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Abstract

We prove existence and compactness of solutions to a fully nonlinear Yamabe
problem on locally conformally flat Riemannian manifolds with umbilic boundary.

1 Introduction
Let (Mn,g), n ≥ 3, be a smooth compact Riemannian manifold with boundary ∂M whose
components are N1, . . . , Nm. Let Ag denote the Schouten tensor of g, i.e.

Ag =
1

n−2

(
Ricg−

Rg

2(n−1)
g
)
,

and λ (Ag) its eigenvalues with respect to g. Here Ricg is the Ricci curvature of g. Let
hg denote the mean curvature of ∂M with respect to the inner normal (so that the mean
curvature of a Euclidean sphere is positive).

∗Department of Mathematics, Rutgers University
†Partially supported by NSF grants DMS-0654267 and DMS-1203961 and a Rutgers University Research

Council grant
‡Department of Mathematics, Princeton University
§Part of this work was done while the second author was a postdoc at Oxford Centre for Nonlinear PDE,

University of Oxford. He would like to thank the centre for its financial support.

1



Let Γ be an open cone in Rn and f be a function defined on Γ such that

Γ⊂ Rn is an open convex symmetric cone with vertex at the origin, (1)
Γn := {λ ∈ Rn|λi > 0} ⊂ Γ⊂ Γ1 := {λ ∈ Rn|λ1 + . . .+λn > 0}. (2)

f ∈C∞(Γ)∩C0(Γ̄) is a non-negative symmetric function of λ , (3)

f > 0,
∂ f
∂λi

> 0 in Γ (1≤ i≤ n), and f |∂Γ = 0, (4)

n

∑
i=1

∂ f
∂λi
≥ δ in Γ for some constant δ > 0. (5)

In some cases, we will also assume that

f is homogeneous of degree one on Γ, (6)

and/or
f is concave in Γ. (7)

Note that if ( f ,Γ) satisfies (1)-(4), (6) and (7), then (5) is automatically satisfied; see [58].
The following problem, which is sometimes referred to as a fully nonlinear Yamabe

problem (on manifolds with boundary), has been of considerable interest for some time.
For some given real numbers c1, . . . , cm, consider the problem f (λ (A

u
4

n−2 g
)) = 1,λ (A

u
4

n−2 g
) ∈ Γ and u > 0 in M,

h
u

4
n−2 g

= ck on Nk, k = 1, . . . ,m.
(8)

Note that under a conformal change of the metric, the Schouten tensor and the mean cur-
vature change according to

A
u

4
n−2 g

=− 2
n−2

u−1
∇

2
gu+

2n
(n−2)2 u−2du⊗du− 2

(n−2)2 u−2|du|2g g+Ag,

h
u

4
n−2 g

= u−
n

n−2

[ 2
n−2

∂u
∂ν

+hg u
]
.

Here ν is the outer unit normal to ∂M (with respect to the metric g).

Important examples of ( f ,Γ) are (σ
1
k

k ,Γk) where σk is the k-th elementary symmetric
function, i.e. σk(λ ) = ∑i1<...<ik λi1 . . .λik , and Γk = {λ ∈ Rn : σl(λ ) > 0,1 ≤ l ≤ k}. It is

well known that ( f ,Γ) = (σ
1
k

k ,Γk) satisfies (1)-(7) and Γk is the connected component of
{σk > 0} containing Γn ≡ {λi > 0}. We note that, for any given cone Γ satisfying (1), (2)
and admitting a smooth concave defining function, there exists some function f satisfying
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(3)-(7); see [44]. See e.g. [6] where fully nonlinear elliptic equations with eigenvalues of
the Hessian ∇2u in such cones were first studied.

The analogue of problem (8) on closed manifolds has been studied intensively in the
literature. See [7, 8, 9, 10, 22, 27, 28, 30, 31, 37, 39, 42, 45, 47, 55, 56, 57, 59, 60, 61, 62].

The case where ( f ,Γ) = (σ1,Γ1) is the Yamabe problem on manifolds with boundary.
When (M,g) is of “positive type”, i.e. it admits a conformal metric of positive scalar
curvature and minimal boundary, problem (8) was studied in [2, 4, 14, 18, 19, 32, 33]. The
analogue when (M,g) is not of positive type has also been considered, see [3, 5, 15, 18, 19,
21, 50, 51]. It was proved, when c1 = · · ·= cm = c ∈ R, in [32] and [33] that the problem
(8) is solvable for ( f ,Γ) = (σ1,Γ1) under one of the following hypotheses:

(i) n ≥ 3, (M,g) is locally conformally flat, ∂M is umbilic;

(ii) n ≥ 5, ∂M is not totally umbilic.

(Recall that a hypersurface is umbilic if its second fundamental form is a multiple of the
metric.) Note that the case c = 0 was proved earlier in [18] and [19], where other cases
were also studied.

Problem (8) in its full generality has been studied by Chen [12, 13], Jin [34], Jin, Li
and Li [35], and Li and Li [40]. See also [25] and [52] for some other boundary conditions.
Jin, Li and Li showed in [35] that if M has umbilic boundary and is locally conformally
flat near its boundary, then (8) is solvable when Γ ⊂ Γ j for some j > n

2 , ck ≥ 0, and (M,g)
admits a conformal metric g̃ such that λ (Ag̃) ∈ Γ in M and hg̃ ≥ 0 on ∂M. In the same
paper, they showed that the requirement Γ⊂ Γ j for some j > n

2 can be relaxed if c1 = . . .=
cm = 0. A similar statement was proved independently by Chen [12].

The main focus of the present paper is when (M,g) is locally conformally flat and ∂M
is umbilic. This can be viewed as a generalization of the compactness results of Li and
Li on closed manifolds [37, 39]. As mentioned in the previous paragraph, when one of
the ck is non-zero, existing existence statements require that Γ ⊂ Γ j for some j > n/2.
This assumption is severely restrictive in our setting: it forces (M,g) to be a quotient of
the standard half-sphere, see Proposition 4.1. It is therefore desirable to remove the above
restriction on the cone Γ.

The main purpose of this paper is to establish C0 bounds for solutions of (8) under
the assumption that (M,g) is locally conformally flat and ∂M is umbilic without further
assumption on the cone Γ. Such estimates enable us to establish, in view of known first and
second derivative estimates in [11, 12, 28, 34, 35, 37, 38, 42, 62], and the degree counting
formula in [32], the existence of solutions of (8) for non-negative ck’s.

Theorem 1.1 Let (Mn,g), n≥ 3, be a smooth compact locally conformally flat Riemannian
manifold with umbilic boundary ∂M and N1, . . . , Nm be the components of ∂M. Assume
that (M,g) is not conformally equivalent to the standard half-sphere S̄n

+, λ (Ag) ∈ Γ in M
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and hg ≥ 0 on ∂M. Let ( f ,Γ) satisfy (1)-(6). For any given constant β > 0 there exists a
constant C = C(M,g, f ,Γ,β ) such that if u ∈ C2(M) is a positive solution to (8) for some
constants c1, . . . , cm satisfying |ck| ≤ β , then

‖u‖C0(M,g)+‖u−1‖C0(M,g) ≤C. (9)

Remark 1.2 We note that in Theorem 1.1, we do not assume that f be concave. Also,
regarding the upper bound of u, the assumption λ (Ag) ∈ Γ can be relaxed to Rg ≥ 0.

Theorem 1.3 Let (M,g) be as in Theorem 1.1. Let ( f ,Γ) satisfy (1)-(4) and assume in
addition condition (7), i.e. f is concave. Then, for any collection of non-negative numbers
ck ≥ 0, there exists a positive solution u ∈C∞(M) of (8). Moreover, any such u satisfies

‖u‖Cl(M)+‖u
−1‖Cl(M) ≤C(M,g, f ,Γ,ck, l), ∀ l = 0,1, . . . (10)

If (M,g) is conformally equivalent to the standard hemisphere, Theorem 1.1 does not
hold, while the existence statement in Theorem 1.3 is obvious for all real numbers c1.

For 1 ≤ k < n
2 , let M = Sn−1× [0,1] and g be its standard metric. Then λ (Ag) ∈ Γk in

M, hg ≡ 0 on ∂M, and therefore (M,g) satisfies the hypotheses of Theorems 1.1 and 1.3.
It should be noted that if one removes the non-negativity assumption on {ck} in The-

orem 1.3, estimate (10) may fail, at both local level and global level. See [44, 46] for
details.

