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1 Introduction

The Yamabe problem asks, in dimension n = 3, to find on a given smooth
closed Riemannian manifold (M",g) a conformal metric which has constant
scalar curvature. This is the same as finding a solution of

—Lgu =M (—Lg)u"2, u>0, onM, (1)
where n—9

is the conformal Laplacian of g, Ag is the Laplace-Beltrami operator, Ry is the
scalar curvature of g, and A1(—Lg) is the first eigenvalue of —Lg. The answer
was proved affirmative through the works of Yamabe himself [84], Trudinger
[74], Aubin [5] and Schoen [68]. Different solutions to the Yamabe problem in
the case N < 5 and in the case (M, g) is locally conformally flat were later given
by Bahri and Brezis [7] and Bahri [6].

Let M(M, g) denote the set of smooth solutions of (). It is not difficult
to see that M(M,g) consists of one element if A1(—Lg) < 0, and is equal
to {at | a > 0} for some positive function 0 on M if A;(—Lg) = 0. When
A1(—Lg) = 0, things are much more complex. Schoen proved in the pioneering
work [69] that if (M ", g) is locally conformally flat with positive A1(—Lg), N = 3,
then

sup { [Wlehauy + [ lehauy | u CMI(M,g)} <eo, [T =1,2,3,...
(2)
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It was conjectured in [69] and [70], with a suggested strategy, that (2) holds
for general Riemannian manifolds (M",g), n = 3, and A1(—Lg) > 0. Following
the strategy, Li and Zhu proved in [62] the compactness result (2) in dimension
n = 3. Subsequent independent works were carried out by three groups as
follows. Druet proved in [25] that () holds for n = 4 if sup { gk | u
M (M, g9)} < oo; and in [26] that ([@) holds for n = 4,5. Li and Zhang proved
in [59] that sup { MWLk | U CIWVI(M, g)} < oo, for n = 4; in [60] that ()
holds for 4 = n =< 7, or if |Wg| + | BAY| = 0 on M, or for n = 8,9 provided
that the positive mass theorem holds in these dimensions; and in [6I] that (2]
holds for n = 10,11 provided that the positive mass theorem holds in these
dimensions. Marques proved in [65] that (2) holds for 4 =n <7, or if |Wg| >0
on M. Surprisingly, Brendle gave in [I0] a counterexample to (2] in dimension
n = 51. In subsequent papers, Khuri, Marques and Schoen in [48§] extended
@) to 12 < n < 24 provided that the positive mass theorem holds in these
dimensions, while Brendle and Marques in [12] improved the dimensions for
counterexamples to N = 25. In the above works to establish the compactness
property () in dimension N < 24, the Liouville type theorem of Caffarelli, Gidas
and Spruck in [I4] has played a very important role.

For compact manifolds with boundary, analogues of the Yamabe problem has
been studied by many authors, see e.g. Cherrier [23], Escobar [2§], [29], Han
and Li [43], [44], Ambrosetti, Li and Malchiodi [4], Brendle []], [9], Felli and
Ould Ahmedou [31], Marques [64], [66], Almaraz [3], Brendle and Chen [I1] and
the references therein. Since the works of Viaclovsky [79], [81] and of Chang,
Gursky and Yang [I5], [16], there has been much activity on fully nonlinear
versions of the Yamabe problem (see e.g. [19], [53], [75], [82], and the references
therein) and of the Yamabe problem on manifolds with boundary ([53], [21],
[46], [45], [22]); see also [67] and [36] for some other boundary conditions. In
particular, a very general fully nonlinear version was proposed, and solved when
the manifold is closed and locally conformally flat, by Li and Li [50], [52] (see
also [38]). Along this line, we consider analogues for manifolds with boundary.

Let I" be an open cone in R" and f be a function defined on I' such that

I' [RY is an open convex symmetric cone with vertex at the origin, (3)
Tp:={\ CR"|A; >0} CTILCLY :={\ CR"|AL +...+ An > 0} (4)
f CA™(I') n CO(T) is a non-negative symmetric function of A, (5)
of
f>0,—>0inT (I1=<k<=<n), and flor =0, (6)
0k
°. of
Z —— =0 in I for some constant 8 > 0. (7)
— 0k
k=1
In some cases, we will also assume that
f is homogeneous of degree one on T, (8)
and/or
f is concave in T (9)



Note that if (f, T") satisfies @)-(@), ) and (@), then () is automatically satisfied;
1

see [78]. Important examples of such (f,T") are (o), I'x) where 0k is the k-th
elementary symmetric function, i.e. ok(A) = >3 o <, Aiy -+ Ai, and Tk =

{A CB" - gi(A) > 0,1 < | < k}. Tt is well known that (F,T) = (6F,T%)
satisfies @B)-([@) and Tk is the connected component of {0k > 0} containing
I'n = {Ai > 0}. See e.g. [I3] where fully nonlinear elliptic equations with
eigenvalues of the Hessian [2Ulin such cones were first studied. In Section [B]
we give a construction for f satisfying ([B)-(Q) for a given cone I' that satisfies
@), @) and admits a smooth concave defining function, i.e. there exists some
function h A (") n CO(T") satisfying [2hAl< 0in ', h>0in T and h = 0 on
or.

Let (M™,g) be a smooth compact Riemannian manifold with boundary (n
= 3), Ay denote the Schouten tensor of M, i.e.

Ao = =5 (Rico = 57 2579).

and A(Ag) denote its eigenvalues with respect to the metric g. Here Ricgq denotes
the Ricci curvature of g. Let hg denote the mean curvature of 9M with respect
to the inner normal (so that the mean curvature of a Euclidean ball is positive).
Let Nq, ..., Ny be the components of 0M and ¢y, ...Cm be real numbers.
Consider the problem

fAA 4 ))=1in M7,

un-2g

)\(Auﬁg) [Tland u>0in M, (10)
4 :ckonNk,kzl...m.

un—-2g

Note that under a conformal change of the metric, the Schouten tensor and the

mean curvature change according to

A o —— 2 ytezm 2Ny g u? LR A
un-2g (n—2)2 (n—2)2 o

n—2

and
a :u_%[a—u+n—_2h u}
um-Zg ov 2 9)
Here v is the outer unit normal to M.
On closed manifolds, the primitive of problem (), i.e. the first two lines in

(I0) under the assumption that A(Ag) [ has been examined extensively in the
1
literature. The problem for (f,T") = (0,5, T'x) was first proposed by Viaclovsky
1
in [79]. Chang, Gursky and Yang [I5] proved, for (f,I') = (0Z,I'2) in dimension
n = 4, the existence and compactness of solutions. Li and Li [52] proved the
existence and compactness of solutions on locally conformally flat Riemannian

manifolds for (F,T") satisfying @)-(@) and [@); see [38], [50] and [37] for earlier
1

results on (F,T') = (0,Tk). These existence and compactness results have



been extended as follows. Gursky and Viaclovsky [42] proved the existence and
1

compactness of solutions for (f,T") = (0),Tk), n < 2k; see [8I] and [41] for
some earlier results, as well as a later related paper [76]. Trudinger and Wang

1
[77] proved the existence and compactness of solutions for (f,T") = (05, T'x) in
dimension n = 2k for all k = 2. Sheng, Trudinger and Wang [73] proved the

existence result for (f,T) = (02% ,I'2) in dimensions n = 3; while an independent
proof was given by Ge and Wang [32] in dimensions n > 8. The previously
mentioned Liouville type theorem in [14] was extended by Li and Li [52] to
(f,T) satisfying B)-(@); see [15], [I7] and [50] for some earlier results.

The case where (f,I') = (01,T'1) boils down to the Yamabe problem on
manifolds with boundary in the “positive case”. This particular case was studied

in [23], [28], [29], [43], [44], [4] and [9]. In these works, it is important to consider
the first eigenvalue A1 of the eigenvalue problem

{ —Agd + g 2yRe® = Ad in M7,

_ 11
%—l—nTzhg(I):O on OM. (11)

In the literature, (M, @) is sometimes classified as of positive, negative or zero
type according to whether A; is positive, negative or zero. The signs of A; is in-
variant under a conformal change of metrics, i.e. sign(A1(M, g)) = sign(A1(M, Eﬁg))
for any positive smooth function § on M. We note that in order for () to have

a solution when (f,T") = (01,T1) and cx = 0, it is necessary that (M, g) is of
positive type, i.e. (M, @) admits a conformal metric of positive scalar curvature

and minimal boundary. Conversely, it was proved, when¢; =+ =¢yy, = ¢ [R],

in [43] and [44] that the problem (I0) is solvable for (f,T') = (01,T'1) under one

of the following hypotheses:

(i) n = 3, (M,g) is locally conformally flat, dM is umbilic, and A1 (M, g) >
0;

(ii) N =5, 0M is not umbilic, and A1 (M, g) > 0.

Note that the case ¢; = -+ = ¢y = 0 was proved earlier in [28] and [29], where
other cases were also studied. Recall that a hypersurface is umbilic if its second
fundamental form is a multiple of the metric.

We introduce the following definition.

Definition 1 Let (M, g) be a smooth compact Riemannian manifold with bound-
ary 0M and T satisfy B and ().

(a) We say that (M, g) is of I'-positive type if there is a C? positive function u

on M such that the conformal metric § = un"2 g satisfies A(Ag) Oin M
and hg = 0 on OM.

(b) We say that (M, g) is of I'-nonpositive type if there is a C%* positive function
u on M such that the conformal metric § = un-z g satisfies A(Ag) [l in
M~ and hg < 0 on 0M in the viscosity sense (see Definition [3 in Section

6).



Clearly, a necessary condition for the solvability of ([I0) for cx = 0 is that
(M, g) is of I-positive type. Also, if (M, g) is of I'-positive type, then A1 (M, g) >
0. We note that the two types are mutually exclusive, see Lemmas[I5in Section
Moreover, if (M, g) is locally conformally flat, 9M is umbilic, A;(M,g) >
0, and T satisfies B)-{@) and admits a smooth defining concave function, then
(M, g) must be of I'-positive or I-nonpositive type; see Lemma [I6 in Section

Example 1 Let M = SS"\ (B; [BL) where SS" is the standard sphere, B;
and B, are two disjoint non-touching geodesic balls in SS™. Then M is of T'k-
positive type for 1 < k < 3, and of I'x-nonpositive type for § < k < n. For a
proof, see Section [El

Concerning the existence of solutions to ([I0), Jin, Li and Li showed in [46]
that if M has umbilic boundary and is locally conformally flat near its boundary,
then (I0) is always solvable when I' [T for some j > 5, cx = 0, and (M, g)
is of I'-positive type. In the same paper, they showed that the requirement I'
[T for some j = % can be relaxed if ¢, = ... = ¢y = 0. A similar statement
was proved independently by Chen [2].

Concerning estimates for solutions of (I, local first and second derivative
estimates are fairly well established. Under the assumption that 0 < u < b for
some positive constant b, local interior gradient estimates were established in
[56] for (F,T) satisfying [B)-(8); while under an additional concavity assumption
of ¥ in T, different proofs were given in [20], [56] and [83]. The estimates for

1

(F,T') = (0,5, I'x) were proved earlier in [39]. Local boundary gradient estimates
were established in [56] for (f,T') satisfying (3)-(&); while on locally conformally
flat manifolds with umbilic boundary, a different proof was given in [21] under
the additional assumptions that f is concave in I', ¢k = 0, and I' [ if cx > 0.

Under a much stronger assumption that a < u < b for some positive con-
stants @ and b, local interior and boundary estimates for (f, ') satisfying (B])- (8]
were established in [5I] and [46] respectively. Local interior second derivative

estimates were proved in [39] for (f,T) = (GE,FK) and were extended in [50]
to (F,T') satisfying @)-(@), @) and ([@). Local boundary second derivative es-
timates for (f,T') satisfying (B)-(@), @) and @) on locally conformally flat M
with umbilic boundary @M were established in [46] for ¢k = 0. Similar results
were obtained independently by different methods in [2T]. The locally confor-

mally flat assumption is unnecessary — see [46] for (f,T") = (Uﬁ ,I'n) and [45]
for general (,T).

The main purpose of this paper is to establish C° bounds for solutions of
(0] for the case where M is a smooth locally conformally flat compact manifold
with umbilic boundary. Such estimates enable us to establish, in view of the
aforementioned first and second derivative estimates, the degree theory for fully
nonlinear elliptic operators of second order in [54] and the degree counting
formula in [43], the existence of solutions of (I0) for non-negative cy’s.

Theorem 1 Let (M",g), n = 3, be a smooth compact locally conformally flat
Riemannian manifold with umbilic boundary dM and Ny, ..., Ny be the com-



ponents of 0M. Assume that (M,g) is not conformally equivalent to the stan-
dard half-sphere SS?. Let (f,T") satisfy ([B)-(8) and assume that (M, g) is of I'-
positive type. For any given 3 > 0 there exists a constant C = C(n, (M, g), (F,T'),B)
such that if u [CQ?(M) is a positive solution to (I0) for some constants ¢y, ...,
Cm satisfying |ck| < B, then

[Wlcbom gy + [T Lebm gy < C. (12)

Remark 1 We note that in Theorem [I, we do not assume that f be concave.
Also, regarding the upper bound of u, it su ces to assume that A;(M,g) > 0
instead of (M, g) is of I"-positive type (see Proposition [3in Section 3).

Theorem 2 Let (M",g), n = 3, be a smooth compact locally conformally flat
Riemannian manifold with umbilic boundary dM and Ny, ..., Ny be the com-
ponents of M. Let (f,T") satisfy (@)-(6) and assume that (M, g) is of I"-positive
type. Assume in addition condition (@), i.e. f is concave. Then, for any collec-
tion of non-negative numbers cx = 0, there exists a positive solution u CC*° (M)
of ().

Moreover if (M, g) is not conformally equivalent to the standard half-sphere,
then any such u satisfies, forany 1 =0, 1, ...,

Wl vy + M Celguy < C, (13)
where C depends on n, (M, g), (f,T), {c} and I.

