A Harnack type inequality for some conformally
invariant equations on half Euclidean space
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We establish a Harnack type inequality for general conformally invariant fully non-
linear elliptic equations of second order. Let u be a positive function in R", and
let ¢ : R" U {oo} — R" U {oo} be a Mobius transformation, i.e. a transformation
generated by translations, multiplications by nonzero constants and the inversion

r — x/|x]?. Set
Wy = |Jy| 7 (wo 1),
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where J,, is the Jacobian of 9.
It is proved in [3] that an operator H(u, Vu, V?u) is conformally invariant, i.e.

H (uy, Vuy, VZuy) = H(u, Vu, V?u) o 1 holds for all positive u and all Mobius 1,
if and only if H is of the form
H(u, Vu, Vu) = F(AY)

where

2 n+2 272, 2n 2 2n
AY = — “n2 V2 T2 Vu ® Vu — ————u 2 |Vaul|?l, (1
—u u+(n_2)2u u® Vu (n_2)2u |[Vul“l, (1)

I is the n x n identity matrix, and F(M) is a function depending only on the
eigenvalues of the n x n real symmetric matrix M.

For a Mobius transformation ¢, there exists some n x n orthogonal matrix func-
tions O(x) (i.e. O(z)O(x)"! = I), depending on ¢, such that

A" (z) = O(x) A" (¢(2))O' (). (2)

So A% () and A%(¢(x)) have the same eigenvalues.

Also, we have
" 2 n
SN (AY) = ——Z—uTrE A, (3)
i=1 2
where {\;(A")} are the eigenvalues of A"
Let 8™ be the set of n x n real symmetric matrices, S*" C S"*" be the
set of positive definite matrices, O(n) be the set of n x n real orthogonal matrices,
U C 8™ be an open set satisfying

n —

O 'U0=U, VYOe€O(n), (4)
and
UN{M +1tN |0<t<oo}isconvex VMeS"" NS (5)
Let F' € CY(U) satisty
F(O™'MO) = F(M), VMeU, (6)
S My >0, VM= (M) €U with F(M) =1, (7)

(F,(M) >0, VMEeU, (®)



where Fj;(M) := %(M), and, for some § > 0,

F(M)#1, YM = (M) € U with |M| < 6. (9)

Examples of such (£, U) include those given by elementary symmetric functions.
For 1 <k <n, let

or(A) == > iy Aigs

1<iy < <ig<n
Iy be the connected component of {\ € R" | o(\) > 0} containing the positive
cone I',,, which is equal to {\ € R" | o1(\) > 0,---,0%(\) > 0}, and let

Up={M €SV | N\M) €T}},  Fu(M) = ar(A(M))"¥.

Then (Fy, Uy) satisfies (4)-(9); see e.g. [1].
We will use notations

x=(2,2,), and 2’ = (x1, -, 2p_1).

Ba(z) = {o € &" | |a| < R}, Bh(x) = Ba(2) N {z. > T}, BE— BE(0),
B () = Bul) N {wa > 0}, Bj = BA(0),
J"Bh(x) = 0BL(x) N {z, > T}, O'BL(z)=0Bk(x)N{x, =T},
' Bf(z) = OB (x) N {z, =0}, 0"Bf(z) = 0B (x)N{x, > 0}.
We establish a Harnack type inequality for solutions of
F(A") =1, in Bjs
gu — cun?  on &' Bip, (10)
u>0, A“e€U, in Bjj

where R > 0 and ¢ are constants, and A" is given in (1).
If U satisfies (7), then, in view of (3), A* € U implies Au < 0.

Theorem 1.1 Assume that (F,U) satisfies (4)-(9). Forn >3, R >0 and ¢ € R,
let uw € C?*(Biy) be a solution of (10). Then, for some constant C' depending only
onn,c and d, we have

(maxw)(min u) < CR*™". (11)

+ +
Bg 0B,



Remark 1.1 The corresponding results in Euclidean balls were proved in [6], which
is an extension of the result for (F,U) = (F1,Uy) in [10]. Theorem 1.1 for (F,U) =
(F1,Uy) was proved in [9], and for (F,U) = (Fy,Uy), 2 < k <n, in [4] (announced
in [5] and [7]). Theorem 1.1 extends the result in [4] to general (F,U) by making
use of the more recent result on local gradient estimates in [8] (theorem 1.3); while
the proof in [4] uses the local gradient estimates for (Fy, Ug) in [2].