In the special case where ( f ,Γ) = (σ1,Γ1), Theorems 1.1 and 1.3 were proved by Han
and Li in [32]. Our proof of Theorem 1.1 is very different. A proof along the line of [32]
would require more development in the analysis of fully nonlinear conformally invariant
equations.

An analogue of Theorem 1.1 for closed locally conformally flat Riemannian manifolds
was established by Li and Li [39]. An important ingredient in their approach was the
positive mass theorem of Schoen and Yau [53] for locally conformally flat manifolds which
reduces their analysis to that on a Euclidean domain. This approach is also useful in our
setting. As a tool for the passage from locally conformally flat manifolds with umbilic
boundary to Euclidean domains, we establish, based on the positive mass theorem,

Theorem 1.4 Let (Mn,g), n≥ 3, be a smooth compact locally conformally flat Riemannian
manifold with (non-empty) umbilic boundary ∂M. Assume in addition that Rg > 0 in M and
hg ≥ 0 on ∂M. Then there exist a non-empty family of non-overlapping geodesic open balls
{Bα} in the standard sphere (Sn,gSn) and a (possibly empty) closed subset Λ of Sn of
Hausdorff dimension at most n−2

2 such that the following conclusions hold.

(i) There exists a smooth conformal covering map Ψ : G := Sn \ (∪Bα ∪Λ) → (M,g),
where G is equipped with the metric inherited from the round Sn.
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(ii) If B̄α ∩ B̄β = {p}, then p ∈ Λ.

(iii) If {Bα j} ⊂ {Bα} is a sequence of distinct balls “converging” to a point p, i.e. their
centers converge to p in Sn and their radii tend to 0, then p ∈ Λ.

(iv) If we write the pull-back metric of g to G by Ψ as w
4

n−2 gSn , then

w(p)→ ∞ as distSn(p,Λ)→ 0.

The rest of the paper is organized as follows. We start with the proof of Theorem 1.4
in Section 2. Section 3 is devoted to the proof of Theorem 1.1. The proof of Theorem
1.3 are carried out in Section 4. Finally, in Appendix A we state some facts that we need
about a degree theory for second order nonlinear elliptic equations with nonlinear oblique
boundary conditions.

2 The holonomy covering of a locally conformally flat man-
ifold with umbilic boundary

In this section, we prove Theorem 1.4. The idea is to attach another copy of M to M
along its boundary and to use the corresponding result of Schoen and Yau [53] on closed
manifolds.

Proof of Theorem 1.4. Without loss of generality, we can assume that Rg > 0 in M and hg

= 0 on ∂M. This can be achieved, for example, by working with ĝ = ϕ
4

n−2 g instead of g
for a positive eigenfunction ϕ of{

−Lgϕ = λϕ in M̊,
∂ϕ

∂ν
+ n−2

2 hgϕ = 0 on ∂M.
(11)

Let M2 be the double of M obtained by attaching a second copy of M to M along its
boundary. Extend the metric g to M2 by an even extension. Then, as ∂M is umbilic and
minimal, (M2,g) is a closed C2,1 locally conformally flat manifold with positive scalar
curvature.

Let M̃2 be the universal covering of M2 with covering map π . Equip M̃2 with the metric
g̃ inherited from g. By a deep result of Schoen and Yau (see [53, Theorems 4.5, 4.7]), there
exists an injective conformal map Φ : M̃2→ Sn such that ∂Φ(M̃2) is the same as Sn\Φ(M̃2)
and has Hausdorff dimension at most n−2

2 .
Let M̂ be any connected component of π−1(M) ⊂ M̃2. Then π : M̂ → M is a covering

map. In particular, (M̂, g̃) is a complete locally conformally flat manifold with umbilic
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boundary. We will show that Φ(M̂)=Sn\(∪Bα∪Λ) where Bα and Λ are as in the statement
of the theorem.

We claim that there is an identification of each component N̂ of ∂M̂ with a geodesic
(n−1)-sphere SN̂ of Sn such that the following holds:

(a) Φ(N̂) is contained and dense in SN̂ , Φ(N̂) is open in the relative topology of SN̂ , and
SN̂ \Φ(N̂) has Hausdorff dimension at most n−2

2 ,

(b) For two different components N̂1 and N̂2 of ∂M̂, SN̂1
∩SN̂2

cannot contain more than
one point,

(c) Φ(M̂ \ N̂) belongs to only one component of Sn \SN̂ .

First, if N̂ is a component of the boundary of M̂, then, by umbilicity, Φ(N̂) is contained
in some geodesic (n−1)-sphere of Sn, which will be denoted by SN̂ . Clearly, Φ(N̂) is open
in SN̂ . Let ZN̂ denote the boundary of Φ(N̂) in SN̂ and consider a point p in ZN̂ . Then
there exists x̂k ∈ N̂ such that Φ(x̂k)→ p in the topology of SN̂ , and so in the topology of
Sn. If p = Φ(x̃) for some x̃ ∈ M̃2, the injectivity and local invertability of Φ implies that x̂k
→ x̃, and so x̃ ∈ N̂ and so p ∈ Φ(N̂), which contradicts the choice of p. We conclude that
the boundary ZN̂ must be a subset of Sn \Φ(M̃2), and thus must have Hausdorff dimension
at most n−2

2 < n−2.
We claim that Φ(N̂) is dense in SN̂ . If not, then there exist ε > 0 and p,q∈SN̂ such that

B2ε(p)⊂Φ(N̂) and B2ε(q)∩Φ(N̂) = /0, where B2ε(p) and B2ε(q) denote the geodesic balls
in SN̂ . We can then construct a surjective Lipschitz map ψ : ZN̂ → ∂Bε(p). To this end,
we may assume (modulo a self-diffeomorphism of SN̂) that p and q are antipodal points
of SN̂ . Along each geodesic connecting p and q there must be a point in ZN̂ . The map
Ψ projecting ZN̂ along geodesics to ∂Bε(p) is clearly Lipschitz and onto. The existence
of such a ψ implies that the Hausdorff dimension of ZN̂ is not smaller than that of ∂Bε(p)
which is n−2, violating the fact that the Hausdorff dimension of ZN̂ ≤

n−2
2 . Hence Φ(N̂)

is dense in SN̂ . It follows that ZN̂ =SN̂ \Φ(N̂). We have established (a).
Next, consider two different components N̂1 and N̂2 of the boundary of M̂ where SN̂1

∩
SN̂2

is non-empty. Then either SN̂1
∩SN̂2

consists of a single point or it is an (n− 2)-
sphere. Pick any point p in this intersection. Then we can pick x̂k ∈ N̂1 and ŷk ∈ N̂2 such
that Φ(x̂k) and Φ(ŷk) converge to p in the topology of Sn. Therefore, if p = Φ(x̃) for some x̃
∈ M̃2, we can argue as in the previous paragraph to get x̂k, ŷk→ x̃, which implies x̃∈ N̂1∩N̂2
contradicting our initial assumption that N̂1 and N̂2 are different connected components of
∂M̂. We infer that SN̂1

∩SN̂2
is a subset of Sn \Φ(M̃2) and so has Hausdorff dimension

at most n−2
2 < n− 2. This implies that SN̂1

∩SN̂2
consists of a single point. We have

established (b).
Consider a sphere SN̂ where N̂ is some component of ∂M̂. Then SN̂ separates Sn

into two components. We claim that Φ(M̂ \ N̂) is contained in only one of those two
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components. Arguing indirectly, assume for some x̂ and ŷ in M̂ \ N̂ that Φ(x̂) and Φ(ŷ)
belong to different components of Sn \SN̂ . Let γ be a path in M̂ \ N̂ that connects x̂ to ŷ.
Then Φ◦ γ is a path in Φ(M̂ \ N̂) that connects Φ(x̂) to Φ(ŷ). Since γ(t0) is not in N̂, there
exists an open neighborhood of γ(t0) which has no intersection with N̂, so Φ◦ γ(t0) is not
in the closure of Φ(N̂), violating (a). Part (c) is proved.