It should be noted that if one removes the non-negativity assumption on
{ck} in Theorem 2 estimate (I3]) may fail. In fact, for any [ 0 and any 2 <
k = n, there exist two non-touching geodesic balls of the standard sphere SS",
denoted by By and B, and a sequence of smooth positive solutions {u;} of (0]
with M = SSP\ (B [Bb), Ny = 8By, N = 3By, (F,T') = (0, T), ¢ = 0, —[]
< ¢2(l) < 0 such that [Ujlckmy — oo. See Lemma [I4] for details. As pointed
out earlier, when 2 < k < 3, M is of T'x-positive type and therefore satisfies the
hypotheses of Theorem 2l We thus ask the following question.

Question 1 Does the existence part of Theorem 2 hold without the non-negativity
assumption on {cx}?

Another relevant question is:

Question 2 Does the existence part of Theorem [2 hold for general boundary
oM?

In the special case where (f,T') = (01,T'1), Theorems [l and 2] were proved
by Han and Li in [43]. Our proof of Theorem [Mlis very different. A proof along
the line of [43] would require more development in the analysis of fully nonlinear
conformally invariant equations.

As mentioned earlier, an analogue of Theorem[lfor closed locally conformally
flat Riemannian manifolds was established by Li and Li [52]. An important in-
gredient in their approach was the use of the positive mass theorem of Schoen



and Yau [T1] for locally conformally flat manifolds to reduce their analysis to
that on a Euclidean domain. This approach is also useful in our setting. As a
tool for the passage from locally conformally flat manifolds with umbilic bound-
ary to Euclidean domains, we establish, based on the positive mass theorem,

Theorem 3 Let (M",g), n = 3, be a smooth compact locally conformally flat
Riemannian manifold with (non-empty) umbilic boundary 0M. Assume in addi-
tion that A;(M, g) > 0. Then there exist a non-empty family of non-overlapping
geodesic open halls {Bq} in the standard sphere (SS", gssn) and a closed subset
A of SS™ of Hausdor dimension at most ”T_z such that the following conclu-
sions hold.

(i) There exists a smooth conformal covering map ¥ : G := SS"\ ([B4 [A)
- (M,qg), where G is equipped with the metric inherited from the round
Ssn.

(ii) If Ba n Bg = {p}, then p AL

(iii) If {Bo;} [IBa} is a sequence of distinct balls “converging” to a point p,

i.e. their centers converge to p in SS" and their radii tend to 0, then p [
A.

(iv) If we write the pull-back metric of g to G by ¥ as WAz gssn, then

w(p) — oo as distssn(p,A) - 0.

By virtue of Theorem [B] the analysis of ([I0) can be “reduced” to that of an
analogue on a Euclidean domain with a possibly singular boundary. Let B =
Br(X) [CRI' be a ball and {Bg = By, (Xq)} be a family of (possibly empty, at
most countably many) open and mutually non-overlapping balls contained in
B. Let A be a (possibly empty) closed subset of B \ ([Bj) satisfying

() ( CBl) CAIE ]
(i) if Bq n Bg = {p}, or B n 0B = {p}, then p A,

(iii) if {Ba;} [{Ba} is a sequence of distinct balls “converging” to a point p
in B in the sense that Xg; — p and rg; — 0, then p [CAL

Note that by these assumptions, the set
Q:=B\ ([B [A)
is and open set. Consider on €2 the following equation
f()\(A _4_ )) =1in Q,
UnN=2gfiat _
AMA 4 ) [Mandu=>0in Q\A,
Un=2gfat

U(x) —» o0 as X — A, (14)
9 (B)un~z on dB \ A,
(Bq)un2z on dBg \ A.

QJ|QJQJ|
<lc<|c



Here gf1at is the Euclidean flat metric and v is the outer unit normal.

Theorem 4 Let (2, A) be as above and (f,T") satisfy ([@B])-(@). For any given
> 0 and [ 0 there exists a constant C = C(n, f, T, (2, A), B, DJsuch that if u
[CQ%(Q\ A) satisfies (4] for some constants ¢(B), ¢(By) > —f, then

sup{u(x) : x [ dist (x,A) = JI< C.
Here when A = [ the set {x [QI: dist (x,A) = [Jis understood as €.

It is readily seen that Theorems [B] and Ml imply the “upper bound” in Theorem
m

Remark 2 (a) In fact, in the case where the family {By} is empty or finite,

the estimate in Theorem [4] takes a better form:
2

sup{u(x) : x LA dist (x, A) = [H< C(n,f,T, (Q,A),B) [T 7.

(b) As far as interior estimate is concerned in Theorem [4], the assumption ()
can be dropped. The conclusion one gets is

u(x) < C(n,f,T,B)dist (x,0Q)""2" in Q.

Note that the constant above does not depend on (£2,A). Also, 02 contains A
by definition. See Proposition 2 in Section 3

One might have noticed that between Theorem [Il and Theorem [ there is
some additional restriction on the sign of the constants Cx’s. This is due to the
limit of known local C? estimates which were used in the proof of Theorem
Since this is of special relevance to our result, we state it as a reference.

Theorem A ([46]) Let (f,T') satisfy @B)-(@), ) and ([@). Let (M,g) be a
smooth locally conformally flat Riemannian manifold with umbilic boundary, O
be an open subset of M, and n and ¢ > 0 be smooth functions satisfying one of
the following conditions:

()n=o0and ¥ =0on (0OndM) xR,
(i) orn=>00n (OnoM) xR.

Then for any O; € O and Cy > 0, there exists a constant C depends only on
(M,q), (£,T), (n,¥), O1, O and Cy such that for any u [CQ?(0) satisfying

F(MA _a_ ) =w(x,u)in O,

u”*?g

AA o+ ) [Tland u>0inO, (15)
un-—
94 4+ D=Zhgu = n(x,u) on O n oM,
and
lu] + Ju™Y + | CUE Co in O,
there holds

| 2u) < C in O;.



Note that in [46], u [CQ*(O) was assumed. On the other hand, by standard
elliptic theories, a C?(O) solution of ([[H) is in C*(0); see e.g. [35, Lemma
17.16].

As mentioned earlier, similar results were proved independently by a different
method in [2I], and the locally conformally flat assumption on M is unnecessary
([46], [45]). See also [22] where related equations were treated. Second derivative
estimates for fully nonlinear elliptic equations with Neumann type boundary
conditions can be found in [63] and the references in.

Naturally one asks if the estimate in Theorem [A] holds for arbitrary choices
of smooth n and P > 0. In particular, does it hold for n = c and Y = 1 where ¢

is a negative constant? Evidently, such estimate holds for (f,T') = (01,T'1). Tt
1

turns out that the answer is negative, in general, for any (f,T') = (o, ') with
2 < k = n (see Lemma [I3]in Section [).

Concerning Question [0 simple examples of manifolds that give a positive
answer are ones that are conformally covered by the standard half sphere.

Proposition 1 (a) Assume that (M, g) is conformally covered by the standard
half sphere SS}. Then for any ¢ [CR, there exists a metric § which is con-
formal to g, has constant sectional curvature 1, and has constant boundary
mean curvature c.

(b) Let M be a smooth compact locally conformally flat Riemannian manifold
with umbilic boundary. The following statements are equivalent.
(i) M is conformally covered by the standard half sphere.
(ii) M is of I'n-positive type.
(iii) M is of I'-positive type for some I' [T}, 3 <k <n.

To shed more light on the failure of C? estimates and the existence of so-

lutions for the Ok equation with 2 < k < %, we state here a result for annuli

which we will present in another paper. Consider

Ok()\(A 4 )) =1in Br \ B1,
UnN—2gfiat B

ANA 4 ) [Tk and u >0 in Bg \ By,

or + Tz u= _ClnzT_z Un% on aBl,

W—i-nz;Rl.I=C2nZ;RUm on 0BR,

where €1 and C are given constants.

Theorem 5 ([57]) Assume that 1 < k < 3.
(@) If c1 +c2 = 0, then (I6) has a radial solution for any R > 1.

(b) If c1 4+ c2 < 0, there exists R—= R{¢1,¢2,n,k) > 1 such that (I6) has a
radial solution for R = R Moreover, if k = 2, R—¢an be chosen so that
(@G has no radial solution for 1 < R < R



(c) If c; = cp = 0, (I8) always has a radial solution, which is a constant mul-
tiple of the cylindrical metric on the punctured space. If, in addition, R >

exp ¥=, then (I0) has an additional radial solution.

In connection with the failure of boundary C? estimates for negative cy’s, it
is natural to ask the following question.

Question 3 Even though local boundary C? estimate may fail, what can one
say about C1'@ estimates for conformally invariant elliptic equations? More
generally, if w > 0 satisfies a fully nonlinear elliptic partial di erential equation
of the form

FON L2004 b L2 1)) = y(x, w) in B} (0),
A 2w+ b 'Sy [Thin B (0),

Wn =n(x,w) on B1(0) n {xn =0},

w+w !+ | W[k C; in B (0),

for some constant b and some positive smooth function g, can one say

[ IEQ,U;B::—/Z(O) S C(n’ f’ P! lIJY n! bv Cl)

for some 0 < a < 1? (To see the connection between the above equation and
@), simply put W2 ggjar = unz g, then b = —1/2 and n(x,w) =constant
correspond to the conformally invariant one.)

An important property of (I0) is its invariance under conformal transforma-
tions. More precisely, if ¢ : (M,§) - (M,g) is a bijective conformal transfor-

mation and u solves ([I{), then 0 = |J ac¢|"TFZ U e | satisfies

_ an-2g n
90+ 02hg0=cc0n2 on P~ H(Ny), k=1...m.
In [50], it was shown that any conformally invariant differential operator of

second order on a Euclidean domain must be of the form F(A(A o))
un-2gfiat
where gfjat is the flat metric on R"™ for some symmetric function f. It turns

out that a similar classification for conformally invariant boundary differential
operators can be carried out.

Since the conformally invariant property involves not only the geometry of
the boundary but also that of the ambient space, we model a boundary operator
on Euclidean domains by

B:R"xRxR"xSS"xSym"*" . R
(X,u, ¥y, H) B B(x,u, ¥, H).

Here v and H play the roles of the outer unit normal and the Weingarten map
of the boundary respectively, and Sym"™™" denotes the set of symmetric n x n
matrices.

10



Definition 2 We say that B is conformally invariant if for any Mohius trans-
formation ¢ of R", u CAQY(R"), v [CA°R";SS"), and H [CA°(R"; Sym™™"),
there holds

B( Uy, CUglv,H) = B(Y,u =y, (WP g, vy, Hy), (17)
where
Uy (x) = [Jacy| = (x) u = Y(x),

(X)) v ()
Y009 = 1y (x)) cy )T

Ho (X) = 1380y ()& (H 4 L EAC 0L v(x)

n  [Jacy(x)|

).

Note that if H is the Weingarten map of a submanifold N1 [CRI" with unit
normal vector v, then Hy, is the Weingarten map of ¢(N).

Theorem 6 If B is a conformally invariant boundary operator then

_ 2 2 p-v
B(x,s,p,v,H :B(O,l,o,e,s n-2(H —I )
5% H) 525
where e is any arbitrary unit vector. In particular, prescribing a conformally in-
variant “boundary condition” on an umbilic boundary is equivalent to prescribing
its mean curvature.

The rest of the paper is organized as follows. We start with the proof of
Theorem [ in Section 2 Section Blis devoted to the proofs of Theorems [Il and
@l The proof of Theorem B and of Proposition [l are carried out in Section
A In Section [, we present counterexamples to local and global C? estimates
discussed above. Some simple relevance results to the notion of I'-type are done
in Section [f The classification result in Theorem [ is done in Appendix [Al
Finally, in Appendix [Bl we define a degree theory for second order nonlinear
elliptic equations with nonlinear oblique boundary conditions.

2 The holonomy covering of a locally confor-
mally flat manifold with umbilic boundary

In this section, we prove Theorem [Bl The idea is to attach another copy of M
to M along its boundary and to use the corresponding result of Schoen and Yau
[71] on closed manifolds.

Proof of Theorem Since A1(M,g) > 0, we can assume that Ry > 0 in

M and hg = 0 on M. This can be achieved by working with § = ¢%g for
a positive eigenfunction ¢ of (). Let My be the double of M obtained by
attaching a second copy of M to M along its boundary. Extend the metric g
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to M2 by an even extension. Then, as M is umbilic and minimal, (Mg, g) is a
closed C?-regular locally conformally flat manifold whose scalar curvature is a
positive function on Ma.

Let M, be the universal covering of My with covering map m. Equip M,
with the metric § inherited from g. By a deep result of Schoen and Yau (see
[71, Theorems 4.5, 4.7]), there exists an injective conformal map ® : My — SS"
such that d®(M,) is the same as SS" \ (M) and has Hausdorff dimension at
most nT—z

Let M be any connected component of T™%(M) M. Then T : M -
M is a covering map. In particular, (I\7| ,§) is a complete locally conformally
flat manifold with umbilic boundary. We will show that ®(M) is of the form
SS"\ ([B) [A) where By and A are as described in the statement of the
theorem.

We claim that there is an identification of each component N of M with a
geodesic (N — 1)-sphere Sig of SS™ such that the following holds:

(a) ®(N) is contained and dense in S, ®(N) is open in the relative topology
of S, and S \ ®(N) has Hausdorff dimension at most “T_z,

(b) For any two different components Nj and Ny of M, Sy, N Sy, cannot
contain more than one point,

¢) ®(M \N) belongs to only one component of SS"\ Sg.
N

First, if N is a component of the boundary of M, then, by umbilicity, (ID(N)
is contained in some geodesic (N — 1)-sphere of SS", which will be denoted by
Sy Clearly, ®(N) is open in Sy- Let Zg denote the boundary of ®(N) in
Sy and consider a point p in Zg. Then there exists Xk [N such that ®(Xk) —
p in the topology of Sy, and so in the topology of SS". If p = ®(X) for some X
M, the injectivity and local invertability of ® implies that Xk — X, and so X
[N and so p IE(I\] ), which contradicts the choice of p. We conclude that the
boundary Zg must be a subset of SS™\ ®(My), and thus must have Hausdorff
dimension at most ”7_2 <n-—2.

