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1 Introduction

Our earlier work [2] contained a result on monotonicity and symmetry of solutions of
u>0, F(r,u,Vu,Vu)=0 (1)
in By \ {0}, where B; is the unit ball in R*, with
u=0 on 0B;. (2)

Under standard conditions on F', so that the Method of Moving Planes applies, it was
shown (Theorem 1.4) that

ou

and that u is symmetric in the plane {z; = 0}. The proof assumed the additional
condition that V 0 < r < 7,

BiI\l{fO}(u + any linear function) occurs on 9B,. (3)
An example was also obtained in [2], for n > 2, showing that condition (3) cannot be
dropped.
In November 2008 the last author raised the question whether radial symmetry and
monotonicity might hold in the following simple problem:

u>0, Au+ f(u) =0 in B\ {0},
u =0 on 0B,

in case f is locally Lipschitz. Susanna Terracini then showed a proof; it used an idea in
[3] which treats equations with singular coefficients in all of space. Her proof uses a nice
variant of the argument in [1] and works also for f = f(z,u) with f nonincreasing in ;.

The proof of Theorem 1.4 in [2] also worked in case u is defined in a domain Q in R”
satisfying

) is convex in the z; — direction, and (4)
if (x1,29, -+, 2,) € Q, 1 > 0, then (—z1, 29, -, z,) € (L

In this paper we prove a result on monotonicity and symmetry in z; using the Method
of Moving Planes for the problem (1), (2) in a domain © \ {0} in R” satisfying (4). v is
assumed to be in C?(Q\ {0}) but is not assumed to satisfy condition (3), but we require
a condition on F'.



We first recall the standard conditions on F'(z,u,p, M), p € R*, M € §"*™, the space
of symmetric n x n_matrices.
Notation: M = {M;;} with

—~

M\le—Mlj fOI'QS_]STL, MilZ_Mil fOf?SZSTL,
Mll = MH; M\ij = Mij for Z,j > 1.
p1=-—pi;; Pi=pii>1
Conditions on F. We consider F' of a special form:

with G € C1((2\ {0}) X R x R* x S™*").
F is elliptic:

( OF
aM,-j

) >0 V (x,8,p,M)e (2\{0}) xR x R" x 8", (6)

{ F(.’i‘l,.TQ,“‘,xn,S,ﬁ,M) Z F($1,$2,"',$n,8,p,M), (7)

V x EQ,.Tl >0,i1 §$1,$1+i1 >0,

f(x,u) is locally Lipschitz in u on every compact subset of 0\ {0}. (8)

Theorem 1.1 In Q satisfying (4), consider F' as above and u € C*(Q\ {0}) satisfies (1)
in Q\ {0}. Assume in addition that

G is convez in (s,p, M). 9)
In case n = 2 assume also that u € CL2(Q\ {0}) for some a > 0 (10)
and that 8671; are locally Holder continuous in (0 \ {0}) x R x R* x S"™*™,
Then P
0 ifz > 0.
6.T1

An immediate consequence is:



Corollary 1.1 If, in addition, Q2 is symmetric about the plane {z; = 0} and F is sym-
metric under reflection in the plane, then u is symmetric in x.

Another consequence, as in [1], is radial symmetry. Here Q = Bg(0), the ball of radius
R centered at 0.

Corollary 1.2 Let F(|z|,s,p, M) satisfy (5)-(10) and
F.(r,s,p, M) <0 for0<r<R,s>0,peR", M € 8",
and
F(r,s,0p,0'MO) = F(r,s,p, M) for0 <r <1,8>0,p e R", M € ™", 0 € O(n).
Suppose u € C*(Bg \ {0}) and

u>0, F(z,u,Vu,V?*u) = 0 in Bg\ {0},
v = 0, on 0Bg.

Then
u 18 radially symmetric about the origin and u, < 0 for 0 <r < R.

Some results for linear elliptic operators will be used in the proof. They are presented
in section 2. The proof of Theorem 1.1 is given in section 3.

2  On maximum principles in punctured domains
In this section we give an extension of the following familiar results.
Lemma 2.1 Let u be C? in Q\ {0}, Q is a bounded open set in R*, n > 2, salisfying

u 18 bounded below, and Au < 0 in Q\ {0},

u >0 on 0N).

Then
u>01inQ\ {0}



The reason is that the origin has zero Newtonian capacity: the operator A does not
feel it.
What happens if A is replaced by a uniformly elliptic operator

0 0

+c(xz) inQ

with the (a;;(z)) continuous in Q and uniformly elliptic: For some constant C' > 0,

2
B <asweg <0k, veeo cew
and
1bi(x)], |e(x)| < C in Q ?
Suppose

2 is contained in a small ball By and that u € C%2(Q\ {0}) N C(Q2\ {0}),
u is bounded below and Lu < 0 in Q \ {0},

and

u > 0 on O0f).
Is it true, for sufficiently small R depending on C, that

u>0in Q\ {0}?