By the above claim, for each component N̂ of ∂M̂, there is a component of Sn \SN̂ ,
which we will denote by BN̂ , that does not intersect Φ(M̂). We would like to say that {Bα}
:= {BN̂} and Λ := [Sn \Φ(M̃2)]∩ [Sn \ (∪BN̂)] meet the requirements in our theorem.

As shown before, if two spheres SN̂1
and SN̂2

intersect non-trivially, the intersection
consists of a single point. Hence, the balls Bα are non-overlapping. Also, by construction,
Λ is closed in Sn and has Hausdorff dimension at most n−2

2 . In addition, (ii) is evident
according to our earlier consideration.

To show (iii), we assume that {BN̂ j
} converges to a point p in Sn where {N̂ j} is a

sequence of distinct components of ∂M̂. Assume by contradiction that p does not belong
to Λ, clearly p = Φ(x̃)∈Φ(M̃2) for some x̃∈ M̃2. Then the injectivity and local invertability
of Φ implies that for any ε > 0, all N̂ j must eventually lie in an ε-ball centered at x̃. On
the other hand, we can always pick some δ sufficiently small so that any δ -neighborhood
of π(x) ∈ M2 cannot intersect more than one component of ∂M. Since π : M̃2 → M2 is a
local isometry, we get a contradiction for ε < δ .

Before proving (i), we claim that the set G := Sn \ (∪Bα ∪Λ) is connected. The con-
nectedness of Sn \Λ and ∂Bα \Λ is a consequence of the fact that the Hausdorff dimension
of Λ is less than n−2, by an argument used earlier. To see that G is connected, pick p and q
in G and a path γ : [0,1]→ Sn \Λ which connects p to q. If γ intersect infinitely many Bα ’s,
then as these balls are non-overlapping, we can pick a subsequence of them that shrinks to
a point on γ which contradicts (iii) and the definition of γ . Hence γ can only intersect at
most finitely many Bα . Therefore, it suffices to show that for any ball Bα that intersect γ ,
we can modify γ to γ̃ that does not intersect Bα . Define

tα = sup{0≤ t ≤ 1 : γ(s) /∈ Bα for 0≤ s≤ t},
t̄α = inf{0≤ t ≤ 1 : γ(s) /∈ Bα for t ≤ s≤ 1}.

Then these numbers are well-defined, tα < t̄α , and γ(tα) and γ(t̄α) belongs to ∂Bα \Λ. γ̃

is obtained from γ by replacing γ([tα , t̄α ]) by a path in ∂Bα \Λ with same endpoints. The
claim follows.

To prove (i), we need to show that G = Φ(M̂). As Bα does not intersect Φ(M̂), we must
have Φ(M̂)⊂G. Since G is also connected, it suffices to show that Φ(M̂) is both closed and
open in G. To see that Φ(M̂) is closed in G, pick pk = Φ(x̂k) ∈Φ(M̂) such that pk→ p ∈G.
By the definition of p, p = Φ(x̃) for some x̃ ∈ M̃2. The injectivity and local invertability of
Φ then implies that x̂k→ x̃, which shows x̃ ∈ M̂ and so p ∈Φ(M̂). To see that Φ(M̂) is open
in G, pick a point p = Φ(x̂) ∈Φ(M̂). If x̂ ∈ˆ̊M, then by the injectivity and local invertability
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of Φ, p is an interior point of Φ(M̂) relative to G. Hence, it is enough to consider x̂ ∈ ∂M,
i.e. p ∈ ∂Bα0 for some α0. By (iii), using the fact that p is not in Λ, we can pick a ball
Bδ (p) in Sn such that Bδ (p)∩ ∂Bα = /0 for all α 6= Bα0 , and Bδ (p) \ ∂Bα0 has exactly
two components, one is Bδ (p)∩ (G\∂Bα0) and the other is Bδ (p)∩Bα0 . By lowering δ if
necessary, we can further assume that Φ|Φ−1(Bδ (p)) : Φ−1(Bδ (p))→ Bδ (p) is a bijection.
Using the definition of M2, M̂ and M̃2, we infer that Φ|

Φ−1(Bδ (p))∩M̂ : Φ−1(Bδ (p))∩ M̂ →
Bδ (p)∩G is also a bijection, which implies that p is an interior point of Φ(M̂) relative to
G. Hence Φ(M̂) is open (and closed) in G. Assertion (i) follows with Ψ = π ◦Φ−1.

Finally, we show (iv). Let w̃
4

n−2 gSn be the pull-back of g̃ to Φ(M̃2) by Φ−1. Then
(Φ(M̃2), w̃

4
n−2 gSn) is a complete manifold. Hence, by the Harnack inequality (see [53,

Proposition 2.6]), we have w̃(p)≥ cdist(p,∂Φ(M̃2))
− n−2

2 for any p ∈Φ(M̃2) and for some
postive constant c. Since w = w̃|Ω, (iv) follows. Theorem 1.4 is established. �

3 C0 estimates
In this section, we prove Theorem 1.1. Define a pair (F,U) by

U = {M ∈ Symn×n : λ (M) ∈ Γ}, F(M) = f (λ (M)).

Here λ (M) denotes the set of (real) eigenvalues of a symmetric matrix M and Symn×n

denotes the set of symmetric n× n matrices. Then f (λ (A
u

4
n−2 gflat

)) = F(Au) where gflat

denotes the flat metric on Rn and

Au =− 2
n−2

u−
n+2
n−2 ∇

2u+
2n

(n−2)2 u−
2n

n−2 ∇u⊗∇u− 2
(n−2)2 u−

2n
n−2 |∇u|2 I.

Here I is the identity matrix.

Proof of Theorem 1.1. Assume for the moment that we have already established

sup
M

u≤C, (12)

where here and below C denotes some generic constant that may vary from lines to lines
but otherwise independent of u. We will show that

inf
M

u≥ 1
C

> 0. (13)

By (12) and the gradient estimates in [42, Theorem 1.19], |∇ lnu| ≤C in M. Thus, to prove
(13), it suffices to show that

sup
M

u≥ 1
C

> 0. (14)
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Consider the metric gε = (1−ε ϕ)
4

n−2 g where ε is a small positive number to be deter-
mined and ϕ is a smooth function such that ϕ(x) = dist g(x,∂M) near ∂M. Then for all ε

sufficiently small, λ (Agε
) ∈ Γ in M. But as ϕ = 0 and ∂νϕ = −1 on ∂M, we have

hgε
= (1− ε ϕ)−

n
n−2

[ 2
n−2

∂ν(1− εϕ)+hg

]
= (1− ε ϕ)−

n
n−2

[ 2ε

n−2
+hg

]
> 0 on ∂M.

Therefore, by replacing g by gε if necessary, we can assume hg ≥ 1
C > 0 on ∂M.

Let u(x̄) = maxM u. Then either x̄ ∈M or x̄ ∈ ∂M.
If x̄ ∈M, ∇u(x̄) = 0 and ∇2u(x̄) ≤ 0. Thus,

1 = f
(
λ (A

u
4

n−2 g
(x̄))

)
≥ f
(
u−

4
n−2 (x̄)λ (Ag(x̄))

)
= u−

4
n−2 (x̄) f (λ (Ag(x̄))).

Since λ (Ag) ∈ Γ in M, this implies that

u(x̄)≥min
M

[
f (λ (Ag))

] n−2
4 =

1
C

> 0.

If x̄ ∈ Nk ⊂ ∂M, we have

∂u
∂ν

(x̄)+
n−2

2
hgu(x̄) = cku

n
n−2 (x̄).

Since x̄ is a maximum point of u and hg is positive, this implies that ck > 0 and

u(x̄)≥min
∂M

[n−2
2ck

hg

] n−2
2

=
1
C

> 0.

In either case, we have proved (14), whence (13). We turn to (12). Recall that (M,g) is a
locally conformally flat manifold with umbilic boundary. Note that λ (Ag)∈ Γ⊂ Γ1 implies
Rg > 0. By Theorem 1.4, we can find an open ball B−1 ⊂ Rn and a (possibly empty, finite
or infinite) collection of non-overlapping open balls {Bα}α=1,2,..., each being contained in
B−1, and a closed subset Λ of B̄−1, whose Hausdorff dimension does not exceed n−2

2 , such
that:

(i) Ω = B−1 \ (∪B̄α ∪Λ) is open and there exists a conformal covering map Ψ : Ω̄\Λ→
(M,g).

