v =ut,
o =at" +it” = —ur” + (1 — 7).
So
0 <" —ii=—ur" +ii(r? — 27').

Now if u(s) = v(s) for some s > 0, then, there, 7 = 0. But 7 < 0. By the strong
maximum principle it would follow that 7 = 0, i.e. v = u.
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|

To prove that v’ > 0 we argue by contradiction. Suppose v’ < 0 somewhere.
(ii) We cannot have v’ > 0 on an interval (0, ¢), for if this holds, by Step A, we would
have
v=wu on (0,c).

By Lemma 3, we would have
v=wu everywhere.

So, arbitrarily near the origin there are points where v" < 0. But then there must be
an interval (a,c), 0 < a < ¢ < b on which

v' < 0 and v'(a) = 0.
On this interval, by (62),

Hence
v'(s)? — u(t(s))? < —i*(t(a)) on (a,c)

and, consequently,
It follows that

By our main condition, then
v"(a) > i(t(a)) > 0.
Now we cannot have v"(a) > 0 since 0 = 0(a) > 0(s) for a < s < ¢. Thus
v"(a) =0, and so i(t(a)) = 0. (65)
(iii) We now make use of (63) and (64). By (63),
0 = f(u(t(a))) = f(v(a)).
Hence, by (64), on (a,c),
v"(s) = f(v(s)) = f(v(s)) = fv(a)) = f(§)(v(s) — v(a))

for some ¢ in (v(s),v(a)).
But v(s) — v(a) has its maximum at a. We may apply the classical Hopf Lemma to
infer that
v'(a) < 0.

This contradicts the fact that v'(a) = 0.
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