Remark 1.2 [t suffices to prove Theorem 1.1 for R = 1 — working with u(x) =
R%U(Rx) reduces the general case to this case.

Large parts of the proofs of Theorem 1.1 follow closely arguments in [9], [6] and
[7]. The new ingredients are Lemma 1.3 and the above mentioned local gradient
estimates in [8].

Proof of Theorem 1.1. We prove it by contradiction. Suppose the contrary, then,
for some n,c,d, there exist {R;} and {u;}, R; > 0 and u; € Cz(B;Rj) satisfying
(10) in Bjp,, such that

uj(xj)algin Uj >jR?_n7 J= 1,2,3,--, (12>
2Rj

where z; € B—Ej and u;j(x;) = maxu;. Since A% € U and U satisfies (7), we have
+

B
Ry

Au; <0, and therefore

min u; = min u; < wj(x;).
0B, BT
J 2Rj

It follows that

n—2
n-2 :
uj(x;)R;* — 00, asj— o0.

—~
—_
w

~

Applying an elementary lemma in [9] (lemma 7.1) to u;(x; + %-) with a = 252

and T = 4;%_" (2, denotes the n-th component of z;), we find z; € B% (z;) NRY
such that

2—n

Uj(Zj) Z 2TUj on Boj (Zj) N @, (14)
and

) 7 uj(xj) — o0, asj— oo, (15)

where



Set . ,
V= ()05, L= 2uy(z) "2 Ry

By (15) and (16),
u;(z;) > uj(z;), I'j > 167; — oo. (17)

Therefore, in view of (12),

u;(z5) inf u; > JRI. (18)
Let ,
Tj == uj(2;) ™2 zjn,
Y
Q ={yl zj + ——= € Bap, },
Ujlzj)n—2
and

Yy
Uj(2j+72>, yer.

v;(y) == m wy(2;) 7

Since z; € B% (z;) NRE and x; € By, we have 0 < zj,, < 2Rj and T; < 2I';.
In view of the equation satisfied by u; and the conformal invariance of the equa-
tion, v; satisfies
F(A%) =1, in Q;
% =/ on 0’92 =Q;N {yn_: -T;} - (19)
v;(0) =1, v; <27 on NnB,, A% eU wv;>0on,

Let
8//Qj = 89] N {y| UYn > —fT]}

We have 3 13
grj S diSt(O,&HQj) S §F]

Thus, recalling I'; := 2uj(zj)%Rj, (18) implies

uj(z;) inf
£ 2 8//B2+R- ¢ ) 2
i n—2zy. > . e '
yel‘g}lﬂj(‘y‘ Uj(y)) = Uj(Zj)2 yelg}’ﬂj |y| — 00 ( )




Passing to a subsequence, we have

lim 7, =T € [0, o0].

J—0

We divide the rest of the proof into two cases.

Case 1. T = oc.
Case 2. T < oc.
Reaching a contradiction in Case 1. We know that min{v;,T;} — oo, and
{v;}j=12. is uniformly bounded on compact subsets of R”. It follows from theorem
1.3 in [8] that for every R > 0, there exists constant C' = C(R) and j = j(R) such
that

|Vv;| < Clvj] < C, on Bg, Vj>j. (21)

It follows, using v;(0) = 1,
~ <v;,<C onBg,  Vj>jy, (22)

for some constant C', which possibly differs from the previous one, depending only
on R.

For x € R” and A < T}/2, let (v;), . denote the Kelvin transformation of v; with
respect to By(z), i.e.

A
ly — x|

Ny —2) ——

(V)2 () = ( ), yeX), =Q\Bx().

)”_211-(3: +
! ly — z|?

Clearly (v;),,x satisfies the same equation of v; in ¥},
By essentially the same arguments in the proof of lemma 2.1 in [9], we can find
Ajz > 0 such that

(vj)an(y) <v;(y) for ye Z?,x and 0 <A< \j,.
Define
Nj(z) == sup{p > 0: (v;)en(y) < v;(y) for ye @ and 0 <\ < pu}.
Lemma 1.1 For any R > 1, infj,<g \j(z) — 00 as j — oc.

