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Gradient Estimates for the Perfect and Insulated Conductivity
Problems with Multiple Inclusions

Ellen ShiTing Bao * YanYan Li ' Biao Yin ¥

Abstract

In this paper, we study the perfect and the insulated conductivity problems with multiple
inclusions imbedded in a bounded domain in R™,n > 2. For these two extreme cases of the
conductivity problems, the gradients of their solutions may blow up as two inclusions approach
each other. We establish the gradient estimates for the perfect conductivity problems and an upper
bound of the gradients for the insulated conductivity problems in terms of the distances between
any two closely spaced inclusions.

0 Introduction

In this paper, a continuation of [5], we establish gradient estimates for the perfect conductivity problems
in the presence of multiple closely spaced inclusions in a bounded domain in R™ (n > 2). We also
establish an upper bound of the gradients for the insulated conductivity problems. For these two
extreme cases of the conductivity problems, the electric field, which is represented by the gradient of
the solutions, may blow up as the inclusions approach to each other, the blow-up rates of the electric field
have been studied in [T, B, B 19, [20]. In particular, when there are only two strictly convex inclusions,
and let € be the distance between the two inclusions, then for the perfect conductivity problem, the
optimal blow-up rates for the gradients, as ¢ approaches to zero, were established to be e =1/2, (g]Ing|)~*
and 7! for n = 2, 3 and n > 4 respectively. A criteria, in terms of a functional of boundary data, for
the situation where blow-up rate is realized was also given. See e.g. the introductions of [5] and [20] for
a more detailed description of these results. More recently, Lim and Yun in [I5] have obtained further
estimates with explicit dependence of the blow-up rates on the size of the inclusions for the perfect
conductivity problem (see also [I] for results of this type), and H. Ammari, H. Kang, H. Lee, M. Lim
and H. Zribi in [2] have given more refined estimates of the gradient of solutions.

The partial differential equations for the conductivity problems arise also in the study of composite
materials. In R?, as explained in [I4], if we use the bounded domain to represent the cross-section of a
fiber-reinforced composite and use the inclusions to represent the cross-sections of the embedded fibers,
then by a standard anti-plane shear model, the conductivity equations can be derived, in which the
electric potential corresponds to the out-of-plane elastic displacement and the electric field corresponds
to the stress tensor. Therefore, the gradient estimates for the conductivity problems provide valuable
information about the stress intensity inside the composite materials.

When conductivities of the inclusions are away from zero and infinity, the boundedness of the gra-
dients were observed numerically by Babuska, Anderson, Smith and Levin [4]. Bonnetier and Vogelius
[6] proved it when the inclusions are two touching balls in R?. General results were established by Li
and Vogelius [T4] for second order divergence form elliptic equations with piecewise smooth coefficients,
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and then by Li and Nirenberg [I3] for second order divergence form elliptic systems, including linear
system of elasticity, with piecewise smooth coefficients. See also [12] and [16] for related studies.
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1 Mathematical set-up and the main results

Let Q be a domain in R™ with C%® boundary, n > 2, 0 < a < 1. Let {D;} (1 <1 < m) be m strictly
convex open subsets in £ with C*® boundaries, m > 2, satisfying

the principal curvature of 0D; > ko,

eij = dist(D;, Dj) >0, (i # j) (1.1)

dist(D;, 09Q) > ro, diam(Q) < i,
To

where £, 79 > 0 are universal constants independent of {e;;}. We also assume that the C*“ norms of
0D; are bounded by some universal constant independent of {e;;}. This implies that each D; contains
a ball of radius r§ for some universal constant r§ > 0 independent of {e;;}.

We state more precisely what it means by saying that the boundary of a domain, say Q, is C%® for
0 < a < 1: In a neighborhood of every point of 92, 99 is the graph of some C%% function of n — 1
variables. We define the C%® norm of 99, denoted by ||0€2||c2.e, as the smallest positive number <
such that in the 2a—neighborhood of every point of 0f2, identified as 0 after a possible translation and
rotation of the coordinates so that x, = 0 is the tangent to 9 at 0, 9 is given by the graph of a C%®
function, denoted as f, which is defined as |z’| < a, the a—neighborhood of 0 in the tangent plane.
MOI‘GOVGI‘, HfHCQ*"‘(ILE’Ka) < %.

Denote _

Q= Q\U;ll D;.

Given ¢ € C1(99), the conductivity problem can be modeled by the following equation:

div(ak(x)Vug) =0 in €, (1.2)
Uk = @ on 0,
where k = (k1,..., k) and
( k; € (O, OO) in D;, (1 3)
a(z) = ~ .
* 1 in 0.

The existence and uniqueness of solutions to the above equation is well known. Moreover, we have
llurll 1) < Cll@llcre(on) for some constant C independent of k. Therefore, by passing to a subse-
quence, we have ur — oo in HY(Q) as k; — oo for all 1 <i < m, where uo, € H(Q) is the solution
to the following perfect conductivity problem,

Au=0 in €,

uly = ul- on OD;, (i=1,2,...,m),

Vu=0 in D; (i=1,2,...,m), (1.4)
5 .

/ —“‘ —0 (i=1,2,...,m),

oD, OV 1+

U= on 0f,

where 5

_U} — lim u(x—i—tu)—u(ac)'
ovl+ t=o+ t



Here and throughout this paper v is the outward unit normal to the domain and the subscript +
indicates the limit from outside and inside the domain, respectively. For the derivation of the above
equation, readers can refer to the Appendix of [5]. Note that the proof there is for k1 = ko = -+ - = ki,
but it works also for the general case with modification.
Since the high stress concentration only occurs in the narrow regions between the fibers, we only need
to focus on those narrow regions.

