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Abstract. We present some results on the local solvability of the Nirenberg
problem on S2. More precisely, an L2(S2) function near 1 is the Gauss curva-
ture of an H2(S2) metric on the round sphere S2, pointwise conformal to the
standard round metric on S2, provided its L2(S2) projection into the the space
of spherical harmonics of degree 2 satisfy a matrix invertibility condition, and
the ratio of the L2(S2) norms of its L2(S2) projections into the the space of
spherical harmonics of degree 1 vs the space of spherical harmonics of degrees
other than 1 is sufficiently small.

1. Description of the main results. Over the last four decades a vast amount
of work has been devoted to the following Nirenberg problem and its higher dimen-
sional analogue or related problems such as the Yamabe problem: which function
K(x) on S2 is the Gauss curvature of a metric g on S2 pointwise conformally equiv-
alent to the standard metric g0? If we write g = e2ug0, the problem is equivalent
to finding a function u on S2 which satisfies the following equation

∆g0
u − 1 + K(x)e2u = 0. (1)

One main difficulty in solving (1), or the related Yamabe type equations, is that
there exists a non-compact family of approximate solutions to the equation or in
a deformation process of the equation, due to the group action on the equation of
the non-compact conformal group of diffeomorphisms of the round spheres. On the
level of local solvability of (1) for u near 0 and K near 1, the main difficulty is that
the linearized operator in u at u = 0 and K = 1 is not onto.

Other than an early work of Koutroufiotis [24], where the existence of an even
solution to (1), close to 0, is proved when K is an even function on S2 close to
1, almost all of the subsequent work was focused on proving existence or non-
existence of any solution to (1); very little more work has been published on the
local solvability of (1) for K near 1 and u near 0, with the exception of some recent
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work of [16]. Subsequent to [24], Kazdan and Warner found that any solution u to
(1) must satisfy

∫

S2

〈∇K,∇xi〉e
2udvolg0

= 0, for i = 1, · · · , 3, (2)

where xi are the coordinate functions of the standard round S2 centered at the origin
in R3. Thus (1) has no solution when K = c + a · x, when a = (a1, a2, a3) is not
zero. Many sufficient conditions on K have been found for the existence of a solution
to (1)—the literature on this subject is so vast, it is impossible to list all related
papers; we are only able to include some representative papers in our references.
Many of these conditions are geometrical or topological in their nature. But these
conditions still do not give enough information on the solvability of (1) when K is
near 1. One could reformulate (1) as a nonlinear map F [u] = e−2u(1−∆g0

u) from a
certain function space X to a function space Y, and note that F [0] = 1, and tries to
characterize the set Z of points in Y near 1 that are in the image of F . We present
here some results that give some descriptions to Z. The bulk of the results to be
presented here were obtained more than ten years ago, and was presented by the
first author at the International Conference on Dynamical Systems and Differential
Equations, Springfield, MO, in May 1996.

We now describe the setting of our results. Let X = H2(S2), Y = L2(S2), and
H1 = span{xi, i = 1, 2, 3} be the space of the spherical harmonics on S2 associated
with the first non-zero eigenvalue −2 of the operator ∆g0

. Let Y2 denote the
orthogonal complement of H1 in Y, namely, the closed span of higher order spherical
harmonics on S2, and P : Y 7→ Y2 denote the orthogonal projection operator. For
any K ∈ Y, we define the 3 × 3 matrix M [K] = (Mij [K]) with

Mij [K] =

{

∫

S2 xixjK(x) dvolg0
, if i 6= j,

∫

S2

(

x2
i −

1
3

)

K(x) dvolg0
, if i = j.

(3)

We often split K in the form of K = 1 + ε(K1 + K2), with K1 ∈ H1, and K2 ∈ Y2,
normalized so that ||K2||Y = 1, so ε = ||P(K − 1)||Y . Here and in the following,
the norms are defined with respect to the normalized area element on S2 with total
area 1.