Proof. Suppose the contrary, for some |z;| < R and along a subsequence, \;(x;) < C
for some constant C' independent of j. Without loss of generality, we assume that



x; = 0. Denote wy = v; — (v;)ox. To reach a contradiction we only need to show
that
dwy,

ov

(y) >0 for y € 0B;_, (23)

and
ws, (y) >0  for ye X5 \9B;,, (24)

where v denotes the unit outer normal of 9By .
Indeed we easily deduce from (23) and (24) that wy > 0 on Xy for A close to A;,
violating the definition of ;.
It is clear that
wy, =0 in Xy .

By (20) and the boundedness of {\;}, wy, > 0 on 9"€; for large j. Arguing as
in the proof of lemma 3 in [7], using the strong maximum principle and the Hopf
Lemma, we have (23) and

wy, (y) >0 for y € X5 .
To show (24), we only need to establish
wy,(y) >0 on {y, =—T;}Noy.
This will follow from

Lemma 1.2 Suppose Tj — oo and {\;} are bounded. Then for any N > 0, there
exists jo > 1 such that for 7 > 7jo,

Oy (2) 5y
o Nvj’ (z)==2, Vz € 0Q; N {z, = T}
Indeed, if for some z with z, = =13,
wy, (2) = 0.

Then z is a minimum point and, by Lemma 1.2 and for large j,

0« 2% ) — oy — 29 ) — ety - 250 <0
S z) = cvi(z 8znz_cvj 2z 8znz



A contradiction.

Given (21), the proof of Lemma 1.2 is the same as that of lemma 7.3 in [9]. For
reader’s convenience we include the details.
Proof of Lemma 1.2. Since Tj — oo and {\;} is bounded, we have, in view of
(21) and (22), for some positive constant C' independent of 7,

1 Mz A2z
G < ’Uj(#) <C and |ij(¢)\ <C, Vzedn{z =-T;}
By a direct computation, we have, for large 7,
8’0&. n—2 —n 5‘2Z An -n ;\22
8zjn (2) = (n=2)A"Tjlz| Uj(@) — Ajlz] IWj(ﬁ)l

> mATT T > No(2)7,

where m is a positive constant independent of j. Lemma 1.2 is established. So is
Lemma 1.1.

O

The rest of the proof in Case 1 is the same as some arguments used in the proof
of theorem 1.2 in [6], which we include for reader’s convenience.

Let R > 1 be a large constant to be chosen later, by Lemma 1.1, there exists
j(R) such that

>

i(z) > 8R. Y |z| < 8R.
It follows that

v, (y) <vily) Y|zl <8R, [y — x| <8R, 0 <X <8R.
By lemma A.2 in [6],

C
|V10gvj| SE, on BR

for some constant C' depending only on n. It follows, using v;(0) = 1 and v; <
20n=2/2 in Q; N B, which contains By, for large j, that
C

C .
v (y) — 1] < E|y| < ﬁ’ vy < \/ﬁ, for large j.

Let € (depending on j) be the number such that

€)=~ (R— ), Iyl < VE




satisfies
v; =&, on B g,

and, for some |j| < v/R (7 depends on j),
v;() = £(9)-
Since 1 = v;(0) > £(0) =1 — € and v;(y) > 0, we have 0 < e < 1.
By the above estimates on |v;(y) — 1|, we have

1-CRY?*<v(y) =€) < 1—e

Clearly,

Vu;(y) = VEE), [VE®G)| < 2v;(y) > D*(y) = —2(1 — e)R'1.

2
=D
VR
It follows that

A (g) < A(y) <CR7'IL
Since F'(A%(y)) = 1, we have, by (9),

CR™' >,

which leads to contradiction if we choose from the beginning the value of R satisfying
CR™! < 6. We have reached a contradiction in Case 1.

Reaching a contradiction in Case 2.

Lemma 1.3 Assume T' < co. Then there exists C = C(n) > 0, depending only on
n, such that for all R > 1, there ezists jo = jo(R) > 0, we have

2—n

vj(@',T;) >277, Y I[2'| <R, j> jo.