For i # j, denote
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dist (! xfj) = dist(D;, D;) = &5 > 0, xi; € OD;, xfj € 0D;,

and

1 . )
Igj = 5(33;; + ‘ng)
1

It is easy to see that there exists some positive constant § < 7 which depends only on ko, ro and
{||0D;l|¢c2.« }, but is independent of {e;;} such that

if £55 < 20, B(x?j, 20) only intersects with D; and D;. (1.5)
Denote 1
% for n=2,
1
&) ={ —1 for n=3 (1.6)
el lne|
1
- for n > 4.
€

Then we have the following gradient estimates for the perfect conductivity problem

Theorem 1.1 Let Q,{D;} C R", n > 2, {;;} be defined as in (L)), ¢ € L>(0N), & be the universal
constant satisfying (I3). Suppose us, € H'(Q) is the solution to equation (1.])), then for any e;j < 4,
we have

HVUOOHLoo(ﬁmB(;Egj,[s)) < Cpnleij)lell L= (o)
where C' is a constant depending only on n, Ko, ro, {||0D;||c2.«}, but independent of e;;.

Note that if €;; > 6, by the maximum principle and the boundary estimates of harmonic functions,
we immediately get Hvuoo||Loo(§ﬁB(m?j76)) < Cllullpoe @y < Cll@llL=(on)- Here we have used the fact
that s is constant on each dD;. Then by Theorem [[.T] and standard boundary Schauder estimates,
see e.g. Theorem 8.33 in [9], we have the global gradient estimates of u, in Q.

Corollary 1.1 Let Q,{D;} C R", n > 2, {e;;} be defined as in (I1), ¢ = n;insij > 0, and p €
i#]
CH(09), 0 < a < 1, and let us € H*(Q) be the solution to equation (I.J). Then

HVUOO”Loo(ﬁ) < Cpn(E)HSDHCL"‘(BQ)'
where C' is a constant depending only on n, m, Ko, 7o, ||0Q||c2.«, {||0D;l|c2.«}, but independent of .

Remark 1.1 The proof of Theorem [I1] does not need D; and Dj to be strictly convez, the strict
convezity is only used in a fived neighborhood of x?j (The size of the neighborhood is independent of
{€ij}). In fact, our proofs of Theorem[L 1l also apply, with minor modification, to more general situations
where two closely spaced inclusions, D; and D;, are not necessarily convex near points on the boundaries
where minimal distance € is realized; see discussions after the proof of Theorem[11l in Section 2.

Next, we study the insulated conductivity problem. Similar to the perfect conductivity problem,
the solution to the insulated conductivity problem is also the weak limit of uz in H'(£2) as k approaches
to 0. Here we consider the insulated conductivity problem with anisotropic conductivity.



Let Q,D; C R", &;; be defined as in (L), ¢ € CH*(09), suppose A(z) := (a¥(z)) is a symmetric
matrix function in Q, where a(z) € Co‘(ﬁ) and for some constants A > A > 0,

la™ |

oo <A a’(x)&&; > NEP?, VEER™, z € Q.

Then the anisotropic insulated conductivity problem can be described by the following equation,

9;(a¥d;u) =0 in Q,
adjuv; =0 on 0D;(i =1,2,...,m), (1.7)
U= on 0f.

The existence and uniqueness of solutions to equation (L) are elementary, see the Appendix.

As mentioned before, the blow-up can only occur in the narrow regions between two closely spaced
inclusions. Therefore, we only derive gradient estimates for the solution to (7)) in those regions.
Without loss of generality, we consider the insulated conductivity problem in the narrow region between
D1 and Dy. Assume

g = diSt(Dl, Dg)

After a possible translation and rotation, we may assume
(8/2, 0/) € 0D, (—6/2, O/) € 0Ds.

Here and throughout this paper by writing z = (21,2’), we mean z’ is the last n — 1 coordinates of z.
We denote the narrow region between D; and D5 and its boundary on dD; and dDs as follows
o) :=Qn{ze R"||2'] < r}

Iy :=0DyN{z e R"||2'| <r} (1.8)
I_:=0DyN{x e R"||2'] <r}

where 7 is some universal constant depending only on {||0D;||c2.a }.
With the above notations, we consider the following problem,

9i(a0u) =0 in O(r),
( i) ) (1.9)
a' 0juv; =0 onI'y UT_.
Then we have:
Theorem 1.2 Ifug € H(O(r)) is a weak solution of (1.9), then
C e r
Vo ()| < M, for all z € O(%). (1.10)
e+ |z'|? 2

where C' is a constant depending only on n, ko, o, A, X\, 7 and ||0D;|c2.« (i = 1,2), but independent of
€.

Remark 1.2 Theorem also remains true for general second order elliptic systems, its proof is
essentially the same as for the equations.

A consequence of Theorem is the following global gradient estimates for the insulated conductivity
problem.

Corollary 1.2 Let Q,{D;} C R”, {¢;;} be defined as in (I.1), € := n;éinsij >0, and p € CH2(09Q), let
i#]

ug € H'(2) be the weak solution to equation [I.7), then

C
IVioll @) = —Zllellorecon. (1.11)

where C is a constant depending only on n, ko, 7o, ||0Q]c2.a, {||0D;|c2.«}, but independent of .