We claim that ®(N) is dense in Si. Indeed, if not, then exist [3> 0 and
p,q [ such that Bar{p) CBIN) and Borffy) n ®(N) = [dvhere Bor{p) and
B2rff1) denote the geodesic balls in Sig. We can then easily construct a Lipschitz
map Y : Zg - 0B(p) which is onto. To see the existence of such ), we may
assume (modulo a self-diffeomorphism of Sg) that p and q are antipodal points
of Sg. Then along each geodesic connecting p and ¢ there must be a point in
Zg- Then the map projects Zg along geodesics to dBp) is clearly Lipschitz
and onto. The existence of such a  implies that the Hausdorff dimension of
Zy is not smaller than that of dBp) which is n—2, violating the fact that the
Hausdorff dimension of Zg < 252. We have proved that ®(N) is dense in Sy-
It follows that Zg = Sg \ ®(N). We have established (a).

Next, consider two different components N; and N, of the boundary of M
where S n Sy, is non-empty. Then either Sg n Sy, consists of a single
1 2 1 2
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point or it is an (n — 2)-sphere. Pick any point p in this intersection. Then we
can pick Xk [N; and Yk [N, such that O (Xk) and P(Yk) converge to p in the
topology of SS™. Therefore, if p = ®(X) for some X [ Mo, we can argue as in the
previous paragraph to get Xk, Yk — X, which implies X [N; n N, contradicting
our initial assumption that N; and Ny are different connected components of

OM. We infer that Sy, N Sy, is a subset of SS" \ ®(M3) and so has Hausdorff

dimension at most nT—z < n — 2. This implies that Sg n S, consists of a
1 2

single point. We have established (b).

Consider a sphere S where N is some component of OM. Then Sy sepa-
rates SSM into two components. We claim that ®(M \ N) is contained in only
one of those two components. Arguing indirectly, assume for some X and y in
M\ N that ®(x) and ®(y) belong to different components of SS™\ S Lety
be a path in M \ N that connects X to y. Then ® oy is a path in ®(M \ N)
that connects ®(X) to ®(y). Since y(to) is not in N, there exists an open neigh-
borhood of y(tg) which has no intersection with N, so @  y(to) is not in the
closure of ®(N), violating (a). Part (c) is proved.

By the above claim, for each component N of 6|\7|, there is a component
of SS"\ S, which we will denote by B, that does not intersect d(M). We
would like to say that {Ba} := {Bg} and A := [SS"\®(M,)] n [SS"\ ([B})]
meet the requirements in our theorem.

As shown before, if two spheres Sﬁl and S,\]Z intersect non-trivially, the
intersection consists of a single point. Hence, the balls By are non-overlapping.
Also, by construction, A is closed in SS"™ and has Hausdorff dimension at most
”T_Z. In addition, (ii) is evident according to our earlier consideration.

To show (iii), we assume that {B,\A‘j} converges to a point p in SS" where

{N i} is a sequence of distinct components of OM. Assume by contradiction
that p does not belong to A, clearly p = ®(X) [@#(My) for some X [W,.
Then the injectivity and local invertability of ® implies that for any [ 0, all
N j must eventually lie in an [=ball centered at X. On the other hand, we can
always pick some 0 sufficiently small so that any d-neighborhood of T(x) M,
cannot intersect more than one component of M. Since T : |\7|2 - My is a
local isometry, we get a contradiction for [¥ 9.

Before proving (i), we claim that the set G := SS™\ ([B} [A) is connected.
The connectedness of SS™"\ A and B4 \ A is a consequence of the fact that the
Hausdorff dimension of A is less than N — 2, by an argument used earlier. Next
we show that G is connected. Pick p and g in G and a path y : [0,1] = SST\ A
which connects p to q. If y intersect infinitely many Bg’s, then as these balls
are non-overlapping, we can pick a subsequence of them that shrinks to a point
on Y which contradicts (iii) and the definition of y. Hence y can only intersect
at most finitely many Bqg. Therefore, it suffices to show that for any ball Bg
that intersect y, we can modify y to ¥ that does not intersect Bg. Define

tg=sup{0=st=<1:y(s) [Byfor 0 =s=<t},
ta=inf{0=t<1:y(s) [Byfort=s<1}
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Then these numbers are well-defined and t, < ty. Moreover, we must have
V(i) and y(ta) belongs to 0By \ A. We then obtain y from y by replacing
Y ([ty, t1]) by a path in 0B1 \ A with same endpoints. The claim follows.

To prove (i), we need to show that G = ®(M). As Bq does not intersect

®(M), we must have ®(M) [Gl Since G is also connected, it suffices to show

that ®(M) is both closed and open in G. To see that ®(M) is closed in G,
pick pk = ®(Xk) IE(I\?I) such that px - p [CQ. By the definition of p, p =
®(X) for some X [ M. The injectivity and local invertability of ® then implies
that Xk — X, which shows X and so p C@(M). To see that ®(M) is open
in G, pick a point p = ®(x) [@(M). If X [M°, then by the injectivity and
local invertability of ®, p is an interior point of <I>(I\7I) relative to G. Hence, it
is enough to consider X [CAM, i.e. p [CdBg, for some 0p. By (iii), using the
fact that p is not in A, we can pick a ball Bs(p) in SS" such that Bs(p) n 0Bq
= [dor all a B Bg,, and Bs(p) \ 0Bg, has exactly two components, one is
Bs(p) n (G\0Bg,) and the other is Bs(p) N Ba,. By lowering 9 if necessary, we
can further assume that ®|o-1(g,(pyy : ©~(Bs(p)) — Bs(p) is a bijection. Using

the definition of Mz, M and Mz, we infer that ®|¢,—1 g, ) ®1(Bs(p))nM

- Bs(p) NG is also a bijection, which implies that p is an interior point of (M)
relative to G. Hence ®(M) is open (and closed) in G. Assertion (i) follows with
U =rmed 1

Finally, we show (iv). Let Wh-z gssn be the pull-back of § to ®(My) by &L,
Then (@(Mz),w% gssn) is a complete manifold. Hence, by an application of
the Harnack inequality (see [T, Proposition 2.6]), we have

W(p) = cdist (p,0B(M,)) ™"z,  p CH(M,),

where € is some positive constant. Since W = W|q, (iv) follows. Theorem [ is
established. g

3 CY estimates

In this section, we first prove Theorem [ and then use it in conjunction with The-
orem [J] to prove Theorem [l Throughout the section, unless otherwise stated,
we will use Br(X) to denote the open ball of radius r centered at X in R", n =
3.

For a positive C? function u, define

2 —2n
mu n*2||j|ﬁ|.

A -2 RS g 2R s
n—2 (n—2)2

As noted in the introduction, if gfjat is the flat metric of R™ and § = un-z Oflat,
then Ag = um2AY dx’ dxi.
For the ease of exposition, we define a pair (F,U) by
U={M CSm™™" : A(M) [TH,
F(M) =f(AM)).
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Here A(M) denotes the set of (real) eigenvalues of a symmetric matrix M and
Sym"™" denotes the set of symmetric N % N matrices. Then the equation

fOAMA 4 ))=landAA 4 ) LCII

Un=2 gfiat un=2 gfjat

is equivalent to
F(AY) =1 and A" [O1

It is standard to check that [@)-(), imply

U is invariant under orthogonal conjugation, i.e. OtUO = U

for any orthogonal matrix O, (18)
Un{M +1tN :t> 0} is convex for any M,N CSIm"*",N =0, (19)
tr(M) := > "M =0 for any M [T} (20)
i
F is invariant under orthogonal conjugation, i.e. F(O'M O) = (21)
F (M) for any orthogonal matrix O and M [,
F is homogeneous of degree one, (22)
oF
F [T (U) and (Fij(M)) > 0 for all M [0l where Fij(M) = IV (M), (23)
ij
there exists 8 > 0 such that
F(M)<1forallM [0 M2 /Y MZ<3. (24)

We will use the method of moving spheres, a variant of the method of moving
planes developed through the works of Alexandrov [2], Serrin [72] and Gidas,
Ni and Nirenberg [33], [34]. For a continuous function w, a point X and a real
number A > 0, let W))(‘ denote its Kelvin transformation with respect to the
sphere 0B)(X), i.e.
An2 A2(y = x)

ly = x[?

We will also use the notation

wi(y) = W W(X + ) wherever the expression makes sense.

Ny —x)
A —

The proof of Theorem [ is split into two parts: the “interior” estimate and
the “boundary” estimate. We first treat the interior estimate, as it is easier to
present and already contains most of the ideas of the proof for the other part.

3.1 Interior C° estimate

Proposition 2 Let (F,U) satisfy ({IX)-@1I), 23), and @4) and (2, A) be as
in Theorem [} though allowing ([BY) CAl= [For any > 0, there exists a
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constant C depending only on n, (F,U) and B such that if u CCP(2)nC1(Q\A)
is a positive solution of (T4 for some ¢(B), c(Bg) > —f, there holds

—2

u(x) < Cdist (x,09)” "z for all x L

We first sketch the proof and then fill in the details later. Fix a point X [
Q. We rescale to get a “unit size” solution by

Q ={y:x+ux)"rzy CAM, A={y:x+ux) " nzy CAL,

~ _ 2 A _ 2

B ={y:x+uXx) a2y [B} Bqg={y:x+u(x) "2y [By},

1 __2
- Az y).

e, u(u(x) y)

o
—
<
~

\

(25)
By the conformally invariant property, O satisfies
F(AY) =1 in (,
AY [ and 0 >0 in
- A, (26)

S 0) 0§ aég

u(x)"-2 rg
To finish the proof, we need to show that
dist (0,99) = u(x) "2 dist (x,d9Q) < C(n,F, U, B).
For this end, we employ the method of moving spheres. Define
A = sup{0 < A < dist (0,09) : 0)(y) < a(y) for all y LA\ BA(0)}.
Note that A is well-defined in light of the following lemma.
Lemma 1 ([58]) Let D be an open subset of R" and w [Q%1(D) satisfy

inf  w=>0 forany R> 0.
Br(0)nD

If D is unbounded, assume in addition that

lliria inf |y|""2w(y) > 0.
y| - oo

For any x [CD, there exists A; > 0 such that By, (x) [CD and for any 0 < A
< A; and y D\ Bx(x), we have

Wi (y) = w(y).
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The remain of the proof is split into two independent parts.
Step 1: A < C(n,F,U);
Step 2: dist (0,09) < C(n,B)(A2 +A).

Evidently, these imply the result.
In the proof of Step 2, we need the following gradient estimate:

. C(n),
| CInD| = ;\)m Bx/»(0).

For the ease in exposition, we first present the proof of this estimate.

3.1.1 Gradient estimates

Interior gradient estimates were established in [56]. Here we provide a simpler
and self-contained proof for a somewhat different version of interior gradient
estimates which suffice for our purpose. The proof of Proposition [2 can be
made shorter if we use the interior gradient estimates in [56], but the arguments
therein are considerably more involved.

Lemma 2 Let w [CQ°(Bx(0)), A > 0, be a positive function. Assume that
wl(y) < w(y) for any B, (z) CBA(0) and y LB (0) \ By(2).
Then Inw is locally Lipschitz in Bx(0) and

n—2
A—Ix|

| CIndv(x)| < for a.e. x [CB)(0).

Remark 3 Under a stronger assumption that w is di erentiable, this lemma
was proved in [52, Lemma A.2].

Proof. Write v = Inw. For X in BA(0), r = A—|x|, and 0 < [X £, we will

8>
show that
n

-9 .
[v(y) —v(X)| < mﬂy —X| for all y [CBI{X).

Indeed, for y [CBH{X), y E X, let

r

y—X
+ — d = — Z4|.
Z4 —X_(2 liiy X| and S+ |y z I

y [Bitx) [BE (z+) LBR(X).

Hence, for any 0 <n < %, we have

Note that

w3, (p) = w(p) for any p CB(0) \ By (z+),
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which implies

X —z Sp\ 252 X —
w(zi +s * ) < (—2) w(zi +s,
[X = z] S1 [X = z|

)forany0<sl<s

N)Iﬂ

Therefore, if we define

(s) n-2, s+v(z +sx_zi)0<s<
= n y = =
O+ 5 + X — 72|

then g(s) is increasing for s [0, 5]. In particular, as s+ <

have
g+ (S+) <g+( E)Jandg( — =< g—(s-),

which is equivalent to

ng2ln(g—EI—|y—x|)+v(y)snT_21n(g—E)]+v(x)

n—2 r
< 5 1n(1— CFly — xI) + v(y).

This implies that

Iv(y) = v(x) Djy X|.

We conclude that v is locally Llpschltz and thus differentiable almost every in
Ba(0). Moreover, at point where Vv is differentiable, we have

n—2 n—2
A— x|’

| IV]k) <

This completes the proof. 0

The following lemma is crucial in our approach to gradient estimates.

Lemma 3 Assume that (F,U) satisfies ([IS), (I9), @I) and (23). Let D be an
open subset of R", n = 3, and let u [Q?(D) be a positive solution of

F(AY)=1and A" U in D. (28)
Assume for some Bx(X) that
ul(y) < u(y) for all y LD\ Bx(x).
Then for any B, (z) [CBh(x), there holds

ul(y) < u(y) for all y L\ By(2).
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Proof. Define the function 0 on R™ by

~ uly) ify (x),
aly) = { ul(y) elsewheg\e.

By conformal invariance, 0 satisfies (28]) in BA(X) and R™ \ 0B (X). Moreover,
0 < uin D\Bx(X). As 0 = u on dBA(X), it follows that 2 < SU on 9B, (x),
where v is the outer unit normal to 0Bx(X).