Theorem 1.1. Suppose that K2 ∈ Y2 is normalized so that ||K2||Y = 1, and that

M [K2] is invertible. Then there exist r > 0 and γ > 0 depending on ||M [K2]
−1||,

such that when |ε| < r and ||K1||Y < γ, (1), with K = 1 + ε(K1 + K2), has a

solution u in a neighborhood of 0 in X .

Remark 1. Since xixj for i 6= j, and x2
i − 1/3 are in H2, the space of spherical

harmonics on S2 associated with the eigenvalue −6 of ∆g0
, M [K] depends only

on the L2 projection of K in H2 and is homogeneous in K of degree 1, so the
invertibility condition on M [K2] can be described as a codimension 1 projective
variety in Y2 in terms of the 5 components of K2 in H2, and the invertibility
condition on M [K2] is satisfied for a generic K2 in Y2. Thus Theorem 1.1 says that,
modulo this codimension 1 variety in Y2, along any other direction in Y2, a section
of a cone region in Y with 1 as vertex and with a controlled opening is contained
in Z. In particular, if we take K1 = 0, then for all K2 ∈ Y2 satisfying M [K2]
invertible, (1), with K = 1 + εK2, has a solution, for |ε| small.

In fact, if we write the component of K2 in H2 as

A(x2
1 −

1

3
) + B(x2

2 −
1

3
) + Cx1x2 + Dx1x3 + Ex2x3,
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then

M [K2] =
8π

45





2A − B C D
C −A + 2B E
D E −A − B



 ,

where we have used
∫

S2

x2
i x

2
j dvolg0

=
4π

15
for i 6= j, and

∫

S2

x4
i dvolg0

=
4π

5
.

The dependence of r and γ on ||M [K2]
−1|| can be worked out explicitly, so the

conditions in Theorem 1.1 are easy to check.

Remark 2. If one replaces X by W 2,p(S2) and Y by Lp(S2) with ∞ > p > 1,
or replaces X by C2,α(S2) and Y by Cα(S2) with 1 > α > 0, then Theorem 1.1
continues to hold with the modification that r and γ may also depend on p (or α).
This will be obvious from the proof to be given, with straightforward modifications
to the proof. In such settings, the projection operator P , can still be canonically
defined, and shares similar properties as in the L2 case.

Remark 3. In [16], Delanoë gives some description to the local image of F that
are related to but different from our results above.

Theorem 1.1 only provides a subset of the mapping image of F in Y for some
neighborhood V of 0 in X . But for a K near 1 in Y, (1) may have a solution u
not near 0 in X . Using the group action of the conformal diffeomorphisms of S2

on the equation (1), we can provide a more precise description to F(X ) ∩ L∞(S2)
in a neighborhood of 1 in L∞(S2). For any conformal diffeomorphism φ of S2, if
u is a solution to (1), then uφ := u ◦ φ + ln |dφ| is a solution to (1) with K ◦ φ
replacing K. In terms of the map F , this is F [uφ] = F [u] ◦ φ. Note that the action
of φ on K keeps the L∞(S2) norm invariant. An earlier result of Chang and Yang
[7] (see section 4) provides a description of F(X ) ∩ L∞(S2) in a neighborhood of 1
in L∞(S2), when X is taken to be W 2,p(S2) for 1 < p < ∞. Reformulated in our
setting it is

Theorem 1.2 ([7]). Fix 1 < p < ∞ and let X = W 2,p(S2). There exist a neigh-

borhood V of 0 in X and a constant ε0 > 0 depending on p such that, for a function

K ∈ L∞(S2) with ||K − 1||L∞(S2) ≤ ε0, (1) has a solution in X iff there is some

conformal diffeomorphism φ of S2 such that K ◦ φ ∈ F(V).

Remark 4. The result of Chang and Yang [7] referred to above used a different for-
mulation. The essential point is to prove, as done in [7], that when ||K−1||L∞(S2) ≤
ε0, an appropriate renormalization uφ of u is close to 0 in X .