Note that throughout this paper we often use C' to denote different constants, but all these constants
are independent of €.

The paper is organized as follows. In Section 2 we consider the perfect conductivity problem and
prove Theorem [Tl In Section 3 we show Theorem for the insulated case. Finally in the Appendix
we present some elementary results for the insulated conductivity problem.

2 The perfect conductivity problem with multiple inclusions

In this section, we consider the perfect conductivity problem ([4)). Note that from equation (L), we
know that « = C; on D;, 1 < i < m, where {C;} are some unknown constants. In order to prove
Theorem [[.T] we first estimate |C; — C;| for 1 < ¢ # j < m, which later will allow us to control the
gradient of u in the narrow region between D; and D;.

2.1 A Matrix Result

To estimate |C; — C;|, the following proposition plays a crucial role.
Let m be a positive integer, P = (p;;) an m x m real symmetric matrix satisfying,

(A1) pij = pji <0 (i # j);

(A2) 0 < ry < p;:= Zpij < T2,

j=1
where 1 and ro are some positive constants.

Remark 2.1 An m x m matriz P satisfying |pi| > > |pij| is called a diagonally dominant matriz.
J#i
Such a matriz is nonsingular, see [10]. (Al) and (A2) imply that the matriz P is diagonally dominant.

Proposition 2.1 Let P = (p;j) be an m x m real symmetric matriz satisfying (Al) and (A2), m > 1.
For g € R™, let a be the solution of
Pa =3, (2.1)

then
r2 |f

o — oy Sm(m—l)rl ol 71
ij

(2.2)

where || = max |5;].
K3

Before proving the proposition, we introduce the following lemmas.

Denote
Z(l) = {all I x I diagonal matrices whose diagonal entries are 1 or —1},

Ze(l) = {I € Z(1)|T has even numbers of —1 in its diagonal},
Z,(1) = {I € Z(1)|T has odd numbers of —1 in its diagonal}.

Lemma 2.1 For any x € R and any | x | matriz A, 1 > 1,

Z det (zI +TA) = 271 (z! + det A);
TeZ(1)

D det(aI +TA) =2""" (2! — det A).
I€Z,(1)



Proof: We prove it by induction. The above identities can be easily checked for [ = 1. Suppose that
the above identities stand for [ = k — 1 > 1, we will prove them for [ = k. Observe that the above
identities hold when x = 0. To prove them for all z, it suffices to show that the derivatives with respect
to = in both sides of the identities coincide. Since for any I € Z(k),

k
(det (w1 +TA))' = det (2] + T; A;)
i=1
where A; and I; are the submatrices obtained by eliminating the ith row and the ith column of A and
I respectively.

Notice that if I runs through all the elements of Z.(k), I; will run through all the elements of Z(k — 1)
for every fixed i € {1,2,...,k}, so we have

Z (det (zI + TA))
(k)

~l
m
N
o

( Z det (21 + ITA;) + Z det (2 +1A4;))

T€T (k—1) T€T,(k—1)

M- 1M

(287 2(2F 71 4 det A;) + 282 (2P 7! — det A))) (By induction)

-
Il

1
oF=1gh=1 — ok=1(zk 1 det A)'.

o

Therefore, we have proved the first identity. The second one follows from the first one by changing the
sign of one row of A.
As a consequence of Lemma [2Z.T] we have

Corollary 2.1 Let A be an | x | matriz, if det (I +1A) >0 for any I € Z(1), then |det A| < 1.

Lemma 2.2 Given integers m > 1 > 1, let Q = (gij) be an m x I real matriz which satisfies, for

i=12,...,1,
g5 > Y lais]. (2.3)
i#]
Let A be the set of all l x I submatrices of the above matriz Q and S1 € A the matriz obtained from the
first 1 rows of Q, then we have
det S; = max|det S|.
SecA

Proof: For any S € A, by rearranging the order of its rows we do not change |det.S|. Thus we can
treat S as a matrix obtained by replacing some rows of S; by some other rows of (). Note that S and
S1 could have no rows in common, which means S is obtained by replacing all the rows of S; by some
other rows of Q.
Given any I € Z(l), we claim:

det (S1 +15) >0

Proof of the claim: There are two cases between S; and S:

Case 1. S1 and S have no rows in common. Then by (2.3, we know that S; + 1S is diagonally dominant,
therefore det (S + IS) > 0.

Case 2. S7 and S have some common rows, denote the order of these rows by 1 <141 < -+ < i, <[, 1<
s < 1. If row i4, of 1S is opposite to row is, Oof S for some 1 < g9 < s, then row i, of S1 + 1S is 0,
therefore det (S; + IS) = 0. Otherwise row i; of 1S is the same as that of S and S; for any 1 < ¢ < s,
then we take out the common factors 2 in these rows when we compute det (S; + 1.9), thus we have

det (Sy 4+ 18) = 2° det (S; + I9),



where § is the matrix obtained by replacing row i; of S by 0 for any 1 < ¢ < s. We know that S; 4+ 1.5
is diagonally dominant according to (Z3), then det (Sy +15) > 0, it yields that det (S; +IS) > 0.
Therefore, the claim is proved.
Since det S; > 0 and

det (S +18) = det (I + 1SSy ") det S,

we have, by the claim, that for any I € Z(l),
det (I +1SS;) >0

By Corollary 21l we have
|det (SS;H)| <1

therefore
det S7 > | det S|.