Fix z [Bx(X). By Lemma [ there exists [ 0 such that 0 < 0 on
R"\ By(z) for any n < [CJLet

M=sup{>0:0) <U0on R"\By(z) for all 0 <n < p}.
To finish the proof, we only need to show that
n=A—|z—x|.
Arguing by contradiction, assume the converse so that T < A—|z —X|. We have
07 < @ on R"\ Bj(2),

which implies B
l]rZ] = U on Bj(z).
We claim that we can find q [0Bx(X) such that 07(q) = 0(q). Indeed, by
the maximality of 1, one of the following two cases must occur:

(i) there exists y [Bly(z) such that GJ(y) = a(y);

(ii) there exists y [CdBg(z) such that g—t\fg(y) = gvuz (y) where v; is the outer
unit normal to 0Bj(z).

Let
B={¢: ‘z + % —x‘ > A} = WD) R\ BAX)).

Note that B is a ball. By conformal invariance, we have

F(AY) = F(A™) = 1 in By(z) \ 0B,
AU AT [Ulin Bi(z) \ 0B,

0 <0 in By(2),

U = 0J on 0B(2).

If Case (i) holds and y ¥ 0B, a standard argument using the strong maximum
principle shows that U and al are identically the same in Bg(z) \ B or in B.
Indeed, we have G(y) = 0}(y), Du(y) = Da}(y), D?t(y) < D?0}(y), and so
AU(y) = A®(y). Thus, near y, the function w = 0] — 0 = 0 satisfies

0=F(A") - F(Aag) = ajj G + by GwhH-cw := Lw,
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where (@jj) > 0, bj and ¢ are continuous near y. Here we have used (I9) and 23).
If Case (ii) holds, another standard argument using the Hopf lemma implies that
0 and 07 are identically the same in Bg(z) \ B. To see this it suffices to notice
that 0 = 0] on 0Bg(z) which implies Da(y) = Dal(y), D2?a(y) < D2a}(y), and
Al(y) = A% (y). In either case, we must have that G(y) = G}(y) for some y [1
0B, which implies the claim.

We have showed that 07 must touch 0 from below at some point q CdBy(X),
i.e. 09(q) = G(q) and G) < U near g. Recalling the definition of and noting
that 92 < 94 on 9B, (X ) and u is C! near g, we infer that $2(q) = 32 (q). As

F(AY) = F(AY) = 1 in D \ Bx(x),
AU AY [l in D\ Bx(x),

0 <uin D\Bx(X),

0 = u on 0B (X),

the Hopf lemma again implies that u and U are identically the same near 0By (X)
(in D\ Ba(X)). Therefore, 0 = 02 is C? and is an entire solution of (28).
We thus have

F(AY) = F(AG z) =1in R"\ Bj(z),
AT, AT [T in R"\ By(2),
0 =0} in R"\ Bj(z),
a(q) = ul(q) for some q CaBx(X).
By the strong maximum principle, we infer that G = @ in R" \ Bf(z), and so
in R™.
In the remaining, we show that 0 = 0 = (I leads to a contradiction. We

compute for § [CH\(X) and p := X+ %—) = P2(8),

a n—2 —n—2 a
0(8) = @RE) = 2 a(ul(p)

=" fp— 2"

(B (ot

lp—z|
=Xl n+lz=x 2
= |p—z|+|z—x|} a(wie))

= [T )

Observe that the map & B Wl (p) = WY o Y2(E) maps Br(z) into itself and so
has a fixed point {—[H(z). It follows that

. N+ [z —x[1n=2
oo [THE20 g g,
which contradicts our earlier assumption that N+ |z — X| < A. O

As a consequence of Lemma 2 and Lemma [B] we have:
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Corollary 1 Assume that (F,U) satisfies (IS), (I9), (2I) and (23). Let D be
an open subset of R", n = 3, and let u [Q?(D) be a positive solution of

F(AY) =1 and A" [ in D.
If for some Bx(X) there holds
uX(y) < u(y) for all y LD\ Bx(x),
then

)| <

——u(y) for all y B\ (X).
Iy = x| (y) y [BI(X)

3.1.2 Step 1 of the proof of Proposition

Lemma 4 Assume that (F,U) satisfies 20) and @24). Let u [Q?(Bs(0)), s
> 0, be a positive solution of

F(AY) =1 and A in Bs(0).
Assume for some positive constant C; that
u(y) = Cq in Bg(0).

Then )
s<C(n)s Y4c, "2,
where 0 is the constant in (24]).

Remark 4 Under an additional hypothesis that u(y) < C, in Bs(0) for some
C,, it was shown in [52] that s < C(n,Cq, Cy,0).

Lemma [ is equivalent to:

Lemma 4’ Assume that (F,U) satisfies 20) and @24). Let u [Q?%(B1(0)) be
a positive solution of

F(AY) =1 and A" U in B1(0).
Then
inf u<sC(n,9).

B1(0)

Indeed, the equivalence follows by considering G(X) = s"z° u(sx) and using
the fact that AY(x) = AY(sx).

Before giving the proof of Lemma M we point out that under an additional
hypothesis that there exists some o > 0 such that

tr(M) = a for all M [ satisfying F (M) = 1,
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Lemma Ml can be treated simplier by ODE method. For in this case we must
have

n—2 n+
—Au= aunz and U = C; in Bg(0),
which implies the radial average Q(r) := |aér| faBr u dx satisfies
n—2 n
—A0 = an=2 and 0= C; in Bs(0).

2

Proof. Let T be the largest positive number such that

&(y) i= 54(s% — y[2)* = u in Bs(0).

Then for some |y| < s,

u(y) = &(y).
and so
uy) = Q) = —- (s> = yP)y,
Cily) = C2ly) = Sy [yF (82— [yP)
Therefore
2 et Lo 0 Q) CTEY) 1| EG)R
AY) = 80T [ - )+ s e 3ty
161 _nv2N+2 _ s? —|y? 2
BGEPEAL r'72{n—2y|i’+( 2 _n—2|y|2)|]

Using (20), we get
3T

0 < tr(AY(y)) < tr(A%(y)) = n—2)s*

&(y)""°2 ns? = (n + 2)ly P,

which implies

Iy < - :‘_ 282 and therefore £(y) =

As we also have §(¥) = u(y) = Cy, it follows that

4 n-2 _n-2 Ak, n-2
mr)n z(Cl)l n+2 :C(n)Cl 2 1n+2,

N

&(y) = (

Consequently, by our previous calculation,

. 2 _ 1912
Ay) = AYY) = k) R Ry o (SR - )]
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On the other hand, from F(AY%(y)) = 1, 20) and [24]), we have
[AY = and tr(AY) = 0.

Combining the above estimates we obtain

The assertion follows. O

Remark 5 The same proof yields the following conclusion: If u [CQ?(Bs(0))
satisfies for some p =1+ L1+ 0,and C; >0

F(un2PAY) = 1,ur2 PAY [ and u = C; in Bs(0),
then
—p-1
s=C(n,5, 0K, 2.
3.1.3 Step 2 of the proof of Proposition

The following lemma describes the contact set when we carry out the method
of moving spheres at an interior point.

Lemma 5 Assume that (F,U) satisfies ([I8), (19), 2I) and [23). Let D be a
connected open subset of R", A a (possibly empty) closed subset of dD, and let
u [CQ%(D) n CO°%(D\ A) be a positive solution of

F(AY)=1and AY [ in D,
lin}\u:+oo if A B [
Y-

Assume for some By, (z) that
ul(y) <u(y) for all y LD\ By(z). (29)
Let C = C,(z) denote the contact set

C ={y D\ By(z) : uz(y) = u(y)}-
Then one of the following (mutually exclusive) cases must occur:
(a) C is empty and
g—: > aali? on By (z),
where v is the outward unit normal to 0By (z);
(b)) C =D\By(z) and A = 1

(c) CE® C [aD\A.
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Moreover, if (a) holds and n is the largest number such that (29)) is satisfied,
then D is unbounded and “touching occurs at infinity”, i.e.

1|1rf1 inf y|""2[u(y) — ul(y)] = 0.
y — OO

Proof. We follow the argument given in [50] for solutions of conformally invari-
ant equations. The idea is to use the strong maximum principle and the Hopf
lemma as in the proof of Lemma

If C is non-empty, then Ul touches u from below somewhere. If interior
touching happens, the strong maximum principle implies U = U3 outside By(z),
which gives (b). If interior touching does not happen, (c) holds.

If C is empty, (a) follows from the Hopf lemma. Moreover if D is bounded
or if D is unbounded and lim inf}y| _, e [y|""2[u(y) — U}(y)] > 0, we can find by
a continuity and compactness argument some [ 3 0 such that

ud(y) < u(y) foralln <A <n+ Cand y CD\Bx(X).

The last assertion follows. O

Before going on to the proof of Proposition[2l we state and prove an elemen-
tary result concerning the geometry of a sphere.

Lemma 6 Let B = B,(x) be a ball in R", n = 1. Let v~ denote the inward
unit normal along the boundary of B.

(a) If z B, then for any y [dB,
ly —zf?
2r
The equality holds if and only if z [CdB.
(b) If z B, then for any y 0B,

+(y—2z) v~ (y) =dist (z,0B).

_22
_ly—1z| —y

dist (z,0B)
>\ 77
2r

The equality holds if and only if z [CdB [C{X}.

Proof. We can assume without loss of generality that z is the origin.

(a) We calculate using the cosine law,

ly[? oy X—y —lyP+2x-y
or ty-viy) = or Ty r or
_ 2 2 2_r2 2_r2 _r2
B R el B el W R Tl

= [x] — r = dist (0,0B).
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(b) Similarly,

WP P x=y P —2xy
or YV ) = or Y T T or
_ [ = (IxI2 + ly|> — r?) _ —|x|? +r? _r—Ix n [X](r — [x])
2r 2r 2 2r
r—Ix| dist(0,0B)
= = .
2 2

O

Proof of Proposition 21 Fix a point x Q. Define {2, A, B, By, and 0 by
@5). Then, by conformal invariance, U satisfies (26]). We need to show that

u(x) "2 dist (x,09) = dist (0,0) < C(n, 8, B).
Using Lemma [Tl we define
A = sup{0 < A < dist (0,09) : 0)(y) < 0(y) for all y I\ Bx(0)}.

By Corollary [[l we have

4 C(n) .
| Clnb| < %) in By,,(0). (30)
As 0(0) = 1, this implies that
C(n)=u=C(n)"!>0in By,(0). (31)

Step 1: By Lemma [ we must have
A<C(n,d).

Step 2: If dist (0,09) < 2C(n,d), with the same C(n,3) above, we are done.
Otherwise, dist (0,09) = 2A, and by Lemma [ we can find y @l@, ly] > A
such that a(y) = 0)(y). Let Bhe the ball in the family {B} [{Bq} such that
y [COBand let h—pe the mean curvature of 0B—at y (with respect to the
inner normal). Then

A< %dist (0,00) < 5dis,t (0,0Bh
and so x
Y| <2
‘ |y|2‘ 2



For simplicity, we write ot = l]é. By a straightforward calculation using the
expression for 0* and the above gradient estimate, we get

N _ _ B . <)
aai\,(y) + 1 2 “hea(y) < GA(V)[— (n—2)22 +C(n) % @7

ly?
_ - 2 _
—Llylf) a*(y) [y v — _|y2| heT C(n))\}.

n—-2_ 5
" 2hey)

|+

Applying Lemma [ we arrive at

o\ _ _ _ _ B
0+ e y) = =G ) aise (0,085 c(m) .

Recalling the expression for u* and the upper bound for u in By, (X), we infer
that

oot n—2 5 Ci:(n
6—v(y)+ 5 hea™My) < — ;\(2)

1M y)] 2 [dist (0,0B5'— C(n) x} .

On the other hand, as 0* < 0 near y and ﬂ;‘(y) = 0(y),

X _ B . _ i B i
W+ 2heg ) = Wiy " ncaty) = -Ba(y) =z = —p [0Ay))n%.

Combining with the preceeding estimate, we get

_C4(n)
2

—p< [aist (0,08 5= c(m)A],

which implies

B
Cl(n)

dist (0,0BY'= A2 +Ci(n)C(N)A<C(n,F,U,B).
It follows that .
dist (0,0Q) < C(n,F,U,B),

and the conclusion follows readily. O

3.2 The proof of Theorem [4]

Loosely speaking, by Proposition 2] in order to establish Theorem [ we only
need to focus on establishing C° bound near the boundary. The idea is to
adapt the proof of Proposition 2l The main difference is that here we do not
have a simple gradient estimate as in the interior case. We have to resort to the
gradient estimate established in [56]. We will present the proof by contradiction
arguments, though a direct argument can be given similarly.
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Proof of Theorem [4l Suppose the contrary, then for some B >0 and [ 0,
there exists a sequence of solutions {uj} [CP(€2) n C?(Q\ A) satisfying (),
with ¢i(B), ¢i(Ba) = —B, and for some X; O,

dist (i, A) = [ (32)

ui(Xi) = max{ui(x) : x CQ,dist (x,A) = [} - oo. (33)
By the interior estimate (Proposition [2I),

n-2

Ui()_(i)dist ()_(i, aQ) = <C. (34)

Here and below, we use C > 1 to denote some positive constant independent of
i. It follows that
dist (Xi,09) - 0. (35)

Because of [32)), there exists {Bj := Bg,} [{Bq}, X’ [dB;, such that
|%i — % = dist (%;,0Q) - 0. (36)

By B2) and B8), {x{} is [ZR—distance away from A for large i. It follows
that

1
ri ;= radius of Bj = c (37)
dist (XHoQ\ 0B;) = é (38)

The reason is that otherwise a subsequence of {XF} together with a subsequence
of {Bg} would converge to a point, which has to be in A. This would violate
the fact that {X{} is of a fixed distance away from A.