The same kind of analysis also works for several other prescribing curvature
problems on the round spheres, such as the prescribing scalar curvature (or Q-,
σk-curvature) problem on the higher dimensional round sphere Sn. We will limit
ourselves here to stating the results for the prescribing scalar curvature problem.
Here a function R(x) is given on Sn, and one looks for a positive function u(x)
on Sn such that the scalar curvature of g = u4/(n−2)g0 is equal to R(x). This is
formulated as the following PDE

c(n)∆g0
u − n(n − 1)u + R(x)u

n+2

n−2 = 0 and u > 0 on Sn, (4)

where c(n) = 4(n−1)/(n−2). We are interested in finding a solution u near 1 to (4)
for R(x) near n(n− 1). Writing R(x) = n(n− 1) + εR̆ , with R̆ = R1(x) + R2(x),
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R1(x) ∈ H1, the space of spherical harmonics of degree 1 on Sn, and R2(x) ∈ Y2,
the closed subspace of Y = Lp(Sn) orthogonal to H1. For any R ∈ Y, we define the
n × n matrix M [R] = (Mij [R]) by

Mij [R] =

{

∫

Sn xixjR(x) dvolg0
, if i 6= j,

∫

Sn(x2
i −

1
n+1 )R(x) dvolg0

, if i = j.
(5)

Theorem 1.3. Fix n/2 < p < ∞ and let X = W 2,p(Sn). Let R2 be normalized so

that ||R2||Y = 1 and suppose that M [R2] is invertible. Then there exist r > 0 and

γ > 0 depending on ||M [R2]
−1|| such that when |ε| < r and ||R1||Y ≤ γ, (4), with

R = n(n − 1) + εR̆ , has a solution u in a neighborhood of 1 in X .

Since the linearized operator to (1) at u = 0 and K = 1 is ∆g0
+ 2, and that

to (4) at u = 1 and R = n(n − 1) is c(n)(∆g0
+ n), both have closed range in

their respective Y, but are not onto. Our approach is to first carry out a reduction
to solve the projected equation onto the range, then solve the remaining finite
dimensional equations involving the Lagrange multipliers. The finite dimensional
equations have a degeneracy, which can be resolved through a renormalization.
See the second paragraph in the next section for more details. The basic tools in
both steps are the Implicit Function Theorems. The matrix M turns up as the
linearization of a renormalization of the finite dimensional operator. Because the
analysis for Theorem 1.3 is almost identical to that for Theorem 1.1, we will only
provide a proof for Theorem 1.1 in the next section.

2. Proof of Theorem 1.1. Instead of working with F directly, we will work with
a slightly different formulation of (1), which allows a somewhat more streamlined
proof. Denote K1 + K2 by K˘ and define F : X 7→ Y by

F [u, ε] = ∆g0
u − 1 + (1 + εK˘(x)) e2u,

and let X2 ⊂ X denote the orthogonal complement of H1 in X . We split u ∈ X as
u = u1 + u2, with u1 ∈ H1 and u2 ∈ X2. Since u1 can be given in terms of a · x for
some a ∈ R3, we define a map G : X2 ×R3 ×R 7→ Y2 and L : X2 ×R3 ×R 7→ Y1 by

G[u2, a, ε] = P ◦ F [a · x + u2, ε], and L[u2, a, ε] = (I − P) ◦ F [a · x + u2, ε]. (6)

We will first solve for u2 = S[a, ε] such that G[S[a, ε], a, ε] = 0 for {|a|, |ε| <
r1} with some r1 > 0, and then try to solve for the finite dimensional equations
L[S[a, ε], a, ε] = 0. However, due to the presence of continuous families of solutions
to (1) when K ≡ 1, we have L[S[a, 0], a, 0] ≡ 0 for all |a| < r1. It turns out that
this degeneracy can be resolved through a renormalization. In our context the map
(a, ε) 7→ L[S[a, ε], a, ε]/ε extends to a C1 map across ε = 0, and we can carry out
a linearized analysis of this renormalization at (a, ε) = (0, 0). This general scheme
appears in other contexts, while the specific renormalization and the possibility of
carrying out a linearized analysis to the renormalized operator may depend on the
circumstances.