(ii) If B̄α ∩ B̄β = {p}, or B̄α ∩ B̄−1 = {p}, then p ∈ Λ.

(iii) If {Bα j} ⊂ {Bα} is a sequence of distinct balls “converging” to a point p, then p ∈ Λ.

(iv) If we write the pull-back metric of g to Ω by Ψ as w
4

n−2 δi j, then

w(x)→ ∞ as distRn(x,Λ)→ 0.
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We distinguish two cases: Ω = B−1 or Ω 6= B−1.

Case 1: Ω = B−1. Then Λ = /0, and, by using a Möbius transformation, we can assume that
Ω = Rn

+. If (12) fails, then there is a family of solutions u j to (8) on M and a sequence x j
in M such that

u j(x j) = max
M

u j→ ∞, and x j→ x∗ ∈M.

Since (M,g) is not conformally equivalent to S̄n
+, for any x ∈ M, Ψ−1(x) ⊂ R̄n

+∪{∞}
contains at least two points. Without loss of generality, we may assume that Ψ(∞) 6= x∗.
By compactness, we can select y j → y∗ and z j → z∗ in R̄n

+ with y∗ 6= z∗ such that Ψ(y∗) =
Ψ(z∗) = x∗ and Ψ(y j) = Ψ(z j) = x j. Now let

v j(y) = u j ◦Ψ(y)w(y), y ∈ Rn
+.

Then v j blows up at y∗ and z∗.
On the other hand, v j is positive in R̄n

+ and satisfies{
F(Av j) = 1 and Av j ∈U in R̄n

+,
h

v
4

n−2
j gflat

= c on ∂Rn
+.

By the Liouville theorem in [40], v j must be a “standard bubble”, i.e.

v j(p) = c(n)
( a j

1+a2
j |p− p j|2

) n−2
2 for some a j > 0, p j ∈ Rn.

Such v j can only blow up at a single point, a contradiction.

Case 2: Ω 6= B−1. Define

v(y) = u◦Ψ(y)w(y), y ∈ Ω̄\Λ.

Then v is positive in Ω̄\Λ and satisfies
F(Av) = 1 and Av ∈U in Ω̄\Λ,
v(x)→ ∞ as dist(x,Λ)→ 0,
∂v
∂ν

+ n−2
2 hv = ck v

n
n−2 on ∂Bα \Λ if Ψ(∂Bα \Λ) = Nk.

(15)

Here h is the mean curvature fo ∂Ω\Λ, i.e. h = 1
r−1

on B−1 and h =− 1
rα

on Bα where r−1
is the radius of B−1 and rα is the radius of Bα .

Now, fix some point p0 ∈ Ω and pick R large enough such that Ψ(ER) = M, where ER
= {p : dist (Ω̄\Λ,Ψ∗g)(p, p0) ≤ R}. Such R is guaranteed to exist by the compactness of M.
Evidently, distRn(ER,Λ)> 0. By Theorem 3.1 below, we have v≤C in ER, which implies
supM u≤C

[
infER w

]−1
=C, which completes the proof. �
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Theorem 3.1 For any given constants β > 0 and ε > 0, there exists C =C( f ,Γ,Ω,Λ,β ,ε)
such that if v ∈C2(Ω̄\Λ) satisfies (15) and ck >−β , then

sup{v(x) : x ∈ Ω̄,dist(x,Λ)≥ ε} ≤C.

Here, when Λ = /0 the set {x ∈ Ω̄,dist(x,Λ)≥ ε} is understood as Ω̄.

To prove the theorem, we will use the method of moving spheres, a variant of the
method of moving planes developed through the works of Alexandrov [1], Serrin [54] and
Gidas, Ni and Nirenberg [23], [24]. In the rest of the section, unless otherwise stated, Br(x)
will denote the open ball of radius r centered at x in Rn, n ≥ 3. For a function w, a point x
and a real number λ > 0, let wλ

x denote its Kelvin transformation with respect to the sphere
∂Bλ (x), i.e.

wλ
x (y) =

λ n−2

|y− x|n−2 w
(

x+
λ 2(y− x)
|y− x|2

)
wherever the expression makes sense.

3.1 Interior C0 estimate
We will show for some C =C( f ,Γ,Ω,Λ) that

v(x)≤C dist(x,∂Ω)−
n−2

2 for all x ∈Ω. (16)

Fix some x0 ∈Ω and define

λ̄ = sup{0 < λ < dist(x0,∂Ω) : vλ
x0
(y)≤ v(y) for all y ∈Ω\Bλ (x0)}.

Note that λ̄ is well-defined in light of [48, Lemma 2.1]. We establish (16) by showing that
λ̄ ≤C v(x0)

− 2
n−2 and dist(x0,∂Ω) ≤C(λ̄ 2 v(x0)

2
n−2 + λ̄ ).

The first piece follows from the following property of super-solutions.

Lemma 3.2 Let u ∈ C2(B+
8s(0))∩C0(B̄+

8s(0)) be a positive function satisfying F(Au) ≥
1 and Au ∈U in B+

8s(0). Then

inf
B8s(0)∩{xn=0}

u≤C( f ,Γ)s−
n−2

2 .

Remark 3.3 Under an additional hypothesis that u ≤ C2 in B+
s (0), this result was proved

in [38]. Under the same additional hypothesis, a weaker statement concerning infB+
s (0) u

was proved in [39].
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Proof. Let ρ ∈ C∞
c (−1,1) be a nice cut-off function such that 0 ≤ ρ ≤ 1 and ρ = 1 in

(−1
2 ,

1
2). Let ψ be the harmonic function in B+

8s(0) satisfying ψ = 0 on ∂B8s(0)∩Rn
+, and

ψ = ρ
( |x′|

8s

)
on B4s(0)∩{xn = 0}. Then ψ ≥ c(n) > 0 in B+

4s(0). Hence, the maximum
principle implies

u≥ ψ inf
B8s(0)∩{xn=0}

u≥ c(n) inf
B8s(0)∩{xn=0}

u in B+
4s(0).

It thus suffices to show that m := infBs(x0) u≤C s−
n−2

2 for some Bs(x0)⊂ B+
4s(0).

Let τ be the largest positive number such that

ξ (y) :=
τ

s4 (s
2−|y− x0|2)2 ≤ u in B s

8
(x0).

Then for some |ȳ− x0| < s,

u(ȳ) = ξ (ȳ),∇u(ȳ) = ∇ξ (ȳ), and ∇
2u(ȳ)≥ ∇

2
ξ (ȳ). (17)

By a straightforward computation,

Aξ (ȳ)=
16τ

(n−2)s4 ξ (ȳ)−
n+2
n−2

[n+2
n−2

(ȳ−x0)⊗(ȳ−x0)+
(s2−|ȳ− x0|2

2
− 2

n−2
|ȳ−x0|2

)
I
]
.

(18)
Thus, by (2) and (17),

0≤ tr(Au(ȳ))≤ tr(Aξ (ȳ)) =
8τ

(n−2)s4 ξ (ȳ)−
n+2
n−2

[
ns2− (n+2)|ȳ− x0|2

]
.

This implies |ȳ−x0|2 ≤ n
n+2s2, and therefore ξ (ȳ)≥ 4

(n+2)2 τ . As we also have ξ (ȳ) = u(ȳ)
≥ m, it follows that

ξ (ȳ)≥ (
4

(n+2)2 τ)
n−2
n+2 m1− n−2

n+2 =
1

C(n)
m

4
n+2 τ

n−2
n+2 .

Consequently, in view of (17) and (18),

Au(ȳ)≤ Aξ (ȳ)≤C(n)m−
4

n−2 s−2 I.

Thus, by (4) and (6), we have

1≤ F(Au(ȳ))≤C(n)m−
4

n−2 s−2 F(I),

which implies the assertion. �

We continue with a lemma on the moving sphere radii.
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Lemma 3.4 Let D be an open subset of Rn, n≥ 3, and let u ∈C2(D) be a positive solution
of F(Au) = 1 in D. Assume for some B̄λ (x) ⊂ D that

uλ
x (y)≤ u(y) for all y ∈ D\Bλ (x).

Then for any Bη(z) ⊂ Bλ (x), there holds

uη
z (y)≤ u(y) for all y ∈ D\Bη(z).