Let @i be a Mobius transformation which maps R" \B_i+ to
R:‘. = {X X = (Xl:.‘Xn) - (Xll e an—lan) ERr'an = O}

such that
Fi -
%
ri + |)_(i — )_(H l !

lIJi(XS =0, Yi(Xi) = Xj := (O‘:,‘Ti), T .= —XH], and QJi(XiEl:g = oo,

where X{is the antipodal point of XFon 9B,;.

Set
Ai = (AN,
Qi = Gi(Q\A),
0 = Gqﬁl = |JvaJ_71|n2_7n2U ° llJl_l

Then, depending on whether there is another ball in {Bq} that touches Bj at
x®Wor not, we can write Q; as either

R\ (LB}, CAY)
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or

R\ ({(x7xn) CRE, X = Hi} CBE, CAY),

where in the first case L5>('1 are non-overlapping balls contained in R and in the
second case they are non-overlapping balls contained in {(X9xn) CRY, Xy <
Hi}. By abuse of notation, we will ambiguously write

Qi =R} \ ([B} CAY),

by which we view half-spaces as balls of infinite radius and centered at infinity.

By (1) and (B3],
dist (0, (0Q; \OR7Y) [A}) = 1/C. (39)

By the conformal invariance of the equation of u, 0; CQB3(€;) n CZ(Q_i\[Xi)
satisfies
F(AU) =1 in €, B
AT U and G; > 0 in Qi \ A;,
hmx‘,xo l]i(x) :noo I]O m,
g)?r: :Ci(Bi)LNJinTz on 6R2\/~Xi,
% + g—gfl]i > —B 077 on dBL \ Aj,

lliIlninf ly|" "2 Gi(y) = +oo, or
y| oo

(0i)§ extends to a C? positive function in Bg, (0) for some R;j > 0.

In the above, Fi = radius of BY.
It is clear that

Ui(x) < Ca;(05Ty), [k < [ZC, x [RY, (40)
Cui(xi) = G (09T;) = éui(xi) - oo (41)

Moreover, by (B4),

n—2
0 (05T)T; 2 <C, (42)
Let R
MI - LNji(OI:"Tl)
We define

i={y:M; "7y A},
By ={y:M; "7y [BL},
i (y) = M%a'(mi_niz y), y CH
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By the conformal invariance, QO satisfies

F(A%) =1 in (,

AT O and 0; > 0 in O \ A;,
limy . xo 0i(X) = 00 [Xg AL,

% ZCi(Bi)lflin%2 on ?RQ \Ai,
S+ 5 i = B0y F on 0BE\ A;,
lim inf ly[" 72 Gi(y) = +o0 or

(0;) extends to a C? positive function in é;i (0) for some Rj = 0.

) N (43)
In the above, fy = radius of BY,.
We know from ([@2)), {Il), (0) and [B9) that
. I
T| = T|Min72 = T|L’]|(O‘:,‘Ti)n72 = C-I—|U|()7(|)niz = C,
l]I(OEI'-I:I) = 11
_2
0i(x) =Cu;(05Ty) =C, [Ox < Eq\/lir‘*z, x [RI},
s N 1 ~_2_
dist (0, [BY, [A}) = EMi”’Z - oo, (44)
By the local gradient estimates in [56] Theorem 1.19],
. I:IM 722
| [Gix)| = Coi(x) =C, X = Yo " x CRL. (45)

Define
Ai = sup{0 < A < dist (0, [BY, CAY) : (0i))(y) < Qi(y) for all y % \ Bx(0)}.
This definition is justified by the following lemma.

Lemma 7 ([58]) Let D be an open subset of R7 containing {(x5/xn) : XY <
s,0 < Xp < [Hfor some [3 ). Let w be a locally Lipschitz function in D [B{0),

Bi{0) := {(x50) : [x < s}, satisfying

inf w >0 for any R > 0.
Br(0)nD

If D is unbounded, assume in addition that

lliria inf |y|"2w(y) > 0.
y| - oo

Then for any x [CBg{0), there exists some A; > 0 such that B}, (x) and
forany 0 < A < A; and y [\ Bx(x), we have

Wi (y) = w(y).
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Claim. lim Aj = oo.

iooo
Proof of the claim. Suppose not, then
Xi =C, 1l
We know that _ .
(0i)g* (y) < Qi(y) for ally X5 \ By, (0). (46)

Arguing as usual, using the strong maximum principle and the Hopf lemma, we
conclude that there exists some point yj [dB},, such that

()" (vi) = Gi(yi)- (47)
For readers’ convenience, we outline the arguments. If
0 N
a—v[ﬂi —(0;)*] = 0 at some point of 0Bs, (0),
then by the Hopf lemma and the strong maximum principle, ({#Z) must occur
(and Aj = O So we may assume
0 .. A _
3y Ui — (Gi)g"] > 0 on 9B3,(0), (48)
If
lim i [yI"2[04(y) — (@3 ()] =0,
then line 7 of [@3) occurs. After a Kelvin transformation, we can apply the
strong maximum principle, and the Hopf lemma if necessary, to show that (@)
must occur (and Aj = O So we may assume

tim inf Iy|"2[0i(y) = (603" ()] > 0. (49)

Using the third line of (@3] and the strong maximum principle, we have, in
case ([@T) does not occur,

_if (oY)~ (@) ()] >0, [O<[XR<oco.  (50)
y QLA+ =ly|<R

Using @8), @) and (&), we can show that for some [3 0,
(G)A(y) < Qi(y) for all y [ \ Bx(0) and all A < A; + [

This violates the definition of Aj. So we have proved [#T). Details can be
found in [53] Lemma 3]. The main difference between this lemma and Lemma
is to prevent touching on OR% and to prove a version of the Hopf lemma on
0B (z) n OR".

On the other hand, in view of {3) and (@4), @1 cannot occur by the
arguments in the proof of Proposition[2l The claim is proved.

To complete the proof of Theorem [l we will show that contrary to the above
claim, A;j is uniformly bounded. For this purpose we start with a few lemmas.
First is an analogue of Lemma
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Lemma 8 Assume that (F,U) satisfies ([I8), (I9), 1) and 23). Let D be a
connected open subset of R such that R is a component of dD. Let u [
C2?(D) be a positive solution of

F(AY) =1and AY [0 in D,

a"T”n =cun2 on AR" for some constant c.

Assume for some x [AR? and B} (x) that
uX(y) < u(y) for ally CO\ B} ().
Then for any z [dRY and By (z) [BK (x), there holds
ul(y) < u(y) for all y LD\ B (2).

Proof. The proof is similar to that of Lemma [3] Here one has to prevent
touching on ORY , which can be done by using the Hopf lemma and the Neumann
boundary condition as in the proof of the claim below Lemma [7} 0

We retailor Lemma @] into the following two lemmas. In effect, the first one
is also an improvement of Lemma [4]

Lemma 9 Assume that (F,U) satisfies (20) and (). Let u [Q?(BZ(0)) n
CO%(BZ(0)) be a positive solution of

F(AY) =1 and A" in BJ(0).
Assume for some positive constant C; that

Then ,
s<C(n,3)C, "2,
where 9 is the constant in (24).

Remark 6 Under an additional hypothesis that u < C, in BZ (0), this result
was proved in [5I]. Here we use Lemma 4] to relax this extra hypothesis.

Proof. Let p [C3g°(—1,1) be a nice cut-off function such that 0 < p < 1 and
p=1in(—3,3). Let Y be the solution of
Ay =0 in BJ(0)
W =0on 0Bs(0) n RY

0 = o) on B4 (0) 0 0 = 03

Then Y = ¢(n) in Bg(O). Hence, by our assumption on the lower bound of u
on Bs(0) n {Xn = 0} and the maximum principle,

u=Cip = c(n)C1 in B%_(O).

Applying Lemma Hl to any ball of radius % which is contained in B%L(O)7 we get
the assertion. O
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Lemma 10 Assume that (F,U) satisfies 20) and @4). Let u [CQ?(BZ(0)) n
CO%(BZ(0)) be a positive solution of

F(AY) =1 and A" [ in BJ(0),
which satisfies, for some constants C; > 0and 0 < T < g,
U(OE,‘T) =C;.

Moreover, assume that

ué/z(y) < u(y) for any y CBS (0)\ BZ,,(0).

Then )
s<C(n,3)C, "2,
where 9 is the constant in ([24).

Proof. By Lemma [ it suffices to shows that
u(x52T) = C(n)C; for any XY < %
To see this, fix X} < . By Lemma[8 we have for any A < s — [xH,
uf‘_x,’o) (y) < u(y) for any y I'By (—x50).

Therefore, for e = M’ r'z" u(re) is monotonically increasing for r <

5. It follows that
1

n-2

272
The proof is complete. O

u(x2T) = u(0,T) =c¢(n)Cy.

Proof of Theorem @ (continued). Taking s = A;j in Lemma [I0] we arrive at
)_\i =C.
This contradicts the claim. Theorem [ is established. O

As a corollary of the proofs of Lemmas [0 and [[0, we obtain the following
result which is of independent interest, though not needed in this paper.

Corollary 2 Assume that (F,U) satisfies (20) and (24)). Let u CT?(BF(0)n
CO%(BZ(0)) be a positive solution of

F(AY) =1 and A" in BJ(0),
Moreover, assume for B{0) := Bs(0) n {Xn = 0}that
ul(y) < u(y) for any x [BE{0),0 <n<s—|x| and y [BL(0)\ By (X).
Then

sup u<C(n,d) Sz%n,
B;/4(O)

where 9 is the constant in ([24).
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Proof. It suffices to show that

u(x) < C(n,8)s™ "7 for any X = (09xy,) with X, < Z

Define, for R > 0,

(z5%n)

VIZP + X3

(z5%n)
V=

Arguing as in the proof of Lemma [I0, we get

Wgr(X) := {y:x—l—t forsomeOStSR,lZ?SZ},

3

OLWR(X) := {y:x—i—t for some 0 < t<R, |z} =

= un

u(y) = C(n)u(x) for any y a1l Ws (x).

Using (20) and comparing U to a harmonic function as in the proof of Lemma

B we get
u(y) = C(n)u(x) for any y [W's (x).

Applying Lemma H to any ball of radius 155 contained in Ws (X), we get

2

s<C(n,d)u(x)” n-z,

The assertion follows. O

3.3 The proof of Theorem ]

We next move on to the proof of Theorem [[I Recall that (M,g) is a locally
compact complete conformally flat manifold with umbilic boundary M whose
components are N1, ..., N;. By (a) in Definition [, A;(M,§) > 0, since, in
addition to hg = 0 on 0M, A(Ag) [T 19 implies Ry = 0. Hence A1(M, g) >
0. By Theorem Bl we can find a ball B_; [CRI' and (possibly empty, finite or
infinite) collection of non-overlapping balls {Bg}a=1,2,..., each being contained
in B_1, and a closed subset A of B_1, whose Hausdorff dimension does not
exceed nT—z’ such that

(i) If Q = B_1\([B& [A), then there exists a conformal map U : -~ (M, g)

which is a covering map.
(ii) If Bq n Bg = {p}, or Bo n B_1 = {p}, then p AL

(iii) If {Ba; } [{Ba} is a sequence of distinct balls “converging” to a point p,
then p AL

iv) If we write the pull-back metric of g to Q2 by ¥ as wh-z 0ij, then
]

W(X) — oo as distrn(X,A) - 0.
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Then for any positive solution u of ({0), the function
v(y) =ue¥ly)wly), y L
satisfies

F(AY) =11in Q,

AY [ and v=>0in 9,

V — oo near A,

Q1 N2 hy = vz on 0Bg \ A if U(9Bg \ A) = N,

(51)

Proposition 3 Let (M",g), n = 3, be a smooth compact locally conformally
flat Riemannian manifold with umbilic boundary 0M and Ni, ..., Ny, be the
components of dM. Assume that (M,g) is not conformally equivalent to the
standard half-sphere SST. Let (f,T") satisfy @)-() and assume that A;(M,g)
> 0. For any B > 0, there exists a constant C depending only on n, (M,g),
(f,T') and B such that if u [CQ?(M) is a positive solution of () for some cy,
..+, Cm > —[, there holds
supu < C. (52)
M
Proof. As shown above, we can use Theorem [3 to find a ball B_; [R"
and a (possibly empty, finite or infinite) collection of non-overlapping balls
{Ba}a=12,.., each being contained in B_1, and a closed subset A of B_1, whose
Hausdorff dimension does not exceed 252, such that the properties (i)-(iv) listed
above are satisfied.
Next, fix some point pg [d and pick R large enough such that

V(Er) =M,

where Er = {p : dist (q,p+(g)) (P, Po) = R}. Such R is guaranteed to exist by the
compactness of M. Evidently,

dist rn (Er, A) > [ 0.
We distinguish two cases: (9, A) B4S%, Tbr (Q, A) Ldsn, 1
Case 1: (Q,A) Bdsn, 07

Define
vy) =ue¥ly)wly), yLQ
Then v satisfies (&1)). By Theorem [l we have

supv = C(n, (M, ), (f,T), B),

which implies

supu = C(n, (M,0), (£.1),B) [nfw] ™ = C(n, (M, g), (F.T).B).
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Case 2: (0, A) £4dS, [0 In particular, we can assume that Q = R7.
Assume that the conclusion fails so that we can construct a family of solution
uj to (I0) on M such that

Uj(Xj) = supuj — oo.
M

Furthermore, assume that Xj — XM

Note that since (M, @) is not conformally equivalent to SS™, for any x [
M, \If_l(x) [CRI contains at least two points. Hence, by compactness, we can
select Yj — yrand zj - zin R} with Y8 zsuch that ¥(yrh= ¥(zrh= X

Now let
Vj(y) = uj = ¥(y)w(y), y [RI}.