Now we are ready to prove Proposition 211

Proof of Proposition [Z: For m = 1 the inequality is automatically true. For m = 2, we have, by
Cramer’s rule,

B1 P12 pi1 P B1 P
B2 D22 D21 [ B2 D2
a1 — g = — =
P11 P12 P11 P12 P11 P12
P21 P22 P21 P22 P21 P22
Since 1 < p; < 79 by Condition (A2),
B1 P1 _ _
_ = — < 2r
B P B1p2 — Bapr < 212|0]

On the other hand, by Condition (Al) and (A2)

Therefore, Proposition 2.1] for m = 2 follows from the above.

For m > 3, we only estimate |o; — as| since the other estimates can be obtained by switching
columns of P.

Since « satisfies (Z1]), by Cramer’s rule, we have:

p1
D2

P12
P22

]I;;z = P1P22 — D2P12 = Pip22 > ri(r1 + |p12])-

P11
P21

B1 P12 Pim P11 B1 Pim
B2 pa2 DP2m P21 B2 P2m
6m Pm2 Pmm Pm1 6m DPmm
] — (g = —
P11 P12 Pim P11 P12 Pim
P21 P22 D2m P21 P22 P2m
Pm1  Pm2 Pmm Pm1  Pm2 Pmm
fr putpiz pi3 Pim
P2 p21+p22 P23 Dam
B3 D31 +Dp3s2 D33 P3m
o 6m Pm1 +DPm2  Pm3 Pmm
P11 P12 Pim
P21 P22 DP2m
Pm1  Pm2 Pmm



By adding the last (m — 2) columns of the matrix in the numerator to its second column, we have

B D1 P13 - Pis
B2 D2 p23 - P2
B3 D3 D3z - DP3s
o o ﬁm ﬁm Pm3 et Pmm det ,ﬁ
1— Qg = = .
P11 P12 Pim det P
P21 P22 - P2m
Pm1  Pm2 T DPmm

Next we estimate the determinants of the above two matrices separately.
Expanding det P with respect to the first column, we have

det P = ijlpjl

Jj=1

where Pj; is the cofactor of pj;.

Applying Lemma 22 to the m x (m — 1) matrix obtained by eliminating the first column of P, we know
that, among the cofactors Pj1, P11 > 0 has the largest absolute value. Since pj1 = p1; <0 (j # 1) and
p11 > 0 by condition (A1) and (A2), we have

det P > ijlpll =p1Pr1.
j=1

For the same reason, we have

P22 -+ DP2m

P = Z(szj)
=2

Pm2 ° Pmm

P33 T P3m

Pm3 - Pmm

Combining the above two inequalities and using condition (A1) and (A2), we have

m b33 - DP3m b33 0 DP3m
det P > py Zp2j oo =2 —p21) :
=2 Pm3 e Pmm Pm3 e Pmm

P33 e P3m

(2.4)

> ri(|piz] +71)
Pm3 T Pmm

By Laplace expansion, see e.g. page 130 of [I7], we can expand det P with respect to the first two
columns of P, namely,
det P = Z

11,72

Ba  Diy

ﬁ, Di E1i212a (25)
12 12

where 1 < i1 < io < m and ﬁm-zlg is the cofactor of the 2nd-order minor in row 1,4 and column 1,2
of P. _
Applying Lemma to the m x (m — 2) matrix obtained by eliminating the first 2 columns of P, we
know that, among all those cofactors,

P33 e P3m

Pm3 - Pmm



has the largest absolute value. Since 0 < p; < ro by condition (A2),

Biv  Diy
— < 2rq|p|,
‘ Bi, Pis |~ 21|
then by (2.H), we have
P33 - DP3m
|det P| <m(m—D)ralB]| = .. 1 | (2.6)
Pm3 - Pmm
By ([24) and (2.0), we have
|det P n Al
o —ag=r——-<mm-1)=——.
o 2| |det P| — ( 1 |p12| + 71
2.2 Proof of Theorem [1.1]
As in [5], we decompose uq, into m + 1 parts:
Uso = Vo + Z Civg, (2.7)
i=1

where v; € H*(Q) (i =0,1,2,...,m) are determined by the following equations:
for i =0,

Avg =0 m €,
Vo = 0 on 6D1, 6D2, ce 6Dm, (28)
Vo = ¢ on 0f).
fori=1,2,...,m, N
Av; =0 m £,
’ . L (2.9)
v; =0 on 0D;, for j #1,
v; =0 on Of).
Since uo, satisfies the integral conditions in equation (I4]), using the decomposition formula (Z7), we
know that the vector (Cy,Cs, ..., C,y,) satisfies the following system of linear equations
ailn a2 Gim Ch by
az  ax - Gm Co ba
= (2.10)
am1 Am2 - Amm Cm bm
where
(9’Ui
g = . (L,j=1,2,...,m), (2.11)
J ‘/aDj 81/
b / Mo 219 ) (2.12)
;= — -, 1=1,2,...,m). )
op; Ov
Similar to the two inclusions case in [5], we first investigate the properties of v; (i = 0,1,---,m),

the matrix A = (a;;) and the vector b defined by 211 and (2.12). Here we state the following lemma,
for its proof, readers may refer to Lemma 2.4 in [5].

Lemma 2.3 For 1 <4, j < m, let a;; and b; be defined by (211) and (2.12), then they satisfy the
following:



(1) ai <0, ai=aj >0 (i#j),

1
2) —c< Y @ < — 5

1<j<m
(3) bl < CllellL=(oa)

where C' > 0 is a universal constant depending only on n, Ko, ro, ||0Q||c2.«, but independent of e;;.