Proof. Define the function ũ on Rn by

ũ(y) =
{

u(y) if y ∈ Bλ (x),
uλ

x (y) elsewhere.

By the conformal invariance, ũ satisfies F(Aũ) = 1 in Bλ (x) and Rn \∂Bλ (x). Moreover, ũ
≤ u in D\Bλ (x). As ũ = u on ∂Bλ (x), it follows that ∂ ũ

∂ν
≤ ∂u

∂ν
on ∂Bλ (x), where ν is the

outer unit normal to ∂Bλ (x).
Fix z ∈ Bλ (x). By [48, Lemma 2.1], there exists ε > 0 such that ũη

z ≤ ũ on Rn \Bη(z)
for any η < ε . Let

η̄ = sup{µ > 0 : ũη
z ≤ ũ on Rn \Bη(z) for all 0 < η < µ}.

To finish the proof, we only need to show that η̄ ≥ λ−|z−x|. Arguing by contradiction,
assume the converse so that η̄ < λ −|z−x|. We have ũη̄

z ≤ ũ on Rn \Bη̄(z), which implies
ũη̄

z ≥ ũ on Bη̄(z).
We claim that we can find q ∈ ∂Bλ (x) such that ũη̄

z (q) = ũ(q). Indeed, by the maxi-
mality of η̄ , one of the following two cases must occur:

(i) there exists y ∈ Bη̄(z) such that ũη̄
z (y) = ũ(y);

(ii) there exists y ∈ ∂Bη̄(z) such that ∂ ũη̄
z

∂νz
(y) = ∂ ũ

∂νz
(y) where νz is the outer unit normal

to ∂Bη̄(z).

Let

B =
{

ζ :
∣∣∣z+ η̄2(ζ − z)

|ζ − z|2
− x
∣∣∣> λ

}
.

Note that B is a ball. By the conformal invariance, ũ and ũη̄
z satisfy F(Aũ) = F(Aũη̄

z ) = 1 in
Bη̄(z)\∂B and

ũ≤ ũη̄
z in Bη̄(z), ũ = ũη̄

z on ∂Bη̄(z).

If Case (i) holds and y /∈ ∂B, a standard argument using the strong maximum principle
shows that ũ and ũη̄

z are identically the same in Bη̄(z) \B or in B. Indeed, we have ũ(y)

13



= ũη̄
z (y), Dũ(y) = Dũη̄

z (y), D2ũ(y) ≤ D2ũη̄
z (y), and so Aũ(y) ≥ Aũη̄

z (y). Thus, near y, the
function w = ũη̄

z − ũ ≥ 0 satisfies

0 = F(Aũ)−F(Aũη̄
z ) = ai j∇i jw+bi ∇iw+ cw := Lw,

where (ai j) > 0, bi and c are continuous near y. Here we have used (1) and (4). If Case
(ii) holds, another standard argument using the Hopf lemma implies that ũ and ũη̄

z are
identically the same in Bη̄(z) \B. To see this, it suffices to notice that ũ = ũη̄

z on ∂Bη̄(z)

which implies Dũ(y) = Dũη̄
z (y), D2ũ(y) ≤ D2ũη̄

z (y), and Aũ(y) ≥ Aũη̄
z (y). In either case,

we must have that ũ(y) = ũη̄
z (y) for some y ∈ ∂B, which implies the claim.

We have showed that ũη̄
z must touch ũ from below at some point q ∈ ∂Bλ (x), i.e. ũη̄

z (q)
= ũ(q) and ũη̄

z ≤ ũ near q. Recalling the definition of ũ and noting that ∂ ũ
∂ν
≤ ∂u

∂ν
on ∂Bλ (x)

and uη̄
z is C1 near q, we infer that ∂ ũ

∂ν
(q) = ∂u

∂ν
(q). As ũ and u satisfy F(Aũ) = F(Au) = 1

in D\Bλ (x), ũ≤ u in D\Bλ (x), and ũ = u on ∂Bλ (x), the Hopf lemma again implies that
u and ũ are identically the same near ∂Bλ (x) (in D\Bλ (x)). Therefore, ũ ≡ ũλ

x is C2 and is
an entire solution of F(Aũ) = 1.

The above argument shows that ũ and ũη̄
z satisfy F(Aũ) = F(Aũη̄

z ) = 1 in Rn\Bη̄(z), ũ≥
ũη̄

z in Rn \Bη̄(z), and ũ(q) = ũη̄
z (q) for some q ∈ ∂Bλ (x). The strong maximum principle

implies that ũ ≡ ũη̄
z in Rn \Bη̄(z), and so in Rn.

To conclude, we show that ũ ≡ ũλ
x ≡ ũη̄

z leads to a contradiction. We compute for ξ ∈
Bλ (x) and p := x+ λ 2(ξ−x)

|ξ−x|2 =: ψλ
x (ξ ),

ũ(ξ ) = (ũη̄
z )

λ
x (ξ ) =

[ |p− x|
λ

η̄

|p− z|

]n−2
ũ
(

ψ
η̄
z (p)

)
≤
[ |p− x|

λ

η̄ + |z− x|
|p− z|+ |z− x|

]n−2
ũ
(

ψ
η̄
z (p)

)
≤
[

η̄ + |z− x|
λ

]n−2
ũ
(

ψ
η̄
z (p)

)
.

Observe that the map ξ 7→ ψ
η̄
z (p) = ψ

η̄
z ◦ψλ

x (ξ ) maps B̄η̄(z) into itself and so has a fixed
point ξ∗ ∈ B̄η̄(z). It follows that

ũ(ξ∗)≤
[

η̄ + |z− x|
λ

]n−2
ũ(ξ∗),

which contradicts our earlier assumption that η̄ + |z− x| < λ . �

We are now in a position to give the

Proof of (16). Fix a point x0 ∈ Ω and assume without loss of generality that x0 = 0. Define

λ̄ = sup{0 < λ < dist(0,∂Ω) : vλ
0 (y)≤ v(y) for all y ∈Ω\Bλ (0)}.
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By Lemma 3.4 and [39, Lemma A.2], we have

|∇ lnv| ≤ C
λ̄

in B
λ̄/2(0), (19)

C v(0)≥ v≥C−1 v(0)> 0 in B
λ̄/2(0). (20)

By Lemma 3.2, we must have λ̄ ≤C v(0)−
2

n−2 . If dist(0,∂Ω) ≤ 2λ̄ , we obtain (16) for
x = 0. Assume henceforth that dist(0,∂Ω)> 2λ̄ .

We claim that there exists y ∈ ∂Ω, |y| > λ̄ such that v(y) = vλ̄
0 (y). We follow the

argument in [37]. The idea is to use the strong maximum principle and the Hopf lemma as
in the proof of Lemma 3.4. Let C = {p ∈ Ω̄ \ B̄

λ̄
(0) : v(p) = vλ̄

0 (p)}. If C is empty, the
Hopf lemma implies that ∂νv > ∂νvλ̄

0 on ∂B
λ̄
(0) where ν is the outward normal to ∂B

λ̄
(0).

Thus, by a continuity and compactness argument, we can find some ε > 0 such that

vλ
0 (p)≤ v(p) for all λ̄ < λ < λ + ε and p ∈Ω\Bλ (0),

which contradicts the definition of λ̄ . Thus C is non-empty. If C contains an interior point
of Ω, the strong maximum principle implies that v ≡ vλ̄

0 on a connected component of Ω.
We conclude that C contains some boundary point of Ω as claimed.

Let B∗ be the ball in the family {B−1}∪{Bα} such that y ∈ ∂B∗, and let h∗ be the mean
curvature of ∂B∗ (with respect to the normal pointing toward Ω). Then

λ̄ ≤ 1
2

dist(0,∂Ω)≤ 1
2

dist(0,∂B∗), and so
∣∣∣λ̄ 2 y
|y|2
∣∣∣≤ λ̄

2
.

Hence, by (19) and (20),

v
(
λ̄

2 y
|y|2
)
≤C v(0) and

∣∣∣∇ lnv
(
λ̄

2 y
|y|2
)∣∣∣≤ C

λ̄
.