Then vj blows up at yrand 2
On the other hand, vj satisfies

F(AY) =1in RY, B
AYi [ andvj >0in RY,
94 =cv]? on RNL.
By the Liouville theorem established in [53], vj must be a “standard bubble”,

i.e.
n—2

3 )T for some aj > 0,p; LRI

Vi =Cc(n (—
This implies in particular that vj can only blow up at a single point. This
contradicts our earlier conclusion that vj blows up at yr—sand zZgwhich are
separated. 0

Proof of Theorem [Il In view of Proposition[3] it suffices to show that

infu=C > 0.
M

Consider the metric gr+ (1 — I:q’o)% g where [ a small positive number
to be determined and ¢ is a smooth function such that ¢(x) = dist g(X,0M)
near OM. Then for all [3ufficiently small, A(Ag), [Ilin M. But as ¢ = 0 and
0v® = 1 on OM, we have

2 201

th:_n_zav(l_@)+hg:m+hg>Oon6M.

Therefore, by replacing g by gif necessary, we can assume from the beginning
that

infhg =C > 0.

oM

We next show that

supu=C > 0.
M

Let u(X) = maxpm U. Then either X or X [LdM.
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Since A(Ag) [Min M, this implies that

n-2

u(x) = min [fF(A(Ag))] * =C>0.

If x [N [CdM, we have

ou n-—2 n
E()‘() + Thgu(>‘<) = cun-2(X).

Since X is a maximum point of u and hg is positive, this implies that cx > 0 and

n—2 _n_
2

hg(X) u(X) < ¢, U™-2(X),

which in turn gives

U(X) = mi
X=g0

{n—2
2CK

In either case, we have shown that

supu=u(x)=C >0.
M

To finish the proof, we invoke the gradient estimates in [56, Theorem 1.19]
to obtain, in view of (&2,
sup | CInl| < C.
M

Evidently, this estimate implies

infu=C supu=C > 0.
M M

The proof is complete. O

4 General existence results

In this section we give the proof of Theorems 2 and of Proposition [l

Proof of Theorem First notice that, by the results in [52] Appendix B,
we can assume without loss of generality that (&) holds. Then, by @), (@) also
holds.

We first prove the estimate ([I3]). By Theorem [I]

[lcbovy + Tt Cebguy < C.
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By known C! and C? estimates as described in the introduction, see e.g. [56]
Theorem 1.19], [50] (the proof of (1.39) there), [46, Theorems 1.3 and 1.5] and
[21, Theorem 3], we have

[lckomy + [T Iekouy < C.

Here, for the C? estimates, we have used (@) and cx = 0; the latter is for the
boundary C? estimates. ([3) follows from Evans-Krylov’s estimates ([30], [49])
and the Schauder theory.

We now turn to the existence part. If M is conformally equivalent to the
standard half-sphere, there is nothing to prove. We thus assume that M is not
conformally equivalent to SSR. Moreover, since A1(M, g) > 0, we can assume,
after making a conformal change of the metric using a first eigenfunction of
(), that Rg > 0 in M and hg = 0 on O0M. To finish the proof, it suffices to
show that

deg ((G,B),D,0) = —1, (53)

where deg denotes the degree defined in Appendix [Bl D is an appropriately
chosen open bounded subset of C*#%(M) and
Glu] = f(A(Auﬁg)) -1,

n_2 n
5 hg(X)u — cun-2 for x [CN.

Bu](x) = dyu +
For 0 < t < 1, define, as in [50],
I't ={A CR"[tA+ (1 —t)o1(A)e CTH,

fi(A) = F(tA + (1 — t)or (A)e) for A [T,

N te +(1—t)if e >0,
KEZ 0ifck =0,

where e = (1,...,1) [CR". See also [40] for a similar homotopy.
Consider

flAMA 4 ))=1in M,
uh-2g
AMA s ) [Tlandu>0in M, (54)

un-2g
— _n_
g4+ 02hyu=Crun2 on ONi, k=1...m,

By ([3), there exists some C > 0 independent of t such that for all solutions
of (4], there holds

[lchagvy + [T [ehaguy < C.
Therefore, as flagr = 0, there exists [3> 0 independent of t such that
dist (A(A _a_ ),00) =201

unfzg
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Define
D¢ = {u CO"*(M) :u>0,MA . ) [Th,

2g
WL ehaqu) + LT Lebaquy < 2C, dist (MA |, ),0T¢) > o,
Gelu] = FeMA o)) —1,

unfig

2

Note that (G1,B1) = (G,B). By the properties of the degree (see Appendix
B, deg ((Gt, Bt), D¢, 0) is defined for 0 <t < 1 and

Belu](X) = dyu + "2y (x)u — G for x [N,

deg ((Go, Bo), Do, 0) = deg ((Gl, Bl), D]_, 0). (55)
Set
Gelu] = Go[u]uG—D n7Z,

~ n—2 n
B¢(X,u) = dyu + 5 hg(X)u — tckoun-2 for x [CN.

Note that (G, B¢)(u) = 0 amounts to the Yamabe problem with boundary. (In
particular, higher derivative estimates follows directly from CO estimates due
to its semi-linear structure.) Thus, deg ((Gt, Bt), Do, 0) is defined for 0 =t <1
and

deg ((Go, Bo), Do, O) = deg ((él, Bl), Do, 0) = deg ((Go, Bo), Do, 0) (56)
Let Ly be the conformal Laplacian of (M, g), i.e.

n—2

Ly=Ag———
9779 4n—-1)

Rg.

For a function v.CO?%(M), let (—Lg)~1v be the solution to

—Lgp =V in M”,
0v¢ + 252hg(X)@ = 0 on OM.

Here we have used A1(M, g) > 0.
Define S : C>%(M) - C%%(M) by Su= u—(—Lg)_l(u%g). By Proposition
@ in Appendix Bl

deg ((Go, Bo), Do, 0) = deg L5.(S|ca.aqy: Dos 0), (57)

where deg | s. denotes the Leray-Schauder degree.
Let

Do = {u COPY(M) u>0,A(A 4 ,) [TH,

[Ulehaqmy + [T ekaguy < 2C, dist (NA__2,),0T0) > T}
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In [43] Section 5], it was shown that
deg1s.(S, Do, 0) = —1, (58)

On the other hand, by the reduction property of the Leray-Schauder degree (see
e.g. [24) Theorem 8.7]),

deg L.s.(s, |§o, 0) = deg L.S.(S|C4-°‘(M)y |jo n C4’a(|\/| ), 0). (59)
In addition by the excision property of the Leray-Schauder degree,
deg L.S.(S|C4-O‘(M)! Do n C4'G(M ), 0) = deg L.S.(S|C4-°‘(M)! Do, 0). (60

Taking (B3)-(@0) altogether into account, we arrive at deg ((G1, B1), D1,0)
= —1. Putting D = D; and recalling the definition of (G1,B1), we get [B3)),
which completes the proof. O

Proof of Proposition I (a) If M is the standard half sphere, the result is
obvious (though the proof below applies to this case as well). We thus assume
that M is not simply connected.

Let m: SST — M be the conformal covering map. Then

signA1(M, g) = sign A1 (SST, 1)) = sign A1(SST, gssn),

and so A;(M,g) > 0. Here m)) denotes the pull-back metric of g to SST by
TT.

By [43} Theorem 0.1], there exists a metric § conformal to g such that Rg
=1in M and hg = c on M. (In fact, in this case the proof for the existence
for such metric is much simpler. One first argues as in Case 2 of the proof of
Proposition B to get an a priori C° bound. Higher derivatives estimates then
follow, and so a degree theory argument can be carried out to conclude the
desired existence.)

Since T is conformal, T(§) satisfies Rr-@ = 1 on SST and hy-g) = ¢ on
dSST. By the Liouville theorem in [27, Theorem 2.1(b)] (see also [62]), m™(§)
can be obtained by gssn by a conformal transformation on SS". In particular,
n§) has sectional curvature 1. It follows that § also has sectional curvature 1,
which establishes (a).

(b) Tt is readily seen that (i) [_({i) is a consequence of (a). In addition, that
(ii) () is obvious. It remains to show (iii) [l Assume that M is of T'x-
positive type for some § < k < n. By Theorem 2 (see also [46] and [21]), there
exists a conformal metric § such that ox(A(Ag)) = 1, A(Ag) [Tk in M and hg
= 0 on OM. Let Mj be the double of M and equip it with the metric induced
by §. Then My is a C%?1 closed locally conformally flat manifold with A(Ag) 1
[k, and so My is a quotient of the standard sphere SS" by [37, Corollary 1]. In
particular, there is a covering map 1 : SS™ — M, such that M (§) is conformal
to the round metric.

Notice that on SS", m'{§) satisfies ok (A(Ar=(g))) = 1 and A(An-y) [Tk.
Hence, by the Liouville theorem in [79], [80] (see also [50]), (SS™, n4)) and
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the standard SS" differ by a Mobius transformation. Therefore, by changing 1
if necessary, we can assume without loss of generality that m(§) is the round
metric. Then any component of T~2(dM) [CSB" is an umbilic minimal hyper-
surface and so is an equator. This implies that T~1(0M) is connected and is an
equator, which consequently implies that T1(M) is conformally equivalent to
the standard half-sphere SS1. O

5 Counterexamples to C? estimates

As mentioned in the introduction, the local C? estimates of Jin, Li and Li stated
in Theorem [Alfail in general if one allows 1 to attain a negative value. Moreover,
such estimates also fail at global level when one has some (natural) additional
ellipticity assumption on the ambient manifold. Here we discuss the setting in
which we construct counterexamples and provide precise statements in Lemmas
and [[4l More specifically, we use radial solutions on annuli. It should be
noted that radial solutions of the Ok equations were systematically analyzed by
Chang, Han and Yang in [I§].
We first state a simple fact from linear algebra.

Lemma 11 If M = px X3+ v I then M has exactly two real eigenvalues
u|x|? + v, which is simple, and v, which is of order n — 1.

For R > 1, let Ar denote the annulus
AR ={X [R":1=<|x| =R}

Let u be a radial function, i.e. u(x) = u(|x|). Following the notations of [I§],
let

t=In|x| and (t) = — Inu(]x]) — In|x]|.

n—2
A straightforward calculation using Lemma [T shows that the eigenvalues of AY
are

n—2

AL = 5 eX & — (1 — &),

n—2
A== M= =18,

‘We thus have:

Lemma 12 If a function & satisfies

{ e (1 -8R e + n;,fk(l —-&)) = 2 _. 0, 0<t=hR,

—-1<& <1, 0<t<hR,

where CZ1 = = Dictgr then the function u defined by
n—2 n—2
u(x) = u(xl) = exp | = ——=&(In{x|) — ——n|x|
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satisfies

ok(A(AY)) = 1 in Bg \ By,
u>0 and A(AY) [Tk in Br \ B;.

The following lemma produces a counterexample for boundary local C? es-

timate.

Lemma 13 For any 2 < k <= nandc <0, there exist Co > 0, Rg > 1 and a
family of {u;} CCF°(Bgr, \ B1) satisfying

Ok(A(AY)) =1 in Br, \ By,

uj >0 and A(AY) CTk irr11 Br, \ B1, (62)
% 02245 = —72¢cul? on 9By,
and
|uj| + |uj | + | CEI < Co in Bg, \ By,
such that

lim inf | I ?i]i = oo,
Proof. Fix ¢ < 0. We will consider small constants 0 < [£§ < % whose values
will be specified later. For any such [and 0, there is clearly a smooth function

&(t) = &(t; [D) satisfying near t =10
n— 2k
2k

e (1 — g e + (1-&))=0o, (63)

and
£(0) = (3 1n]c|, £(0) = —e~ = ce ™8O, (64)

(Here we have used 1 —&(0)? > 0.) We first require that & is small enough so
that the following argument goes through (note that 0 < [X 0)

_n—2k

§(0) = ©e 2O (1 g (0)%)1" Sk (1=&(0)%)
= ee i ot o)~ - 1K e o)

— I 0O 0 >0,

Therefore & is strictly increasing in t for small t.
We will only consider those values of [Satisfying —e~ < —1 + %. It follows
that for small positive t,

—e b & (t) < —1+3, (65)
and

& (t) > 0. (66)
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For each such [dwe let (0,T(LD)), 0 < T(LD) < oo, be the largest open
interval on which (G3)-(66) hold.
We note that, in [0, T (LD)), one has
0<(l—(—e ) =1-8)<1-(-1+03)?) <25, (67)
§<&(0) <In|c|, (68)
which implies in view of (63)) that

1—k _ In—2K]|

Ett > 6e—2k|n|c|(26) o7

o _ -
(28) = e 2kinlel(95)1k > ¢ (69)
for all d sufficiently small.
We now fix 0. By (@3, [@9) and the mean value theorem,

0 =& (t) —&(0) = %e‘z"'”'c'(%)l"‘t for 0 <t<T(LD).

It follows that T (L®) is finite and
T(Ld) =C(n,k,|c|,d), (70)

where here and below C(n, K, |c|,d) denotes some positive constant independent

of [OMoreover, ([@0)-(@3) hold in [0, T (Ld)].
We next show that

W Fp—

_W>O (71)

Evidently, this implies
lirgiglfT(IZB) >0,

which proves the assertion by virtue of (63), (68, ({0) and Lemma [I21
If T(CD) = 1, () holds. Otherwise, T(Ld) < 1 and, in view of (G3),(E9),
and the definition of T (L), &(T (D)) = —1+8. By (@) and &(0) < —1+35 <

—1+ 8 = &(T(ID)), there exists some T [0, T(LD)) such that

g, —1+gsEtS—1+5 on [T, T(LB)].

It is then easy to see from (G3) that

&l < C(n,k, |cl,8) on [T, T(LD)].