Now the implementation of this approach in our context. Note that G[0, 0, 0] = 0,
and G is a C2 map, due to the embedding X ⊂ L∞(S2), with

Gu2
[u2, a, ε](u̇2) = P [∆g0

u̇2 + 2 (1 + εK˘(x)) e2a·x+2u2 u̇2], for u̇2 ∈ X2. (7)

So Gu2
[0, 0, 0] = ∆g0

+2 is an isomorphism from X2 onto Y2. Applying the Implicit
Function Theorem such as the version in [31], we obtain r1 > 0 and a C2 map
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S : {[a, ε] : |a|, |ε| < r1} 7→ X2 such that S[0, 0] = 0, and G[S[a, ε](x), a, ε] = 0,
namely,

∆g0
u − 1 + (1 + εK˘(x)) e2u =

3
∑

i=1

λi[a, ε]xi, (8)

where u(x) := u[a, ε](x) = a · x + S[a, ε](x), and λi[a, ε] are C2 functions of [a, ε] in
{|a|, |ε| < r1} with λi[0, 0] = 0.

Remark 5. The first solvability results in the spirit of (8) is due to Aubin [2],
though his results were not limited to 1 + εK near 1.

A bound for r1 can be established from the proof of the Implicit Function Theo-
rem in [31]: one needs to fix an ε1 > 0 such that ε1||(Gu2

[0, 0, 0])−1||Y2 7→X2
≤ 1/2,

and choose r1 > 0 and δ > 0 such that ||Gu2
[u2, a, ε] − Gu2

[0, 0, 0]|| ≤ ε1 when
||u2||X ≤ δ and |a|, |ε| ≤ r1; in addition, r1 needs to be small enough such
that ||(Gu2

[0, 0, 0])−1(G[0, a, ε])||X ≤ δ/2 when |a|, |ε| ≤ r1. In our situation,
||(Gu2

[0, 0, 0])−1||Y2 7→X2
= ||(∆g0

+ 2)−1||Y2 7→X2
≤ 2, so we could take ε1 = 1/4.

Due to the embedding of X into L∞(S2), there is a dimensional constant N > 0
such that ||2a · x + 2u2||L∞(S2) ≤ N when |a|, ||u2||X ≤ 1. Thus, for u̇2 ∈ X2,

|| {Gu2
[u2, a, ε] − Gu2

[0, 0, 0]} (u̇2)||Y

=||P
[

2(e2a·x+2u2 − 1)u̇2 + 2εK˘(x)e2a·x+2u2 u̇2

]

||Y

≤2||(e2a·x+2u2 − 1)u̇2||Y + 2ε||K˘(x)e2a·x+2u2 u̇2||Y

≤2eN ||2a · x + 2u2||L∞(S2)||u̇2||L∞(S2) + 2ε||K˘||Y ||e
N ||u̇2||L∞(S2)

≤NeN(2|a| + N ||u2||X )||u̇2||X + εNeN ||K˘||Y ||u̇2||X .

Here and in the following we pretend ε > 0 for ease of readability so that we do not
have to write |ε| in place of ε. Due to our normalization, ||K˘||Y ≤ 1 + γ ≤ 2, if
γ ≤ 1. Thus we can choose r1, δ > 0 depending only on N such that ||Gu2

[u2, a, ε]−
Gu2

[0, 0, 0]|| ≤ ε1 when ||u2||X ≤ δ and |a|, |ε| ≤ r1. Finally

G[0, a, ε] = P
[

−2a · x − 1 + (1 + εK˘)e2a·x
]

.