A direct calculation using the expression for vλ̄
0 and the above estimates gives

∂vλ̄
0

∂ν
(y)+

n−2
2

h∗ vλ̄
0 (y)≤ vλ̄

0 (y)
[
− (n−2)

y ·ν
|y|2

+C
1
λ̄

λ̄ 2

|y|2
]
+

n−2
2

h∗ vλ̄
0 (y)

≤−(n−2)
|y|2

vλ̄
0 (y)

[
y ·ν− |y|

2

2
h∗−C λ̄

]
.

Using that y lies on ∂B∗, which is a sphere, and the cosine law, one can easily show that

y ·ν− |y|
2

2
h∗ ≥

1
2

dist(0,∂B∗).
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(Note that if r∗ is the radius of B∗, then h∗ = 1
r∗

if 0 ∈ B∗ while h∗ = − 1
r∗

if 0 /∈ B∗.) This
leads to

∂vλ̄
0

∂ν
(y)+

n−2
2

h∗ vλ̄
0 (y)≤−

(n−2)
2|y|2

vλ̄
0 (y)

[
dist(0,∂B∗)−C λ̄

]
.

Recalling the estimate dist(0,∂B∗)> dist(0,∂Ω)> 2λ̄ , the expression for vλ̄
0 and the upper

bound for v in B
λ̄/2(x), we infer that

∂vλ̄
0

∂ν
(y)+

n−2
2

h∗ vλ̄
0 (y)≤−

C1

λ̄ 2
[vλ̄

0 (y)]
n

n−2 v(0)−
2

n−2

[
dist(0,∂B∗)−C λ̄

]
.

On the other hand, as vλ̄
0 ≤ v near y and vλ̄

0 (y) = v(y),

∂vλ̄
0

∂ν
(y)+

n−2
2

h∗ vλ̄
0 (y)≥

∂v
∂ν

(y)+
n−2

2
h∗ v(y)≥−β v(y)

n
n−2 =−β [vλ̄

0 (y)]
n

n−2 .

Combining the last two estimates, we get

β ≥ C1

λ̄ 2
v(0)−

2
n−2

[
dist(0,∂B∗)−C λ̄

]
,

which implies dist(0,∂B∗)≤ β

C1
λ̄ 2 v(0)

2
n−2 +C λ̄ . Recall that λ̄ ≤C v(0)−

2
n−2 and dist(0,∂B∗)≥

dist(0,∂Ω), we conclude the proof of (16). �

3.2 Boundary C0 estimates
Proof of Theorem 3.1. Suppose the contrary, then for some β > 0 and ε > 0, there exists
a sequence of solutions {vi} ⊂C3(Ω)∩C2(Ω \Λ) satisfying (15), with ci

k > −β , and for
some x̄i ∈Ω,

dist(x̄i,Λ)≥ ε, (21)

vi(x̄i) → ∞. (22)

Put

wi(x) =
(

ε

2
−|x− x̄i|

) n−2
2

vi(x)

and select x̃i ∈ Bε/2(x̄i)∩Ω such that

wi(x̃i) = sup
Bε/2(x̄i)∩Ω

wi.
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Evidently, x̃i ∈ Bε/2(x̄i)∩ Ω̄, and, for σi =
1
2

(
ε

2 −|x̃i− x̄i|
)
, there holds

sup
Bσi(x̃i)∩Ω

vi ≤ σ
− n−2

2
i sup

Bσi(x̃i)∩Ω

wi = σ
− n−2

2
i wi(x̃i) = 2

n−2
2 vi(x̃i). (23)

Moreover, by (22),

σ
n−2

2
i vi(x̃i) = 2

n−2
2 wi(x̃i)≥ 2

n−2
2 wi(x̄i) = ε

n−2
2 vi(x̄i)→ ∞. (24)

By the interior estimate established earlier,

vi(x̃i)dist(x̃i,∂Ω)
n−2

2 ≤C. (25)

(Here and below, we use C > 1 to denote some constant independent of i.) In view of (24),
this implies that

dist(x̃i,∂Ω)

σi
→ 0. (26)

Because of (21), there exists {Bi := Bαi} ⊂ {Bα}, x̃′i ∈ ∂Bi, such that

|x̃i− x̃′i|= dist(x̃i,∂Ω)→ 0. (27)

By (21) and (27), {x̃′i} is at least ε/4−distance away from Λ for large i. It follows that

ri := radius of Bi ≥C−1, (28)

dist(x̃′i,∂Ω\∂Bi)≥C−1. (29)

The reason is that otherwise a subsequence of {x̃′i} together with a subsequence of {Bα}
would converge to a point, which has to be in Λ. This would violate the fact that {x̃′i} is of
a fixed distance away from Λ.

Let x̃′′i be the antipodal point of x̃′i on ∂Bi, and Oi be an orthonormal matrix satisfying
Oi(x̃′i− x̃′′i ) = |x̃′i− x̃′′i |(0, . . . ,0,1). Define ψi by

ψi(x) = Oi

(
− 4r2

i (x− x̃′′i )
|x− x̃′′i |2

+ x̃i− x̃′′i
)
.

Then ψi is a Möbius transformation which maps Rn \B+
i to

Rn
+ := {x : x = (x′,xn) = (x1, · · · ,xn−1,xn) ∈ Rn,xn > 0},

and

ψi(x̃′i) = 0, ψi(x̃i) := (0′,Ti), Ti :=
2ri

2ri + |x̃i− x̃′i|
|x̃i− x̃′i|,and ψi(x̃′′i ) = ∞.
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Let

M̃i = |Jacψi(x̃i)|−
n−2
2n vi(x̃i),

Λ̂i = {z : M̃
− 2

n−2
i z ∈ ψi(Λ\{x̃′′i }), Ω̂i = {z : M̃

− 2
n−2

i z ∈ ψi(Ω\Λ)},

Depending on whether there is another ball in {Bα} that touches Bi at x̄′′i or not, we
have

either Ω̂i = Rn
+ \ (∪B̂i

α ∪ Λ̂i),

or Ω̂i = Rn
+ \ ({(x′,xn) ∈ Rn

+,xn ≥ Hi}∪ B̂i
α ∪ Λ̂i),

where in the first case B̂i
α are non-overlapping balls contained in Rn

+ and in the second case
they are non-overlapping balls contained in {(x′,xn) ∈Rn

+,xn < Hi}. By abuse of notation,
we will ambiguously write

Ω̂i = Rn
+ \ (∪B̂i

α ∪ Λ̂i),

by which we view half-spaces as balls of infinite radii and centered at infinity.
Define

v̂i(z) =
1

M̃i
|Jac

ψ
−1
i
(M̃
− 2

n−2
i z)|

n−2
2n vi(ψ

−1
i (M̃

− 2
n−2

i z)), z ∈ Ω̂i.

By the conformal invariance, v̂i satisfies, with r̂i
α = radius of B̂i

α ,

F(Av̂i) = 1 in Ω̂i,

Av̂i ∈U and v̂i > 0 in Ω̂i \ Λ̂i,

limx→x0 v̂i(x) = ∞ ∀ x0 ∈ Λ̂i,
∂ v̂i
∂xn

= ci(Bi) v̂
n

n−2
i on ∂Rn

+ \ Λ̂i,

∂ v̂i
∂ν

+ n−2
2r̂i

α

v̂i ≥−β v̂
n

n−2
i on ∂ B̂i

α \ Λ̂i,

liminf
|y|→∞

|y|n−2 v̂i(y) = +∞ or

(v̂i)
Ri
0 extends to a C2 positive function in B̄+

Ri
(0) for some Ri > 0.

(30)

By (25), (27) and (28),

T̂i := TiM̃
2

n−2
i ≤C |x̃i− x̃′i|vi(x̃i)

2
n−2 ≤C. (31)

Evidently,
v̂i(0′, T̂i) = 1. (32)
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By (28), we have C−1 < |Jacψi(x)| < C for |x− x′i| <
σi
C and some sufficiently large C

independent of i. Thus, by (23),

v̂i(x)≤Cv̂i(0′, T̂i) =C, ∀ |x| ≤ 1
C

σi M̃
2

n−2
i , x ∈ Rn

+. (33)

In addition, by (28) and (29)

dist(0,∪B̂i
α ∪ Λ̂i)≥

1
C

M̃
2

n−2
i → ∞. (34)

From (33) and the local gradient estimates in [42, Theorem 1.19],

|∇v̂i(x)| ≤Cv̂i(x)≤C, ∀ |x| ≤ 1
2C

σiM̂
2

n−2
i , x ∈ Rn

+. (35)

Define

λ̄i = sup{0 < λ < dist(0,∪B̂i
α ∪ Λ̂i) : (v̂i)

λ
0 (y)≤ v̂i(y) for all y ∈ Ω̂i \Bλ (0)}.