Remark 2.2 From property (1) and (2) in LemmalZ2.3, we know that A is diagonally dominant, there-
fore it is nonsingular.

Lemma 2.4 Let vy, v;(i = 1,...,m) be the solutions of equations (2.8) and (Z9) respectively, § is
the constant satisfying (IL3), then there exists a universal constant C depending only on n, m, 1o, Ko,
|10D;||c2.« and |09 c2.«, but independent of {€;;} such that,

(1) HVUOHLm(ﬁ) <C;
(2) ||Vvi||L°°(B(zgj,§)m(~z) < % if g5 < o5

(3) Vol <C on Q\ (Ujsic, <5 B(2%,9)).

Proof: The proof of (1) is the same as the proof of Lemma 2.3 in [5]. Since ||vi||Lm(§) =1, 0 is the

constant satisfying (LH), then if e;; < , then by (LH), we know that B(x};,d) only intersects with D;
and D;, and B (x?j, d) is at least § away from other inclusions. Then (2) just follows from the maximum
principle and standard boundary estimates for harmonic functions. For the same reason, to prove (3),

we only need to prove ||Vl oo s5ng) < C if k1 # i and ey < 8. Without loss of generality, we
kL
assume k = 1,1 = 2,7 = 3. Let v3 be the solution of the following equation,

Av3 =0 in Q\ Dy U D3,
v3 =0 on 0Dy,
v3 =1 on 0Ds,
v3=20 on 0f.

Then we have v3 > v3 on (’XNZ, by the maximum principle, v3 > v3 in Q. Since v3 = w3 = 0 on 0D, we

have _
(%3 6’1)3

— > —">0.
v — Ov —
But |Vo3] < C on D1 N B(x95, ) by the boundary estimates of harmonic functions, then we have
81)3
Vsl Lo (9D, B (0,,5)) = ||E||L°°(8D1HB(1(1’2,6)) <C. (2.13)
Similarly, we have
81)3
Vsl Lo (9DsnB(0,.5)) = ||W||L°°(8D2HB(1(1’2,6)) <C. (2.14)

Furthermore, by gradient estimates and boundary estimates of harmonic functions, we have
HVU3HL°°(BB(m?2,5)ﬁS~2) <C. (2.15)

Since Vo is still harmonic function on B(z%,,8) N Q, by @13), @14) and ZI5) and the maximum
principle, we have

||VU3||Loo(§mB(z‘fz,6)) <C

Next, we derive some further estimates of A = (a;;).

10



Lemma 2.5 Let a;; be defined as in (Z.11)), then there exists a universal constant C > 0, depending
only on n, 1o, Ko, ||0D;]|c2.« and ||0Q||c2.«, but independent of {e;;}, such that for 1 <i# j <m,

1

C 1 C

< 0y < —————, — < ay < —, forn =2,

min €;x, C /mine; C.\ /g /Eij

\ ki \ ki
. 1 . 1
—C|ln(rl£1;1£rl_1£ik)| < aj; < —6|1n(rl£1;1£rl_15ik)|, 6|ln£ij| < a;; < Cllney|, forn=3,
1 1

—C’<a“—<—5, 5<aij<C, forn > 4.

Proof: Without loss of generality, we assume i = 1,j = 2. The proof of the estimates for a1 is the
same as that in Lemma 2.5, Lemma 2.6, and Lemma 2.7 in [5]. Here we prove the estimate for aj5. In
the following, we use C to denote some universal constant depending only on n, rg, o, ||0D;||c2.« and
|09 2., but independent of {e;;}.

Notice that if €15 is larger than some universal constant, then the proof is trivial. Therefore, we
can assume €12 < 0, where 0 < 1/4 is the universal constant satisfying (LH). By (L), we know that
B(29,,6) only intersects with D; and Ds.

Denote

[ :=0D; N B(x29,,6) (i =1,2), T'z:=0B(z%,,6)\ (D1 U Dy)
Since B(z9,,268) does not intersect with D;(i > 3) or € by (5], then
diSt(Fg, UﬁgﬁDl) > 4, dist(I‘3, 89) > 4,
by standard gradient estimates and boundary estimates for harmonic functions, we have
||V’U1HL:>0(F3) <C (216)

By Lemma 2.4, we have ||[Vv1|pap,\r,) < C.
Therefore, we have

vy vy / 0vq oy
= _— = JE— _ = —— O
ai12 /CF)D2 EN N, o0 + pDa\rs O o + O0(1). (2.17)
By the harmonicity of v; on B(z9y,8) N and (ZI0), we have
o1 o1 ot vy oy
0 = JE—— J— _ = JEE— O
r, ov + T ov + T's ov r, 6V /1"2 + (218)

Meanwhile, by Green’s formula and (216), we have

9] 0 0]
—/ |Vv1|2=/ ’Ulﬂ‘f'/ ’Ulﬂ"l‘/ e
B(29,,6)N r, Ov r, Ov ov

Iy 6V Fg I

Therefore, by combining (217), (ZI8) and (2I9), we have

a2 =/ Vo2 4 0(1).
B(z95,6)NQ

Similar to the energy estimates given in Lemma 1.5, Lemma 1.6, and Lemma 1.7 in [5], we have

(2.19)

C
Vol | < , forn=2
C\/El 9,6 | 1" < VE12

—|1n612|</ |Vui|? < Cllnegs|, forn =3
¢ B(29,,6)n0

< / |V )? < C, for n > 4.
B(x9,,8)NQ

Ql=

11



Therefore,

1 C
<app < ——, for n = 2,

Cen NGD

1
5|ln512| < ayz < C|lneys|, forn =3,

1
— <app <C, for n > 4.
C
O
Knowing enough properties of the system of linear equations ([ZI0) from Lemma and Lemma
, we have

Proposition 2.2 Let us, € H'(Q) be the weak solution to equation ([I.4) and C; the value of ucs on
D;, then for any 1 < i # j < m, there exists a universal constant C > 0 depending only on n, Ko, o,
109 c2.o, {||OD;|lc2.o}, but independent of {e;;} such that

|Ci — Cj] < CVEllellL=(a0) for n=2,
1
|C; = Cj| < Crm—l¢ll L= (a0 for n =3, (2.20)
[Ine;l
|Ci — Cj] < CllellLe=(a0) for n>4.