Proposition 2.1 In case n > 2, the answer is yes. This is not so if n = 2, but is true if

small constant

the modulus of continuity of the {a;;} at the origin < Tog 2]
ogl|z

In particular, for n =2, if a;;(0) = d;;, then the answer is yes provided

o 1
_— a< - (11)
| log ||| 6

|aij(z) — ai;(0)] <
We first present a counter example in case n = 2. In the ball B := By in R?, we take

1 1
u = -
logR logr




Then v < 0in B\ {0}, v = 0 on 0B. We have

N
" log?rr?’
1 (6” 2£EZ'.T]' 2 TiZj
Ui = — — - :
Y log?r 2 r log®r 4
We claim that, for R small,
Lu = Au— %% <0 in B\ {0}
U= Au— ——uy; in
r2logr 7 = ’

and so we have a counter example. We compute:

Lu = — 2 _ 3337;.%']' ) 1 (5"—2$i$j _ 2 Ty
r2log®r  r2logr r2log’r \ 72 logr r?

N 2434+ 0
© r2log’r log r

< 0 for R small.

The claim is proved.

In the computation above, 3 maybe replaced by any positive constant > 2 (for R
small).
Proof of Proposition 2.1. Tt suffices to find a function A > 0 in 0 < || < R, which
tends to oo as |z| — 0 and such that

Lh <0 in Bg\ {0}.

Namely, if we have such a function A then, since v is bounded from below, we have for
any € > 0
Lu+eh) <0 in0<l|z|<R

and v + eh > 0 on 02, and tends to +oo as * — 0. Recall that Q lies in |z| < R.
Then, since the operator L is uniformly elliptic, with coefficients bounded, for R small,
the minimum principle holds and we may infer that

u+eh > 0.

Letting € — 0 we find
u > 0.



For convenience we will suppose that

a;(0) = ;. (12)
Take
h = (—logr)?, with 0 < a < 1 to be chosen.
Compute:
_ a—1 i
h; = —a(—logr) 2
(—logr) szx] a2 Til;
hi]’ = — 7‘2 (511 T ) -+ a(a — 1)(— IOgT) 7“—4
Then
-1 ey
Lh = _—a( 08T (Z Qi — 9 disTi a@) +a(a —1)(—log T)“_ZLJIZ%
T
a(= 10g r)e o
—Tbixi + c(—logr)®.
Using (12) we find
a(—logr)s! Tix;
Lh = _T—2 n—2 + Z(an - 1) — 2(aij — 517)7 + O(R)
+a(a — 1)(—logr)* 220
r

In case n > 2, for R small, we see that
Lh <0,

the desired result.
Consider now n = 2. Then using (11) we find

a(=logr)* ! [ 6a a—1 1
Lh < O(R _— - 1) 0(———) 1 <0
- r? | log r| +O(R) + |log r| +(e—1) (|log2r|) -

provided we choose — recall that o < % —0<a<1-—6a.



3 Proof of Theorem 1.1.

We use the method of moving planes as in [1], and, at some point, we use the idea of S.
Terracini.
We may assume that

supx; = 1.
zeN
For 0 < A < 1,
= 2=z, 29, -, xy)
is the reflection of z = (z1,---, z,) in the hyperplane z; = A.
Set

Sae={z [zl <A<z <1}, Tho={z]|z[ <121 = A},

(X may have many components) In X, set
ux(z) :=u(zy), and wy :=uy— u.

We will prove that
wy >0 IHE)\\{O)\} Vo< A<

Step 1. There exists % < A¢ < 1 such that
wy >0 in Xy V<A<l

For this step, we just require that F' satisfy (7) and need not be of the form (8).
Using (1) and (7), we have in X, for all $ < A < 1,

0 = F(z,u(x), Vu(z), Viu(z)) — F(zy, u(®)), Vu(zy), Vu(r)))
F(z,u(x), Vu(z), Viu(z)) — F(z,ur(x), Vur(z), V2uy(2)).

IN

By (6) and the fact that u is in C?(Q \ {0}), there exists some positive constant C;
independent of A, and some functions {a;;(x)}, {b;(z)}, c(z) satisfying, with I denoting
the n x n identity matrix,

1
T < (0(@) S, @)+ le@)] <G, in %,
1

such that
5 (x)aiij + b,(m)@zw,\ + c(x)w,\ <0, in X,. (13)



It is clear that wy > 0 on 0%). Using the maximum principle for domains of small measure
as in [1], we have wy > 0 in 3, if 1 — A > 0 is smaller than some positive constant which
depends only on C and n. Step 1 is established.

Define

Ar=inf{p |0<p<lwy>0in 23\ {0} Vup < A <1}
Because of Step 1, 0 < A < 1.
Step 2. A = 0.

There are several cases to consider.
Casel.%<5\<1.