So

||(Gu2
[0, 0, 0])−1(G[0, a, ε])||X

≤2||(G[0, a, ε]||Y

≤2|| − 2a · x − 1 + (1 + εK˘)e2a·x||Y

≤4|a| + 2||e2a·x − 1||Y + 2εeN ||K˘||Y

≤δ/2,

when |a|, |ε| ≤ r1 when r1 > 0 is fixed small depending only on N .
We will prove that, under the conditions in Theorem 1.1, by restricting r1 to

r > 0 smaller, if necessary, depending on ||M [K2]
−1||, for each ε with |ε| < r, there

is a (unique) a = a(ε), such that |a(ε)| < r and λi[a(ε), ε] = 0, for i = 1, 2, 3,
namely, u(x) = a(ε) · x + S[a(ε), ε](x) solves (1) with 1 + εK˘ in place of K.
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For each j = 1, 2, 3, multiplying both sides of (8) by xj and integrating over S2,
we obtain

λj [a, ε] =
3

4π

∫

S2

xj

[

∆g0
u[a, ε](x) − 1 + (1 + εK˘(x)) e2u[a,ε](x)

]

dvolg0

= 3�

∫

S2

xj

[

e2u[a,ε](x) − 2u[a, ε](x) − 1 + εK˘(x)e2u[a,ε](x)
]

dvolg0
,

(9)

where we have used
∫

S2

xj∆g0
u dvolg0

=

∫

S2

∆g0
xju dvolg0

=

∫

S2

−2xju dvolg0
.

Since the solutions to

∆g0
u − 1 + e2u = 0 on S2

are completely classified, and the solutions near u = 0 can be parametrized in
terms of a ∈ R3 in the form of u(x) = a · x + Q(x, a) with Qa(x, 0) = 0, we see
that G[Q(x, a), a, 0] = 0. The Implicit Function Theorem implies that Q(x, a) =
S[a, 0](x) when |a| ≤ r1. Thus λi[a, 0] = 0 for a near 0 and i = 1, 2, 3, and

3�

∫

S2

xj

[

e2u[a,0](x) − 2u[a, 0](x) − 1
]

dvolg0
= 0.

Subtracting this from (9) and dividing both sides by ε, we obtain, for a and ε 6= 0
near 0,

Λj [a, ε] :=
λj [a, ε]

ε
=

λj [a, ε] − λj [a, 0]

ε

=3�

∫

S2

xj

[

e2u[a,ε](x) − e2u[a,0](x) − 2u[a, ε](x) + 2u[a, 0](x)

ε
+ K˘(x)e2u[a,ε](x)

]

dvolg0
.

(10)

Λj[a, ε] are the coordinate representation of the renormalization L[S[a, ε], a, ε]/ε
mentioned earlier. We next prove that Λj[a, ε] extends to ε = 0 to form a C1

function of a, ε, with Λj [0, 0] small and 4π (∂ai
Λj [a, 0]) = 9M [K2]. More precisely,

writing

u[a, ε](x) = u[a, 0](x) + εv[a, ε](x)

and noting that v[a, ε](x) is a well defined function for a, ε small, with values in X ,
and depends on a, ε in C1, we have

Λj [a, 0] := lim
ε→0

Λj [a, ε]

=3�

∫

S2

xj

[

e2u[a,0](x)2v[a, 0](x) − 2v[a, 0](x) + K˘(x)e2u[a,0](x)
]

dvolg0
.

Thus Λj [a, ε] extends to ε = 0 with

Λj [0, 0] = 3�

∫

S2

xjK˘(x) dvolg0
= 3�

∫

S2

xjK1(x) dvolg0
. (11)
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In addition,

∂ai
Λj [a, ε]

=6�

∫

S2

xj

[

e2u[a,ε](x) − 1

ε
∂ai

u[a, ε](x) −
e2u[a,0](x) − 1

ε
∂ai

u[a, 0](x)+

K˘(x)e2u[a,ε](x)∂ai
u[a, ε](x)

]

=6�

∫

S2

xj

[

e2u[a,ε](x) − e2u[a,0](x)

ε
∂ai

u[a, ε](x) + K˘(x)e2u[a,ε](x)∂ai
u[a, ε](x)+

(

e2u[a,0](x) − 1
) ∂ai

u[a, ε](x) − ∂ai
u[a, 0](x)

ε

]

→6�

∫

S2

xj

[

2e2u[a,0](x)v[a, 0](x)∂ai
u[a, 0](x) + K˘(x)e2u[a,0](x)∂ai

u[a, 0](x)+

(

e2u[a,0](x) − 1
)

∂2
aiεu[a, 0](x)

]

as ε → 0. Thus Λj [a, ε] extends to ε = 0 as a C1 function of a, ε, with

∂ai
Λj [0, 0] = 6�

∫

S2

xj (2v[0, 0](x)∂ai
u[0, 0](x) + K˘(x)∂ai

u[0, 0](x)) .