Proof: By Lemma [2.3] we know that the matrix —A satisfies condition (A1) and (A2), then applying
Proposition 21 on 210)), we have, for any 1 < i # j < m,

C
ICi = C] < P ||<P||L°°(asz)
ij

where C is some constant depending on n, ko, 7o, [|0Q||c2.«, {||0D;| c2«}, but independent of {e;;}.

By Lemma 25 we immediately finish the proof. O
Now we are ready to complete the proof of Theorem [I.1]

Proof of Theorem [L1: We prove the estimates in dimension 2, the proof for the higher dimensional

cases is similar. Without loss of generality, we assume ¢ = 1, j = 2 and €12 < 4. Now we need to prove

the gradient estimates for u., in the narrow region between D and Ds. For simplicity, we assume

ol (a0) = 1.
By the decomposition formula (7)), we have

Vi = (Cl — Cg)Vvl + Cz(V(’Ul + Uz)) + Z C;Vu; + Vg

i=3
By Lemma 2.4, we have
o
IVoill e @npey,on < o0 V00l @npes,a <© (2.21)
where C' is some universal constant.
For i = 3,...,m, we have, by Lemma 2.4
vai”Lm(ﬁﬁB(m?Q,&)) < C. (2.22)

Since v + v2 = 1 on both dD; and 9D3, similar to the proof of Lemma [Z4] we can show that

IV (01 + U2)||Loo(§mB(mll)275)) <C. (2.23)

12



By Proposition 222, (221, (Z22)) and (Z23]), we have

||VUOOHLoo(§”mB(192,5)) <[C1 - CQ'HVU1||L°°(§OB(;E?27§)) + |G| IV (v1 + U2)||Loo(§m3(1<1)2,5))

+ DGVl @np g, o) + V00l e @, 0
1=3

1
<Cyea— +C
€12
C
< .
VE12
As we mentioned in Remark [[LJ] the strict convexity assumption of the two inclusions can be
weakened. In fact, our proof of Theorem [T Iapplies, with minor modification, to more general inclusions
as below.
In R”, n > 2, for two closely spaced inclusions D; and D; which are not necessarily strictly convex,

assume 0D; N B(0,r) and dD; N B(0,r) can be represented by the graph of z; = f(2/) + <& and

2
T = —g(xl) — %, then f(OI) = g(ol) =0, V(g + f)(ol) = 0. Assume further that

M2 < (o) + F@) < Nofa'[?, V! < 1/2, (2.24)

where My > X\ > 0,1 € ZT.
Under the above assumption, let us € H'(Q2) be the solution to equation (L4). Then, for e;;
sufficiently small, we have

n—1

”VUOOHLoo(ﬁmB(Igj,(;)) < OH‘PHLOO(BQ)E;' ! ifn—1<2l
1 .
IVucoll oo @npat, o)) = Cl\wl\m(amm yn—1=2, (2.25)
1 )
||VU00||Loo(§mB(x?j,5)) < OH‘PHL“’(BQ);j ifn—1>2I

where C is a constant depending on n, A1, A2, 7o, [|0D;]|c2« and ||0D;||c2.«, but independent of &;;.
For the proof, please refer to the corresponding discussion after the proof of Theorem 0.1-0.2 in [5].

3 The insulated conductivity problem

In this section, we consider the anisotropic insulated conductivity problem, which is described by
Equation (7). As we mentioned in the introduction, the gradient can only blow up when two inclusions
are close to each other. In order to establish the gradient estimates for this problem, we first consider
the local version of the problem, namely Equation (L.9).
To make the problem easier, we first consider the equation in a strip. In this case, by using a
“flipping” technique, we derive the gradient estimates in the strip.
Denote, for any integer [
Q:={z€eR" (2l —1)§ < z1 < (2L + 1), || < 1},
I :={z€R"|z1 = (20 +1)§ and |2'| < 1},
Iy ={z¢ R”’zl = (20— 1)d and |2/| < 1},
and
Q={z€eR"|z1| <1and [¢/| <1}

We consider the following equation in Qg

9., (biﬂ'(z) az].w) =0 in Qy,

. (3.1)
bljazjw =0 on I‘g.

13



where () € C%(Qp)(0 < a < 1) is a symmetric matrix function in Qp, and there exist constants
Ao > Ao > 0 such that, for all £ € R™,

167 ()llee gy < Ao Aol€]* < b7(2)6i&5, Yz € Qo E R
Then we have

Lemma 3.1 Suppose w € H'(Qp) N L>°(Qy) is a weak solution of ([31)), then there exists a constant
C > 0 depending only on n, Az, As, but independent of §, such that

[Vl Lo (gy2)) < Cllwllze= (o)

where Qo(L) := {z € R™||21] < § and |'] < 1}.