To show that this is impossible, we argue exactly as in [1]. For € := i(% + ), % <
%)\ — € < X < )\, w, satisfies a uniformly elliptic inequality (13) in X, as before, with
ellipticity constants independent of A — though they may depend on € due to the possible
singularity of u at {0}. By continuity, wxs > 0 in 35. Since w; > 0 on 9X5 N0, it follows
from the strong maximum principle that wy; > 0 in X5. For 0 < ¢ small, let Dy be the
set of points in X5 whose distance to its boundary is > 0. Then, in Dy, wy > « for some
positive constant .

For 0 < € < € small, ws_, > /2 in Ds. Thus

wy_, > 0 on 0(X5_. \ Ds).

For § and € small we conclude again, by using the maximum principle in domains of
small measure as in [1], that

wx_, > 0 in (X5_, \ D;s) and hence in X5_,

contradicting the definition of .
Case 2. A =1

2 _ _

0, may lie outside 2. In this case we proceed as in case 1 and see that A = 1/2 is
impossible. So suppose 0, = (1,0,---,0) € 09.

For 0 < 6 small, let Ds be the set of points in ¥, whose distance to its boundary is

> ¢§. Then, as before, in Dy, wi > «, some positive constant. Let As be the set of points

in O whose distance to e; = (1,0,---,0) equal to §/2. Since u >some positive constant
on the set {|z| = ¢}, we have, making « smaller if necessary,

w1/2 2 a on A(s.
For € small, and any 0 < € < €, using continuity

wi_ > a/2 in Ds and on As.
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Consequently,
wi > a/2 ond (1 \(DsUBsp(e)))-

For ¢, e small, we conclude again, via the maximum principle in domains of small measure,
as in [1], that
wi_ 20 in¥i \ (Ds U Bj/a(er)

and hence in £;_\ By2(e1)-
For € small, 01 _ lies in Bjs/a(e1). We have to show that wi > 0in Bsa(e1) NS

Then we would have

wr >0 in 2%7

3 €’
contradicting A = %

We know that wi_, > 0 on (2N Byyz(er)), and, as before, that for A = § — ¢,

F(z,ux(z), Vur(z), Viup(z)) < F(z,u(z), Vu(z), V>u(r))

in (2N Bysa(er)) \ {0x}. However we cannot consider wy here and use the maximum
principle.

Now we use the idea of Terracini. Suppose wy < 0 somewhere in (2N Bs/2(e1)) \ {0r};
A= %— €. Let G be the set where wy < 0. On its boundary wy) = 0. So on this set u, < u
and so is bounded by some constant C. Hence

|f(z,un) = f(z, u)| < Cluy — ul (14)
for some C. We also use (8) and (9). By the convexity condition (9),

F(z,uy(x), Vuy(z), V2uy(z)) — F(z,u(z), Vu(z), Vu(z))

> Gy, (z,u(z), Vu(z), Vu(z))dijws + Gy, (z, u(z), Vu(z), Vu(z))dws
+Gy(z,u(z), Vu(z), VZu(z))ws + [f(2,uy) — f(z,u)]

= Lwy := a;j(x)0;;wx + bi(x) 0wy + c(x)w,

where L is uniformly elliptic with bounded coefficients, and the a;; are continuous; in
case n = 2, the a;; are Holder continuous. Here we have used (14) to ensure that |c| is
bounded.

We may now apply Proposition 2.1 and infer that wy, > 0in G. Thus no such G exists
and we conclude that wi_. > 0in (2N Bjj2—c(e1)) \ {04}, as we wished.

We have shown that A = 1 is impossible.

Finally we have to treat
Case 3. 0 < A < 3.
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We have to show that this is impossible.
We may argue first as in case 2. In place of Bs/s(e1) we use Bj/2(05), and the argument
proceeds just as above. We have proved that

wy >0 inZ)\\{O)\}, 0< A<

To complete the proof of Theorem 1.1 we have to show

% <0 ifz; >0.
8361
This follows from the Hopf Lemma applied to wy in X, for every A > 0. On T,
wy = 0. Since wy can not be identically zero in X \ {0}, we have wy > 0 in X, \ {0,}
by the strong maximum principle — away from {0,}, w, satisfies a uniformly elliptic
inequality. We then apply the Hopf Lemma, and conclude that

0< z—wy=-2 7).
axlw,\ Uy, ON L)

References

[1] H. Berestycki and L. Nirenberg, On the method of moving planes and the sliding
method. Bol. Soc. Brasil. Mat. (N.S.) 22 (1991), 1-37.

[2] L. Caffarelli, Y.Y. Li and L. Nirenberg, Some remarks on singular solutions of non-
linear elliptic equations. I., J. Fixed Point Theory and Applications 5 2009, 353-395.

[3] S. Terracini, On positive entire solutions to a class of equations with a singular
coefficient and critical exponent, Adv. in Differential Equations 1 (1996), 241-264.