λ̄i is well-defined thanks to [48, Lemma 4.1].
Claim. lim

i→∞
λ̄i = ∞.

Proof of the claim. Suppose not, then λ̄i ≤C. We know that

(v̂i)
λ̄i
0 (y)≤ v̂i(y) for all y ∈ Ω̂i \B

λ̄i
(0). (36)

Arguing as in the proof of the interior estimate (16), using the strong maximum principle
and the Hopf lemma, we conclude that there exists some point yi ∈ ∂ B̂i

αi
such that

(v̂i)
λ̄i
0 (yi) = v̂i(yi). (37)

For readers’ convenience, we outline the arguments. If

∂

∂ν
[v̂i− (v̂i)

λ̄i
0 ] = 0 at some point of ∂B

λ̄i
(0),

then by the Hopf lemma and the strong maximum principle, (37) must occur (and Λ̂i = /0).
So we may assume

∂

∂ν
[v̂i− (v̂i)

λ̄i
0 ]> 0 on ∂B

λ̄i
(0), (38)

If liminf|y|→∞ |y|n−2[v̂i(y)− (v̂i)
λ̄i
0 (y)] = 0, then line 7 of (30) occurs. After a Kelvin

transformation, we can apply the strong maximum principle, and the Hopf lemma if neces-
sary, to show that (37) must occur (and Λ̂i = /0). So we may assume

liminf
|y|→∞

|y|n−2[v̂i(y)− (v̂i)
λ̄i
0 (y)]> 0. (39)
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Using the third line of (30) and the strong maximum principle, we have, in case (37)
does not occur,

inf
y∈Ω̂i,λ̄i+ε<|y|<R

[v̂i(y)− (v̂i)
λ̄i
0 (y)]> 0, ∀ 0 < ε < R < ∞. (40)

Using (38), (39) and (40), we can show that for some ε > 0,

(v̂i)
λ
0 (y)≤ v̂i(y) for all y ∈ Ω̂i \Bλ (0) and all λ ≤ λ̄i + ε.

This violates the definition of λ̄i. So we have proved (37). Details can be found in [40,
Lemma 3]. The main difference between the present case and the previous case is to prevent
touching on ∂Rn

+ and to prove a version of the Hopf lemma on ∂Bη(z)∩∂Rn
+.

On the other hand, in view of (35) and (34), (37) cannot occur by the arguments in the
proof of the interior estimate (16). The claim is proved.

By the claim and (31), for i sufficiently large, λ̄i ≥ 100Ti.
Fix |x′| ≤ λ̄i

8 for the moment. Arguing as in Lemma 3.4, we have for any λ ≤ λ̄i−|x′|,

(v̂i)
λ

(−x′,0)(y)≤ v̂i(y) for any y /∈ B+
λ
(−x′,0).

Therefore, for e = (0,Ti)−(−x′,0)
|(0,Ti)−(−x′,0)| , r

n−2
2 v̂i(re) is monotonically increasing for r < λ̄i

4 . It
follows that

v̂i(x′,2Ti)≥
1

2
n−2

2
v̂i(0,Ti) = 2−

n−2
2 .

Since x′ is arbitrary, we thus get

v̂i(x′,2Ti)≥ 2−
n−2

2 for any |x′| ≤ λ̄i

8
.

We can now appeal to Lemma 3.2 to the half-ball B λ̄i
8
(0′,2Ti)∩{xn > 2Ti} to obtain λ̄i ≤C,

which contradicts the claim. Theorem 3.1 is established. �

4 General existence results
In this section, we consider existence statements. We start with the

Proof of Theorem 1.3. First note that, by the results in [39, Appendix B], we can assume
that (6) holds. Then, by (7), (5) also holds.
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We first prove the estimate (10). By Theorem 1.1, ‖u‖C0(M) + ‖u−1‖C0(M) ≤ C. By
known C1 and C2 estimates as described in the introduction, see e.g. [42, Theorem 1.19],
[37] (the proof of (1.39) there), [35, Theorems 1.3 and 1.5] and [12, Theorem 3], we have

‖u‖C2(M)+‖u−1‖C2(M) ≤C.

Here, for the C2 estimates, we have used (7) and ck ≥ 0; the latter is for the boundary
C2 estimates. (10) follows from Evans-Krylov’s estimates ([20], [36]) and the Schauder
theory.

We now turn to the existence part. Making a conformal change of the metric using a
first eigenfunction of (11) if necessary, we can assume that Rg > 0 in M and hg ≥ 0 on ∂M.
To finish the proof, it suffices to show that

deg((G,B),D,0) =−1, (41)

where deg denotes the degree defined in Appendix A, D is an appropriately chosen open
bounded subset of C4,α(M) and

G[u] = f (λ (A
u

4
n−2 g

))−1,

B[u](x) = ∂νu+
n−2

2
hg(x)u− cku

n
n−2 for x ∈ Nk.

For 0 ≤ t ≤ 1, define, as in [37],

Γt = {λ ∈ Rn|tλ +(1− t)σ1(λ )e ∈ Γ},
ft(λ ) = f (tλ +(1− t)σ1(λ )e) for λ ∈ Γt ,

ck,t =

{
tck +(1− t) if ck > 0,
0 if ck = 0,

where e = (1, . . . ,1) ∈ Rn. See also [29] for a similar homotopy.
Consider {

ft(λ (A
u

4
n−2 g

)) = 1,λ (A
u

4
n−2 g

) ∈ Γt and u > 0 in M,

∂u
∂ν

+ n−2
2 hg u = ck,t u

n
n−2 on ∂Nk,k = 1 . . .m,

(42)

By (10), there exists some C > 0 independent of t such that for all solutions of (42),
there holds ‖u‖C4,α (M) + ‖u−1‖C4,α (M) ≤ C. Therefore, as f |∂Γ = 0, there exists ε > 0
independent of t such that dist(λ (A

u
4

n−2 g
),∂Γt)≥ 2ε.
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Define

Dt =
{

u ∈C4,α(M) : u > 0,λ (A
u

4
n−2 g

) ∈ Γt ,

‖u‖C4,α (M)+‖u−1‖C4,α (M) ≤ 2C,dist(λ (A
u

4
n−2 g

),∂Γt)> ε

}
,

Gt [u] = ft(λ (A
u

4
n−2 g

))−1,

Bt [u](x) = ∂νu+
n−2

2
hg(x)u− ck,tu

n
n−2 for x ∈ Nk.

Note that (G1,B1) = (G,B). By Proposition A.1, the degree deg((Gt ,Bt),Dt ,0) is defined
for 0 ≤ t ≤ 1 and

deg((G0,B0),D0,0) = deg((G1,B1),D1,0). (43)

Set

G̃t [u] = G0[u]u(1−t) n+2
n−2 ,

B̃t(x,u) = ∂νu+
n−2

2
hg(x)u− t ck,0u

n
n−2 for x ∈ Nk.

Note that (G̃t , B̃t)(u) = 0 amounts to the Yamabe problem with boundary. (In particular,
higher derivative estimates follows directly from C0 estimates due to its semi-linear struc-
ture.) Thus, deg((G̃t , B̃t),D0,0) is defined for 0 ≤ t ≤ 1 and

deg((G̃0, B̃0),D0,0) = deg((G̃1, B̃1),D0,0) = deg((G0,B0),D0,0). (44)

Let Lg be the conformal Laplacian of (M,g), i.e. Lg = ∆g− n−2
4(n−1)Rg. For a function v

∈C2,α(M), let (−Lg)
−1v be the solution to{

−Lgφ = v in M̊,

∂νφ + n−2
2 hg(x)φ = 0 on ∂M.