Proof: For any integer [, We construct a new function w by “flipping” w evenly in each Q;. We define
w(z) = w((=1)! (21 — 200),2"), Vze Q.

Therefore, we have defined w piecewisely in Q.
We define the corresponding elliptic coefficients as follows
fora=2,3,...,n,

b (2) = b1 (2) = (1) (1) (21 — 216),2'), Vze Q.

for all other indices . N
b (2) = b9 ((—1)! (2 — 216),2"), Vze€ Q.

Under the above definitions of @ and b, we can easily check that, for any integer [,
o, (Eij(z) 2., w) =0 in Q,
b0, =0 on ',

Then for any test function ¢ € C5°(Q), we have

b9 (2) 0, wO.,1p = b (2) 8. wo.,
5 0,00 ;/Q (2) 0., 0.,

=0 (by the definition of weak solution)

Therefore w € H'(Q) satisfies
9.,(b7(z) 0,,w) =0 in Q.

Following exactly from [I3], we first introduce a new equation
0. (E”(z) d;,u) =0 inQ

where .
. E_IFIZGQL, z—((21-1)4, 0") b* (2) S Ql7l > 0;
BY(z) =< b¥(0) z€ Qo
hszQl, z—((21+1)4, 07) b* (Z) KAS lel < 0;

then we define the norm
_ 1
|F|lys» = sup r' S(]lTQ|F|p)P
o<r<1

Since b (z) € C*(Qp) , b (z) is piecewise C* continuous in Q, then we can immediately check that

169 — B||y1402 < C
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where C' is some constant only depending on Ay. Using Proposition 4.1 in [I3], we have
[Vl Lo 10y < Cllwllr2(g) < Cllwl|p=(g),
Then by the definition of w, we have
[Vl Lo (go(2)) < Cllwl[z(gy)

where C' > 0 depends on n, Az, A, but is independent of 4. g

Since Dy and D5 are strictly convex domains, we can write O(r), which is defined by (L8], as follows

Or)y={z € R”‘ —g(@)—¢e/2 <z < f(2)+¢€/2, || <r}
With the side boundary I'y and I'_ as
Iy ={zeR"|a1 = f(a) +¢/2,|2'| <r}, - ={z e R"|z1 = —g(z') — /2, || < r}
where f(z') and g(z') are strictly convex functions, moreover they satisfy
F(0") = g(0') =0, Vf(0') = Vg(0') = 0.
Under the above notation, we prove Theorem

Proof of Theorem[LZ Fix one point (0,z() € O(5) and let § = /f(z() + g(z() + ¢, since f(z’) and
g(a') are strictly convex, then there exists a universal constant C' depending only on ||0D;]|c2.« and

[[0Ds]|c2.« such that
1
6\/|x6|2+5<5<0\/|x6|2+5. (3.2)

We shift the origin to (0, z(,) and rescale the coordinates with ¢, then the new coordinates y = (y1,y’)
can be written as follows
{ ;- (3:3)

y' = (¢ —x0)/0.

Let
’U(y) = u0(6y17 $6 + 5yl)7 aij (y) = aij (5y17 $6 + 5yl)

Denote B . .
o) ={y e R"| - 3 —g(xg +6y') < oy1 < 5+ [z +0y"), || <7}

With its side boundary

3

I, = {y e R"’éyl =3

+ flyo+0y'), [y <7}

~ g ~
T = {y € Ry = —5 —gluo +0). Iy'| <7}

By (B2), we can find some universal constant 7 depending only on D and 8Dy, such that O(F) is in
the image of O(r) under the above transform. Thus we have

{8yi(5ij3ij(y))—0 in O®F),

g ~ (3.4)
a0y, vv; = 0 on I'jul._.

where the coefficients a* satisfy, for some universal constant C,

16| co 57y < Cllallowowmy) < CA1, MIEP <@ (y)6i&; (Vy € O(F), V€ € R™).
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Next we construct a map ® : O(F) — Qq, ®(y) = 2 with
dy1 + g(xg +0y') +¢/2

=26 -,
T Sy + gl oy e (35)
s=L
=
It can be verified directly that this map is a diffeomorphism from 5(ﬁ to Qp.
Let
w(z) = v(®7(2))
Then from the definition of weak solution, we know that w(z) satisfies the following equation
9., (b7 (2)0.,w(z)) =0 in Qo, (3.6)
blj(z)azjw(z) =0 onT§ UTly. .
where oy .
b)) = @ W) 6,2
| det(0y2)]

Therefore, we have transferred the original problem into Equation (B.I)).
In order to use Lemma[3.1] we have to check that b (z) is strictly elliptic and [|b"|| oo (g, is bounded
by some universal constant. First we show that there exists a universal constant Ay such that

(b (2))€ > Xo€? VEER", Vze Qg (3.7)

Notice that the eigenvalues of (9,z) are  with multiplicity n — 1 and 8y, z1. By B.2), we can prove

that 52

1 2

— <19 =0 = C 3.8
¢ <Al = = Sy gt v oy e .
where C' is some universal constant.