Since

∂ai
u[0, 0](x) = ∂ai

(a · x + Q[x, a]) |a=0 = xi

and

v[0, 0](x) = ∂εu[0, ε](x)|ε=0,

we find

∂ai
Λj[0, 0] =6�

∫

S2

xixj [2v[0, 0](x) + K˘(x)]dvolg0

=6�

∫

S2

xixj [2v[0, 0](x) + K2(x)]dvolg0
.

Differentiating the relation P ◦ F [u[a, ε](x), ε] = 0 with respect to ε, we obtain

0 = P
[

∆g0
v[a, ε](x) + 2 (1 + εK˘(x)) e2u[a,ε](x)v[a, ε](x) + K˘(x)e2u[a,ε](x)

]

+ εP
[

∆g0
∂εv[a, ε](x) + 2 (1 + εK˘(x)) e2u[a,ε](x)∂εv[a, ε](x)

]

Thus at a = 0 and ε = 0, we have

P [∆g0
v[0, 0](x) + 2v[0, 0](x) + K˘(x)]

=∆g0
v[0, 0](x) + 2v[0, 0](x) + K2(x) = 0,

(12)

from which it follows that, for i 6= j,

0 =

∫

S2

[xixj∆g0
v[0, 0](x) + xixj (2v[0, 0](x) + K2(x))] dvolg0

=

∫

S2

[∆g0
(xixj)v[0, 0](x) + xixj (2v[0, 0](x) + K2(x))] dvolg0

=

∫

S2

[−6xixjv[0, 0](x) + xixj (2v[0, 0](x) + K2(x))] dvolg0

=

∫

S2

[−4xixjv[0, 0](x) + xixjK2(x)] dvolg0
,
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where we have used ∆g0
(xixj) = −6xixj on S2 for i 6= j; while for i = j,

0 =

∫

S2

[

x2
i ∆g0

v[0, 0](x) + x2
i (2v[0, 0](x) + K2(x))

]

dvolg0

=

∫

S2

[

∆g0
(x2

i )v[0, 0](x) + x2
i (2v[0, 0](x) + K2(x))

]

dvolg0

=

∫

S2

[

(−6x2
i + 2)v[0, 0](x) + x2

i (2v[0, 0](x) + K2(x))
]

dvolg0

=

∫

S2

[

(−4x2
i + 2)v[0, 0](x) + x2

i K2(x)
]

dvolg0
,

where we have used ∆g0
(x2

i ) = −6x2
i + 2 on S2. Using further

∫

S2

[2v[0, 0](x) + K˘(x)] dvolg0
= 0,

which is obtained from integrating both sides of (12) over S2, we obtain

4π∂ai
Λj [0, 0] =

{

9
∫

S2 xixjK2(x) dvolg0
if i 6= j,

9
∫

S2(x
2
i −

1
3 )K2(x) dvolg0

if i = j.

= 9Mij[K2].

(13)

Then an application of the Implicit Function Theorem to

Λ[a, ε] := (Λ1[a, ε], Λ2[a, ε], Λ3[a, ε])

near a = 0 and ε = 0 implies the existence of r1 ≥ r > 0 and γ > 0 such that if
|Λ[0, 0]| < γ, and |ε| < r, there exists a unique a = a(ε) solving Λ[a(ε), ε] = 0, which
implies λi[a(ε), ε] = 0 for i = 1, 2, 3. By (11), the condition |Λ[0, 0]| < r is satisfied,
provided ||K1||Y < γ/3. As in the estimate for r1, we can obtain an estimate for r
and γ > 0 in terms of ||M [K2]

−1||.
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