Proof. Since T' < oo and v; — oo, there exists j = j(R) such that v; > 10(R? +T})
for vV j > j. For z = (2/,T}) with 1 < [2'] < R, the line through z and 0 intersects
the hyperplane {y | y, = —T;} at the point Z; = —x and Z; € Q, for j > j. Consider

o B T —Zj B Sx
fi(s) =v;(Z + Sm) =vj(—r+ W)-
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For sy = 251 = 4|z|? < 4(T; + R?),

T — Z; 5 T — Z;
— =0, and zj+827’:9:.

S |z = Z[?

|z — %2

By essentially the same arguments in the proof of lemma 2.1 in [9], there exists
some Ag(j) > 0 such that

(vj)z;0 S v; on Q\ Ba(Z), Y0<X< (),
where

A n— ~ >\2(y_2)
= ()" G+ Ty
ly — ly — 2]

).

(Uj)zj,x(y) :

Let
Aj = sup{pe | (vj)z0 S v on Q5 \ Ba(%), VO <A< p}.

Claim. A\; > 10(Tj + R?) for large j.
Indeed, if \; < 10(Tj + R?). We have

(v)z,5, S v on ;)\ By (%)
Since {\;} and {T};} stay bounded, we have, by the third line in (19),
v; < 2" in Q; N By, (z;) for large j.

It follows that
(vj)s,5,() < Clyl*™,  Vyed'y,

where C' is some constant independent of j. Thus, in view of (20),
(vi)z, 5, < Vi, on "¢, for large j.
Using the strong maximum principle and the Hopf Lemma as in Case 1, we have

()z55,W) <vily),  YyeQn{ly—zl> A},

where w; :=v; — (vj)3, 3, and v denotes the unit outer normal of 9B5 ().
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We also need to establish

Ow;

ov (y) >0 for |y—Z|= X, yo=-T;

'E

which follows from the same arguments in the proof of lemma 3 in [7].
With the above estimates we can prove, for some €; > 0, that
(’Uj)gj,)\ SUJ', on Qj, Vo< A< 5\j+€j,
violating the definition of A;. We have proved the claim.
A consequence of the claim is that for large j

()0 v on G\ Ba(Z), V0 <A< I0(T; + RY),.

This implies "= f;(s) is an increasing function on s € (0,2s;). In particular,

o) = fis2) 2 ()7 fy(sa) = ()T 0y (0) =2

52 S2

Lemma 1.3 is proved.

Let &€ be the continuous solution of

—AE=0 in Bf
£€=0 ond'Bf (25)
£E=1 onﬁ’B%, 0<¢(<1 ondBy and £ =0 on 0B; NORY

Let &(y) = 2°2°¢(%(y — (0, 1)) for y € BT := {y| y — (0, Tj) € Bf }. By (7) and
Lemma 1.3,
_ ) > i J
Av; — &) >0 in B (26)
UV — é-j Z 0 on 833
Applying the maximum principle, we have, for some dimensional positive constant
Cl(n) < 17

2-n R R
526> am2® o <D <y <T+5) (2D
By (19), we have, for large j,
ne R R
0y <2 o (<5 TSy < T+ o}
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With the above, the rest of the proof is essentially the same as that in Case 1. For
reader’s convenience, we include the details. )

For z* = (0, T; + &) and 3 > 0, let £°(y) := &(R? — |y — 2*|?) for [y — 2*| <
R = %. We know when 3 = 0, £ < v; on Bg(2*), let 3; be the smallest positive
number such that

v; > €% on Bp(z), (7)) =¢%(g;) for some §; € Bg(2*).
W.lg, assume Br(z*) € ;N B,,, so 2" > vi(2*) > 9i(2*) = B;, we know
B; <25 . Recall (27),

2% ey(n) < vy(5) = €(5) = DR~ |~ ) < 271 - (B
from which, we have
17— 2] < (1= 41 (n))R. (28)
On the other hand, at g;, A% (y;) < A& (g;), so
2n on

A(g) < A () < — 2o P () REVED () +

(n—2)?
By &% (y;) > ca(n)2°7", [VED ()] = | — S [

V265 (5,)] = — 22,1, (29) implies

"2
v (s B; 52 1
A J(yj) ( )R2 Inxn + C(n)ﬁ S C(n)ﬁlnxn

Therefore by A% (y;) € I'y, |A%(g;)| < ¢(n). But (9) and F(A%(y;)) = 1 together
forces § < ¢(n)4, which is impossible if R is large enough.
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