It follows from the mean value theorem that

&(T)=—1+

® = [&(T) — &(T (LB = C(n,k,Ie,8)(T (CF) = ) < C(n, . [cl,5)T (£3),
from which we deduce ([TT]). O

The failure of C? estimates is more dramatic in the sense that on any fixed
annulus, which is of T'c-positive type for any 1 < k < 3, C? estimates also
fail for sufficiently negative perspective boundary mean curvature values. We
announce here the statement but defer the proof to a forthcoming paper.
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Lemma 14 ([57]) Let B; be the open lower half-sphere of the standard SS"
and B, be an open geodesic ball centered at the north pole of SS™ with radius 0
< r < 7. Note that B; and B, are disjoint.

For any 2 < k < n, there exist c— crfi, Kk, r) < 0, a sequence Cj > CriCj
- cand a family of {u;} CCF°(SS"\ (B1 n B»)) satisfying

k(A o ))=1inSS"\ (B n By),
u' %9
MA o ) [Tk and uj >0 in SS"\ (By n By),

ui" %g
h %J =¢j on 0By, (72)
Ui %g
h =0 on 0B,,
ujﬁg 2
and
|uj| + Juj | + | O < Co in SS™\ (By n By)
such that

lim sup | Iml = oo.

J - 55n\(B;nB>)

Moreover, for fixed n and k, c—s a continuous, strictly increasing function of
r and
lim ¢c—= 0 and lin%c:_F —oo,
r—

s
r-1o

6 [-type of a manifold

In this appendix, we briefly study the notion of I'-types introduced in the in-
troduction. Throughout this appendix, we assume that (f,T") satisfies (B])-(@])
and (@), unless otherwise stated. We first recall the notion of viscosity solutions
used in Definition [I

Definition 3 A positive continuous function u in M is a viscosity supersolution
(respectively, subsolution) of

when the following holds: If xo CM~, ¢ CQ?(M*), (u—¢)(Xo) =0, and u—¢d
< 0 near Xg, then
)\(A¢ﬁg(xo)) CRM\T

(respectively, if (u—¢)(xg) = 0, and u— ¢ = 0 near Xg, then )\(Aq)ﬁg(xo))

[I)). We say that u is a viscosity solution if it is both a viscosity supersolution
and a viscosity subsolution.

We next show that the I'-positive type and the I'-nonpositive type are mu-
tually exclusive.
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Lemma 15 Let (M, g) be a smooth compact Riemannian manifold with bound-
ary and T satisfy (@) and {@). Then (M,g) cannot be simultaneously of T'-
positive type and of I"-nonpositive type.

Proof. It suffices to show that if A(Ag) [Tlin M and hg = 0 on 0M and if the
equation
AA 4 ) AT in M~,
un72g
h 4 =0ondM
,zg

un

has a C%* viscosity solution u, then a contradiction must occur.
First, arguing as in the proof of Theorem [T, we can assume that hg > 0 on
OM. Next, pick Xg [CM such that

U(Xg) = u=>0.
(Xo) max

If Xo [CMI°, then using the definition of viscosity supersolution, we see for ¢ =
u(Xp) that
__4
U(Xo) T 2A(Ag(X0)) = AMA _a_ (X)) CRI'\T,

¢h-2g

violating A(Ag(Xp)) [T
If Xo [CdM, then we must have g_\Lj(XO) < 0 in the viscosity sense, which
implies that

ou n—2 n—2

0< W(Xo) + 5 hg(Xo) U(Xo) = 5 huﬁg(xo) <0.
This is also impossible. Lemma [[5]is established. 0

Next, we show:

Lemma 16 Let (M,g) be a smooth compact locally conformally flat Rieman-
nian manifold with umbilic boundary and (f,T’) satisfy @)-). If A.(M,g) >
0 and T" admits a smooth concave defining function, then (M,q) is either of
I'-positive type or of I'-nonpositive type.

Recall that a smooth concave defining function for an open set G is a function
h Q% (G) n C°(G) which is concave and positive in G and vanishes on 9G.

Proof. Assume that (M, g) is not of I-nonpositive type. We will show that
(M, g) is of T-positive type.

First, we claim that Theorem [[ holds if we replace the hypothesis “(M, g) is
of I-positive type” by “(M, g) is not of I'-nonpositive type”. Indeed, by arguing
as in the proof of Theorem [ and using Proposition Bl it suffices to show that

mh%xu =C(n,M,q,f,T,B)>0

for any positive solution u of ([I0). Assume otherwise that this is incorrect, so
that there is a family {uj} of positive solutions of (I0) satisfying

U; =: - O
m&x i GJ
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Define vj =

i
AA [Tland vj >0 in M,
(vjﬁ) nd vj in

i - 2 Atz
%—i—”zzhgvj:ckvj” 2on Ng,k=1...m.

Moreover, by Proposition 3l and the gradient estimate in [56, Theorem 1.19], we
also have

Hence, by passing to a subsequence if necessary, we get Vj converges in Holder
norm to some function v which is a positive C%* viscosity solution of
FAMA _a_ ))=0in M"~,
vh-2g

2

)\(Avn4 ) [and vj >0 in M,

—2
§—§+”%hgv:00na|v|,

which contradicts the fact that (M, g) is not of I'-nonpositive type.

By the above claim, we see that Theorem [ also holds if we replace the
hypothesis “(M, g) is of I-positive type” by “(M,g) is not of I'-nonpositive
type”. In particular, if (M, g) is not of I-nonpositive type, and there exists a
function f on T" which satisfies (&)-(d), then the problem (0] has a solution for
Ck = 0, which implies that (M, g) is of [-positive type. The result then follows
from Lemma [T below. O

Lemma 17 Let I' [RI' be a cone satisfying ([B) and (). There exists a func-
tion T satisfying (@)-(@) if and only if I" admits a concave defining function h
Ca=(T') n C(I).

Proof. The necessity is clear. For the sufficiency, assume that I' admits a
defining function h CAQ*(T") n C(T"). By considering
h(A) = > h(x),
X is a permutation of A

instead of h, we can assume without loss of generality that h is symmetric.

Let Qr = T'n{A: AL +...4+ Anq = 1}, which is open, symmetric and convex.
Let [_denote the gradient on Q. Observe that for X O and po O, the
concavity of h implies that

— LFhIX) - (X = Po) = —h(X) + h(po) = —h(x).
Therefore, for 0 < a < 1 and g = h®, there holds

g(x) = Lx01x) - (x = po) = h(x)*"*[h(x) — a [xhIx) - (x = po)]
= (1 —a)h(x)* >0 for any X [ and po CO. (73)
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Define f by

#)
M+...+A\7

We only need to show that 0;f >0, >, 0;f > 3 and T is concave in I'.
For simplicity, we write

fON)=MA+...+A)g(

A
_ o_
A =A1+...Aq and A-= ik

We compute

aif(N) = g(AF + A 6197\3”[7])\1_

= gAY + 0ig(AY — 0,9 ATAT'= g(A) — GOIA - (A= p),
where p} = 61' Since I' [T}, it follows that p' . Hence, by (Z3),
if(N) = (1—a)A"tF(A\) >0inT.

To prove the concavity of , we calculate its Hessian. We have

N9 F(N) = dig ﬂu +akig(ﬂékj[7ﬁ%

(A
5 A BN = A
— 0i9( )\g%_aklg()\g)\l%

= 0i;9(AY = 0ig AN = 01 g ATAT+ B g AT

Hence, for any p [CR", we have

[A10i; F(N) pi pj = 8i9(AY pi pj — Okig N TAPi pj — 813 (AYATDi pj + B g AT pj

= 0ijg (N pi pj — 20kigATAPi [p] + Bg ATANNTRZ. (74)
On the other hand, since [2gl< 0 in T,
OkgAINAT= 0,
(39 AINpi)” = (85 9(ATpi ) (B g ATAAY = 0.
Also, as I' [T, [A] > 0 in I". Therefore, (74) implies that [2¥1< 0in T, ie. f

is concave in I'.
Finally, we show (). For p > 0, since I' [Th, the concavity and the
homogeneity of f implies that

1 A 1 A
pf(—+—1,...,—+—”)=f(%+)\1,...,%+)\n)

n u n u
n
<f(A,.. An) + %Zaif(x)
i=1
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Dividing both side by Y and let B — oo, we get

Zaf )=nf(= ,%):nh(%,..., )

The proof is complete. O

S|
Q-
I

Proof of Example[Il First observe that M = SS™\ (B [B}) is conformally
equivalent to some annulus Ar = Br \ B1. Consider the cylindrical metric gey
= |X|™2gf1at on Ar. We have
_n-— n _n— n—2 _n-
|hgeyt] = (r Tz)ﬁ\arr oz + 5T TZ\ =0forr=1lorr=R.

Hence 0AR is mean curvature free with respect to gey1- By a direct calculation,
the eigenvalues of Ag_, are found to be —15= 2 with multiplicity 1 and e 2 with
multiplicity n — 1. Hence

_ 9k —1)!
Ok (A(Ag,)) = O 4k2) K —(T)l(; L ol

n
—24+ —| >0if n> 2k.

)

By well-known properties of I'g, this shows that A(Ag,,) [Tk in M for any 1
< k < 3. The first assertion follows.

For the second part, observe that M is not covered by the standard half-
sphere and invoke Proposition M(b). ]

A Conformally invariant boundary dilerential
operators on Euclidean domains
Proof of Theorem[6l First, applying (I7) for Y being a translation of R", we

infer that
B(0,s,p,v,H) =B(x,s,p,v,H). (75)

Thus, for simplicity, we will write B(s, p,v,H) in place of B(X,s,p,v,H).

(a) Fix some s, p, v and H. Let u be a smooth function such that u(x) = s and
[utk) = p.
Assume for the moment that p-v B 0. Set
A— — (n—2)s
p-v
Define a conformal transformation { by (z) = A2 ﬁ Writing r for |z], we
calculate

and X = Av.

|)\|n—2
uq" = rn—2 ue llJ,

Gug = D @12 = 22029) Gk g = (n—2)

|)\|n—2

Ziu-~ .
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As P(x) = x and |X| = [A], it follows that

Uy (x) =s,
Giug (x) = (3ij — 2viVj) pj — (n—2)%vis
R (2pjvj + _)\2)8) =pi — (P V)Vi

Also,

Vy(X) =—Vv and Hy(X) =H — ;I —H (n2p_;))sl
Hence, by (7)),
Therefore,
B(s,p,v,H) = B(S,p—(P'V)V, —v, H+(n2p—7;)sl) for any s,p,v with p-v B 0.

By the continuity of B, the restriction that p-v 8 0 can be dropped. We thus
get

2p-v
(n—2)s

B(s,p,v,H) = B(s,p— (p-v)v,—v,H + I) for any s,p,v.  (76)

Assume next that p-v = 0. This time we define
)\:—M andX:)\ﬁ.
la] la]
V4

A2 e @ direct calculation using p-v = 0 shows that

Uy (X) =s, Duglx) = 0,vy(X) =V, and Hy(X) = H.
Therefore, by (I7),

For Y(z)

B(s,0,v,H) =B(s,p,v,H) provided p-v = 0.
Combining with (@), we get

2p-v
(n—2)s

(b) Fix s, v and H. Pick a smooth function u such that u(0) = s and [U0) =
0.

Applying [I7) for P(z) = Rz, we get

B(R"Z"s,0,v,H) = B(s,0,v,RIH).

B(s,p,v,H) = B(s, 0,—v,H + I) for any s, p, V. (77)
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Hence )
B(s,0,v,H)=B(1,0,v,s" "—2H). (78)

Next, let € be any unit vector. Pick an orthonormal matrix O such that Ov
= e. Applying () for Y(z) = Oz we get

B(s,0,v,H) =B(s,0,e,H). (79)

(¢) Finally, combining (73l), (77), (8, and [79), we conclude that

B(x,s,p,V,H) = B(O,l,o,e,s_é(H + nizp'Tvl)).

The proof is complete. O

B Degree theory for second order elliptic oper-
ators with Neumann boundary conditions

In this appendix, we give a modification of [54] to define a degree theory for
(nonlinear) second order elliptic equations with (nonlinear) oblique derivative
boundary conditions. Let Q@ [RI' be a domain with smooth boundary. For a
fixed f CCR9(QxR>xR"xSym™ "), define a differential operator F : C*%({2)
- C2%(Q) by
Fu] = f(-,u, CI20).

We say that F is elliptic on some bounded open subset O of C*%(Q) if for any
u A, x A and & CR" there holds,

of
auij

(x,u, LM & & > p|E|? for some p > 0. (80)

For B1, ..., Bn, Y [CO*% (92 x R), define a boundary condition operator B :
CH%(Q) -~ C3>%(09Q) by

Blu] = (Bi(X, u) Ui +y (X, u)) ’aQ’

where v denotes the outer unit normal to 0€2. We say that B is oblique on some
bounded open subset O of C*%(Q) if for any u [CQ and X 0K there holds

Bi(X, u) vi > for some Y > 0. (81)

Let O [CCF%(Q) be a bounded open set such that 00 n (F,B)™1(0) = [ F
is elliptic on O and B is oblique on O. We will define an integer-valued degree
for (F,B) on O at 0 along the line of [54].

Define

S:C%9(Q) - C¥Q)xCL%0aQ)
U B (SO, S@u]) = (Au, (3 +u)lyq). (82)
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It is well-known that S is an isomorphism.
Consider

T :C*%(Q) » CYQ) x CL9(aQ) x C>9(9Q)
uB (TOU], T@, TO)) = (S ° Flul, B[U])-
As in [54], we write
T®[U] = ase(x, u, CLI20) Uiise + Crx, u, [L,I2W ),
T [u] = (ast (x,u, |I||_2_L_L]Ust|v| +f(X u, ml_z_L_L])‘
T ( Ui +y (% u))‘aQ'
where
ast(X, U, (L I20) = — (x, u, o r2u).