Define S : C2,α(M)→C2,α(M) by Su = u− (−Lg)
−1(u

n+2
n−2 ). By Proposition A.2,

deg((G̃0, B̃0),D0,0) = deg L.S.(S
∣∣
C4,α (M)

,D0,0), (45)

where deg L.S. denotes the Leray-Schauder degree.
Let

D̂0 =
{

u ∈C2,α(M) : u > 0,λ (A
u

4
n−2 g) ∈ Γ1,

‖u‖C2,α (M)+‖u−1‖C2,α (M) ≤ 2C,dist(λ (A
u

4
n−2 g),∂Γt)> ε

}
.
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In [32, Section 5], it was shown that

deg L.S.(S, D̂0,0) =−1, (46)

On the other hand, by the reduction property of the Leray-Schauder degree (see e.g. [16,
Theorem 8.7]),

deg L.S.(S, D̂0,0) = deg L.S.(S|C4,α (M), D̂0∩C4,α(M),0). (47)

In addition by the excision property of the Leray-Schauder degree,

deg L.S.(S|C4,α (M), D̂0∩C4,α(M),0) = deg L.S.(S|C4,α (M),D0,0). (48)

Taking (43)-(48) altogether into account, we get deg((G1,B1),D1,0) = −1. Putting D
= D1 and recalling the definition of (G1,B1), we get (41), which completes the proof. �

As mentioned in the introduction, the assumption on the non-negativity of ck in the
statement of Theorem 1.3 is important. Here we present a special case where such assump-
tion is not needed.

Proposition 4.1 (a) Assume that (M,g) is conformally covered by the standard half sphere
S̄n
+. Then for any c ∈ R, there exists a metric ĝ which is conformal to g, has constant

sectional curvature 1, and has constant boundary mean curvature c.

(b) Let (M,g) be a smooth compact locally conformally flat Riemannian manifold with
umbilic boundary. The following statements are equivalent.

(i) (M,g) is conformally covered by the standard half sphere.

(ii) For some metric g̃ conformal to g, λ (Ag̃) ∈ Γn in M and hg̃ ≥ 0 on ∂M.

(iii) For some Γ̃ ⊂ Γk, n
2 ≤ k ≤ n, and some metric g̃ conformal to g, λ (Ag̃) ∈ Γ̃ in M

and hg̃ ≥ 0 on ∂M.

Proof. (a) If M is the standard half sphere, the result is obvious. We thus assume M is not
simply connected. Note that (M,g) is of the so-called positive type. By [32, Theorem 0.1],
there exists a metric ĝ conformal to g such that Rĝ ≡ 1 in M and hĝ ≡ c on ∂M.

Let π : Sn
+ → M be the conformal covering map. Since π is conformal, π∗(ĝ) satisfies

Rπ∗(ĝ) ≡ 1 on Sn
+ and hπ∗(ĝ) ≡ c on ∂Sn

+. By the Liouville theorem in [17, Theorem 2.1(b)]
(see also [49]), π∗(ĝ) can be obtained by gSn by a conformal transformation on Sn. In
particular, π∗(ĝ) has sectional curvature 1. It follows that ĝ also has sectional curvature 1,
which establishes (a).

(b) It is readily seen that (i) ⇒ (ii) is a consequence of (a). In addition, that (ii) ⇒ (iii)
is obvious. It remains to show (iii)⇒ (i). By Theorem 1.3 (see also [35] and [12]), there
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exists a conformal metric ĝ such that σk(λ (Aĝ)) = 1, λ (Aĝ) ∈ Γk in M and hĝ = 0 on ∂M.
Let M2 be the double of M and equip it with the metric induced by ĝ. Then M2 is a C2,1

closed locally conformally flat manifold with λ (Aĝ) ∈ Γk, and so M2 is a quotient of the
standard sphere Sn by [26, Corollary 1]. In particular, there is a covering map π : Sn→M2
such that π∗(ĝ) is conformal to the round metric.

Notice that on Sn, π∗(ĝ) satisfies σk(λ (Aπ∗(ĝ))) = 1 and λ (Aπ∗(ĝ)) ∈ Γk. Hence, by
the Liouville theorem in [59, 60] (see also [37]), (Sn,π∗ĝ) and the standard Sn differ by
a Möbius transformation. Therefore, by changing π if necessary, we can assume without
loss of generality that π∗(ĝ) is the round metric. Then any component of π−1(∂M) ⊂
Sn is an umbilic minimal hypersurface and so is an equator. This implies that π−1(∂M)
is connected and is an equator, which consequently implies that π−1(M) is conformally
equivalent to the standard half-sphere S̄n

+. �

A Degree theory for second order elliptic operators with
Neumann boundary conditions

We summarize some relevant facts about a degree theory for (nonlinear) second order el-
liptic equations with (nonlinear) oblique derivative boundary conditions. Details will be
published in a forthcoming paper [43] (see also [44]).

Let Ω ⊂ Rn be a domain with smooth boundary. For a fixed f ∈ C3,α(Ω̄×R×Rn×
Symn×n), define a differential operator F : C4,α(Ω̄)→C2,α(Ω̄) by

F [u] = f (·,u,∇u,∇2u).

We say F is elliptic on a bounded open subset O of C4,α(Ω̄) if for any u ∈ O , x ∈ Ω̄ and ξ

∈ Rn,
∂ f

∂ui j
(x,u,∇u,∇2u)ξi ξ j > ρ|ξ |2 for some ρ > 0. (49)

For β1, . . . , βn, γ ∈ C4,α(∂Ω×R), define a boundary condition operator B : C4,α(Ω̄)
→C3,α(∂Ω) by

B[u] =
(

βi(x,u)ui + γ(x,u)
)∣∣∣

∂Ω

,

where ν is the outer unit normal to ∂Ω. We say B is oblique on O if for any u ∈ O and x ∈
∂Ω,

βi(x,u)νi > µ for some µ > 0. (50)

Along the line of [41], a degree theory for (F,B) can be defined.
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Proposition A.1 For any open bounded set O ⊂ C4,α(Ω̄) such that ∂O ∩ (F,B)−1(0) =
/0, F is elliptic on O and B is oblique on O , there associates an integer-valued degree for
(F,B) on O at 0, denoted as deg((F,B),O,0) which satisfies

(a) If deg((F,B),O,0) 6= 0, then (F [u],B[u]) = 0 for some u ∈ O .

(b) The excision property: If U ⊂ O and U ∩ (F,B)−1(0) is empty, then the degrees
deg((F,B),O,0) and deg((F,B),O \U ,0) are equal.

(c) The homotopy invariance property: If t 7→ (Ft ,Bt) is continuous from [0,1] to C3,α(Ω̄×
R×Rn×Symn×n)×C4,α(∂Ω×R×Rn), Ft is elliptic on O , Bt is oblique on O , and
∂O ∩ (Ft ,Bt)

−1(0) = /0, then deg((Ft ,Bt),O,0) is independent of t.

Moreover, this degree theory is compatible with the Leray-Schauder degree in the sense of
Proposition A.2 below.

Proposition A.2 Assume that (F,B) = (F1,B1)+(F2,B2) where

(F1[u],B1[u]) =
(

ai j(x)ui j +bi(x)ui + c(x)u,
(
βi(x)ui + γ(x)u

)∣∣
∂Ω

)
,

(F2[u],B2[u]) =
(

f∗(x,u,∇u),b∗(·,u)
∣∣
∂Ω

)
,

ai j, bi, c ∈ C3,α(Ω̄), β , γ ∈ C4,α(∂Ω), f2 ∈ C3,α(Ω̄×R×Rn), and b2 ∈ C4,α(∂Ω×R).
Assume that F is elliptic, i.e. (ai j) > 0 in Ω̄, and B is oblique, i.e. β ·ν > 0 on ∂Ω.

If (F1,B1) is invertible, then for any open bounded set O ⊂ C4,α(Ω̄) such that ∂O ∩
(F,B)−1(0) = /0, we have

deg((F,B),O,0) = (−1)dimE−(F1,B1)deg L.S.(Id +(F1,B1)
−1 ◦ (F2,B2),O,0),

where deg L.S. denotes the Leray-Schauder degree and

E−(F1,B1) =
⊕
λi<0

{
u ∈C4,α(Ω̄) :−(F1[u],B1[u]) = (λi u,0)

}
.

Remark A.3 By elliptic estimates, dimE−(F1,B1) is finite. Also, if f∗ ≡ 0 and b∗ ≡ 0,
then the conclusion simplifies to

deg((F,B),O,0) = (−1)dimE−(F1,B1).
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