Based on (B.8),we have

(@' (y))

W(ayz>t5 > Aol¢?, VEER"

€' (b7(2))€ = €'(9y2)

where Ay > 0 is some universal constant
The boundedness of ||b% lca(g,) can be checked similarly.
Now applying Lemma [3.I], we have

[Vl Lo (go(2)) < Cllwl[z=(gy)

Tracing back to ug through the transforms, we have, for any point 2 € O(%),

ClluollL=(o(r)) < Clluoll L= (o))

5 Ve +e

[Vuo(z)] <

4 Appendix

Some elementary results for the insulated conductivity problem

Assume that in R”, 2 and w are bounded open sets with C?® boundaries, 0 < « < 1, satisfying,
for some m < oo,

w =

C:=

ws C Q,

s=1
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where {ws} are connected components of w. Clearly ws is open for all 1 < s < m. Given p € C%(99),
the conductivity problem we consider is the following transmission problem with Dirichlet boundary
condition:

00, { [(ka () — 0 () xeo + 08 ()] D2} =0 in 9,
Uk = on 09,

(4.1)

where 0 < k < 1, and Y., is the characteristic function of w.
The n x n matrixes A;(z) := (ay (z)) inw, Az(z) := (a3’ (z)) in Q\w are symmetric and 3 a constant
A > X\ > 0 such that

NEP < af (2)€:€; < AP (Vo ew), MK < af (2)&&; < AEP (Vo € Q\w)

for all € € R” and a¥ (z) € C?@), ¥ (x) € C2(Q\w).

Equation (1] can be rewritten in the following form to emphasize the transmission condition on
Ow:

Oz, (aij (z) 8ziuk) =0 m w,

Oq; (aéj (x) (%iuk) =0 in Q\w,

wrly = i), on dw, (4.2)
aéj(;zc)amukl/j|Jr = ka¥ (2)0z,urvs| _ on Ow,

Up = @ on ON.

It is well known that equation (&) has a unique solution u; in H'(Q), and the solution uy is in
CY(Q\w)NC (@) and satisfies equation [@Z). On the other hand, if ux € C*(Q\w)NC(T) is a solution
of equation ([@2)), then uy € H'(Q) satisfies equation (ET)).

For k € (0,1), consider the energy functional

L] =2 / 0 (2)y 0000 + © / 0 (2)y, 00, v, (4.3)
2 w 2 Q\w

defined on
1 o 1 _
H,(Q):={ve H (Q)|v=yp ondQ}.

It is well known that for & € (0, 1), the solution uy of (@I is the minimizer of the minimization
problem:
IpJug] = min  T[v].
veHL(Q)

For k = 0, the insulated conducting problem is:

Oq; (aéj (x) (%Ciuo) =0 in Q\w,

a;j(:lc)&“uol/jLL =0 on dw,

ug = @ on 09, (4.4)
Oz, (aij (x) 8ziu0) =0 in w,

uol+ = wo|—, on Ow.

Equation (4] has a unique solution uy € H'(Q), which can be solved in Q \ @ by the first three
lines in (@A), and then, with ug|sw, be solved in w using the fourth line in [@4]). It is well known that
up € CHQ\w) N CLw).

Define the energy functional

1 g
Ihlv] := —/ ag (2)0y,v0,,v, (4.5)
O\@
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where v belongs to the set
Ag = {ve H'(Q\©)| v=¢ on 6Q}.

It is well known that there is a unique vg € Ag which is the minimizer to the minimization problem:

I = I
o[vo] Jgi{t 0[]

Moreover, vy = ug a.e. in 2\ @, where ug is the solution of (£4)).
Now, we give the relationship between u; and uyg.

Theorem 4.1 For 0 < k < 1, let uy, and uy in H'(Q) be the solutions of equations {f-2) and (.4),
respectively. Then

up —uog i HY(Q), ask —0, (4.6)

and, consequently,
lim I [ur] = Io[uo]. (4.7)

Proof: We will first show that

SUP [Vu|[r2(0) < oc. (4.8)
0<k

Since wuy, is the minimizer of I in H&,(Q) and vg := ug|o\x is the minimizer of Iy in Ag, we have

Ak k ij

IVl + Tolvo] < 5 / 07 (2)9, s, s + To[vo)
k
-2

IN

/ 7 (2) Oy O ug, + Tolurlong] = T ug]

k 1:'
< Iplug] = B / ay ()0, w00z, uo + Io[vo],
Ak
< _||vu0||L2(w) + Ip[vo).

Thus

sup [ Vu| r2(w) < oo.
0<k<1

On the other hand,

A
—IIVUkIIL2 @\@) < Tfur] < Ix[uo] < 5[ Vuoll 2o

Estimate (L8] follows from the above.

Since ug = ¢ on 99, we derive from {@8) that supgy; [|urllm() < co. Let up — ug in HL(Q)
along a subsequence of k — 0 (still denoted as k — 0).

We will show that uf is a solution of equation [@4]). Therefore, uf = uo.

We only need to establish the following three properties:

Oq; (aéj (x) Bwiug) =0 in Q\w, (4.9)
Oq; (aij(x) Bwiug) =0 in w, (4.10)
uy € CHQ\ w), ay (:10)(9%.USIJJ<LL =0 on Ow. (4.11)

(i) For k € (0,1), we see from equation ([T that

Ba, (az( )(%luk):(), in Q\ @,

18



Oz; (aij (x) Bmiuk) =0, in w.

Since uy converges to uf weakly in H(Q), (£3) and (@I0) follow from the above.
(ii) For any w € Ay, we extend it to w € HL(Q) (i.e. @ =w in Q\ T). By the minimality of uy,

Ik(uk) < Ik(’lf))

Sending k to 0 leads to
Io(uglove) < Io(w).

Thus uf = ug a.e. in Q \ w. @II) follows.
We have proved ([@6]). Theorem A.T]is established.
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