We split
T[u] = Lyn U+ Run[U]
where N is to be determined and
LS w = ase(x, u, L2 Wijse — N ase Wat,
LA w = (ast(x, u, COIC20) Wi Vi) o
Lff?\, W= (Bi(x, u)wi + W) ’69'
R W] = N ase wse + Crix, u, 2 £om),
RZ, [w] f(x,u, Loz,
ROAM] = (—w+y(xu) ]
vl 90
We claim that, there exists Ng = 0 depending only on [@d¢[cl.«, [B]lcha,

[¥Ict.a, the ellipticity constant p and the obliqueness constant U such that for
all N = Np

Lun : CHH(Q) » CYQ) x C1¥(00Q) x C>%(9Q) is an isomorphism.  (83)

To see this, consider Lo : C*%(Q) —» C%(Q) x C1¥(9Q) x C>%(9Q) defined by

ow

2

W:(AW( +Aw )}BQ’(W_FW)LBQ)'

By [1, Theorem 12.1], tLo + (1 —t)Ly,N has finite dimensional kernel and so is
Fredholm for t [{0,1). (Here we have used asy Q™% B; CQO>% y Q%9
Moreover, by the stability of the Fredholm index (see e.g. [47, Theorem 5.17]),

0(Aw)
ov

50



the Fredholm index of Ly n is the same as that of Lo, which is zero. Thus, to
show that L N is isomorphic, it suffices to show that it has a trivial kernel. To
this end, assume that W [Kler Ly n. First, using H? and H?® estimates for linear
elliptic equation of second order with oblique derivative boundary condition (see

e.g. [Il Theorem 15.2]) and LS’?\‘ w = 0, we have

(Wil < C | st [ oy + W, (84)
Wlb < C | [@hwse b oy + W3y, (85)

where C depends on [@dt[g).«, [B][cho, [YIcha, p and 4. On the other hand,

as the problem (ast Qst, Lsaz\l @) = 0 has a unique solution for N sufficiently large
(due to (BI]) and the maximum principle), the DM 2 terms on the right hand
sides of [B4) and (BH) can be dropped so that

(Wil < C [adewst [ (o) and Wil < C [@deWst b (). (86)

Next, using Ly,n W = 0, we compute
0= /Q ijl?\, W[ — a Wi ] dx
= Cl/Q | @twst)‘z +N /Q |ai Wklfde — C2 MWilb(qy DLk (g
> 0—21/Q | E(Fsltwst)}z + (N —cg)/Q |a wk|}2dx.

In the above, the first inequality follows from integration by parts, LSZ}\IW =
0, and Holder’s inequality, while the second inequality follows from Cauchy-
Schwarz’s inequality and (BGl). It is evident that for N sufficiently large, we
must have agywip = 0. As LS?\‘ w = 0, we must have w = 0, i.e. Lyn is
injective. The claim follows.

Note that, by [, Theorem 7.3], (Lyn)~} maps C1%(Q) x C2%(9Q) x
C4%(09) into C>%(Q), and its norm as a linear map between these spaces
is bounded by a constant that depends only on [@dt[ct.«, [B]lcha, ¥Igha, p
and W. It follows that u B Vn|[u] := (Lun) "t ° Ryn|[U] is a compact operator
from O to C*%(Q2). Moreover, 90 n (1d + Vn)"1(0) = 0 n (F,B)"1(0) = [
Therefore, we can define

deg ((F,B),0,0) = degs.(ld+ VN, O,0), N = No, (87)

where deg | s. denotes the Leray-Schauder degree. As in [54], it can be shown
that this definition of the degree is independent of N.

It is also standard to check that the degree constructed above satisfies the
following standard requirements.

(a) If deg ((F,B),0,0) B 0, then there exists u [CQ such that (F[u],Bu]) =
0.
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(b) The excision property: If U [Oland U n (F,B)™1(0) = Lihen deg ((F,B),0,0)
= deg((F,B),0\U,0).

(¢) The homotopy invariance property: If t B (fg,bt) is continuous from [0, 1]
to C39(Q x R x R x Sym™*") x C4#%(9Q) x R x RM), Fy is elliptic on O,
B¢ is oblique on O, and 8O n (F¢, Bt)71(0) = [ then deg ((Ft, Bt), 0,0) is
independent of t.

We next consider the “compatability” of the degree defined by (87) with the
Leray-Schauder degree in case (F,B) has linear leading terms. We begin with
a result about the semi-finiteness of a linear operator, which is known to the
experts but relatively hard to find in the literature.

Lemma 18 Assume aj; [CI(Q), b, ¢ CQ°(Q), Bi CTH(9N) andy CTP(99).
Assume furthermore that (ajj) > p1 in Q and B -v > p on 9 for some p >
0 and p > 0. There exists A—flepending on [@jj [clq,, Milchg,), [T Leb(g),
Bl lcloq), VT [ebaqy, p and p such that for any A > Athe problem

{ aij (X) Uij +bi(X) Ui +c(X)u = Au in €,

(
Bi(X) Ui +Yy(X)u =0 on aN (88)

has no non-trivial solution in C2().

Remark 7 If y = 0 on 012, the result follows directly from the maximum prin-
ciple. In fact, A—¢an then be taken to be IETIEL@.

Proof. Assume that u [CP((2) is a solution to (88). Let v be the outer normal
to 0Q. Split B = (B V)V + Br. Then by the second equation in (8],

ou 1

- = _B—-V(BT . [ y u) on 99 (89)

Multiplying the first equation in (88]) by u then integrating over €2, we get
)\/ u?dx < —cl/ | IIEIdx+cz/ uzdx+/ u ajj Ui vj do(x),
Q Q Q 20
where €1 and C; are some positive constant that depends only on [@jj [cl, [illch,

[cT [eb and p. To proceed, we write @jjVj = pvi + @i with q-v = 0. It is easily
seen that p = ajjViVvj = 0 on 0. Then, by (89),

c1/9|m|ﬁdx+(x—c2)/gu2dxs/mu[pg—\‘j+qiui] do(x)
:—/aQBLIVyuzdo(x)+/aQuX(u)d0(x),

<c3 /‘m u?do(x) + /aQ uX(u)da(x), (90)
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where C3 is a constant that depends only on [ajj [cb, YT [cb and Y, and X =

X 0; is some vector field along €2 which is tangential to Q2 and [X el is

bounded from above by a constant depending only on [@&jj [cl, [Blcl and p.
On the other hand, by the smoothness of 92, there exists a finite partition

of unity {(Uk, r]k)} of 002, i.e. 00 = [l 1pq = Zﬂk, Nk EOOOO(UK), such that
each Uy is diffeomorphic to the unit ball B of R"™! by a diffeomorphism  :
B‘lz' — Uk. For Uk = u > g and Xk = nk X, we compute

/ uX(u)do(x):lZ/ Xk(uz)do(x)ZEZ/ ri:lx_(k)(az)idy
00 257 25 ey i I - ’

where EXNIi(k) el is bounded from above by a constant depending only on [aj; [cl,

[BIcl and Y. Integrating by parts and noting that Xi(k) has compact support,
we obtain

/ u X (u)dao(x) SCZ/ |Gk|2dy3c4/ [u]? do(x),
0 /By 0
where ¢4 depends on [@jj [cl, [BIcl and Y. Returning to (@0) we hence get

cl/Q|IIEIdx+()\—c2)/Qu2dxs(cg+c4)/a u?da(x)

Q

Slcl/lmﬁdX+C5/U2dX
2 Q Q

where in the second estimate we have used the compactness of the embedding
H1(Q) B L?(00). It is readily seen that, for A > ¢, + Cs, the above inequality
forces Ul dqy = 0, which implies u = 0. O

Proposition 4 Assume that (F,B) = (F1,B1) + (F2, B2) where

(F1[u], B1[u]) = (aij (X) Uij + bi () Ui + c(x) u, (Bi(X) ui + y(X) u)]aQ),
(Falul Bolu]) = (Frtx,u, [mIbets,u)], ).

aij, bi, ¢ CG>¥(Q), B, y CQ**9Q), f, CA>*(Q xR xR"), and b, [
C*%(a2 x R). Assume that F is elliptic, i.e. (ajj) > 0 in £, and B is oblique,
i.e. B-v >0o0n90N.

If (F1,By1) is invertible, then for any open bounded set O [CF%(Q) such
that 90 n (F,B)~1(0) = e have

deg ((F,B),0,0) = (—1)¥ME " (F1.Biqee| o (1d + (F1,B1) 1 = (F2, B2),0,0),
where

E~(F..B) = {u LT (Q) : —(F1[u], B1[u]) = (A; u,O)}.

Ai<O0



Remark 8 (a) dim E™(F1, B1) is finite due to Lemma[I8 and standard elliptic
estimates.
(b) If f—= 0 and b= 0, then the conclusion simplifies to

deg ((F, B), O, ()) — (_1)dim Ef(Fl,Bl)_

Proof. As before, set T = (S°F,B) : C*®(Q2) -~ C%(2)xC1%(0Q) xC>%(9Q2),
where S is given by (82). Define L : C*%(Q) - C%(Q) x C1%(9Q) x C>%(0Q2)
by

(cmw)],),

By (BZ), we can pick N large enough such that L is invertible, L™t T : C*%(Q)
- C*9%(Q) is of the form Id + Compact and

Lw= (ast(x) Wiist — N as¢ Wst, (ast(x) Wisti vi) 50

deg ((F,B),0,0) =deg s (L™1=T,0,0).

Set G = (S » F1,B1). By our hypotheses, G is invertible. Thus, by the
product rule of the Leray-Schauder degree,

deg ((F,B),0,0) = degis(L™"2G,U,0)deg s (G *=T,0,U),
u
where the summation is made over the connected components of C*%(Q) \

(F1,B1)" 1o (F,B)(00). It is evident that deg s (L™1=G,U,0) = 0if 0 F UL
Hence

deg ((F,B),0,0) = deg s (L1 G,0,0)deg s.(G1=T,0,0),

where O is the connected component, of C*%(Q)\ (F1,B1)™* < (F, B)(00) con-
taining 0. AsG™1oT = (F]_, Bl)_l ° (F, B) = 1Id+ (F]_, Bl)_l o (Fz, Bz), it
remains to show that

d:=degLs.(L71°G,0,0) = (—1)4mE (F1.B1) (91)
Define (F,B): C*%(Q) - C2%(Q) x C3%(9Q) by
(Fw], Bw]) = (@i () wig, (Bi() wi +w) ).

For 0 <t < 1, define L¢ : C*%(Q) - C%(Q) x CL%(9Q) x C3%(3N) by

Lew — ((1_t) ast(X) Wiist-+tAF [w]—N F [w], ((1—t)ast(x) Wit Vi+t a'f[""])]ag'

ov

As in the proof of (B3]), we can select N large enough so that each Lt is an
isomorphism for t [0, 1]. Furthermore, as Ly — G : C*%(Q2) - CL%(Q) x
C2%(9Q) x C*%(3Q), Ly * = G is a legitimate homotopy for the Leray-Schauder
degree. It follows that

d=deg s (L712G,0,0) =degs.(L7*°G,0,0). (92)
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Next, set

Cew = (A(If[w]) —(1—t)NFw], (ai\[)w] +tlf[w]) ’m, é;[w]).

Arguing as before, we have L is invertible and
deg s (L71°G,0,0) =degLs(Lyg'°G,0,0) =degs(L; =G,0,0). (93)

Note that L;* = (S<F,B) and so L;* G = (F,B)™! < (F1,B;). Hence,
by (@) and (T3)
d=degs.((F,B)" o (F1,B1),0,0) = deg s ((F1,B1)"* = (F,B),0,0).
Set o
A¢= (F1,By) e [(1—1t)(F,B) —t(1d,0)],

where (1d, 0) is considered as an operator from C*%(€2) into C2%(Q)xC>%(39).
By the maximum principle and obliqueness, A¢ is a continuous family of invert-
ible linear operators acting on C*%(Q2). Moreover, for t []0,1), (1 —t)"1 A is
of the form Id + Compact. Hence, by the homotopy invariance property of the
Leray-Schauder degree,

d =deg ((1—1t)"1A,0,0) for any t [T, 1),
which implies
d=(—1)9ME (A9 for any t []0,1),

where -
E-(A)= P {u CTM(0Q) : Acu = Ai(t) u}.
Ai(H)<0
To proceed, we claim that there exists some C > 0 and § [(0, 1) such that,
for any t 1 —9, 1]

1
—C<A< c for any negative eigenvalue A of At. (94)

Indeed, let A be an eigenvalue of some Ay and U be a corresponding eigenfunc-
tion. Since Ay is invertible, Then

[(1 —t)aij Uij —tu} in Q,
Bi Ui + U) on 09,

>l

{ ajj Uij + biui +cu =
Biui+yu=3(1—t)

—~

which is equivalent to

ajj Ujj + ﬁ bi uj + )\_(’i_t) cCu-+ )\_(tl_t)u =0in Q,
Bi Ui + }\_(}]\__t)y u— }\—]-(It—t) U= on aQ,

It is readily seen that the first inequality in (@4]) follows from the invertability
of (F,B) while the second follows from Lemma [I§ for 8 sufficiently small.
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By ([@4) and the compactness of A1, we can pick a (simply connected) neigh-
borhood N of [—C, —é] in the complex plane such that in the set of eigenvalues
of Az lying in N consists of all negative real eigenvalues of A;. Furthermore,
we can assume that N is symmetric about the real axis. Set

EALN) = P {u IZCI“'“(Q):Atu:)\i(t)u},

Ai(t) [ND

EAN) = P {u IZCI“'O‘(Q):Atu:)\i(t)u}

Ai () CNNR

By the continuity of a finite system of eigenvalues (see e.g. [47, pp. 213-214]),
for & > 0 sufficiently small,

dim E(A¢, N ) is independent of t (1 —§, 1].
Also, since At has real coefficients,
dim EA¢,N) is even .
Therefore, by ([@4),

d= lim(—l)dim E7 (A _ lim(—l)dim E(Ac,N) _ (_l)dim E(A1,N) _ (_1)dim E’(Al).

t-1 t-1
As Ay = —(F1,B1)7t = (1d,0), @) follows. The proof is complete. O
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