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Abstract

[n this paper we mainly introduce a min-max procedure to prove the existence
of positive selutions for certain semilinear elliptic equations in rY.

Introduction

In this paper, we investigate the existence of posilive solutions for the follow-
ing semilinear elliptic equation in R™:

1 —Au 4 u— qg)u)? 'u=0
ﬁ %:mm;ﬂ&_

here 1< p < 0=
where P

satisfies the following hypotheses:

LIENZ3 1<p< +00, if N=1, 2 and g€ L™(RY)

(2) g(x) >0 for every xeRY.
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There exists a positive constant, denoted as g, such that

(3} fim gx) = 4=

_k_\vnn
and there exist some positive constants C and § such that, for |x| large,

(4 g(x¥) = g. — Cexp (—8|x|).

Under the hypotheses (2), (3) and (4), we are able to prove the existence of
at least one positive solution to (1). However the main purpase of this paper
is to derive the result through a min-max procedure, similar in spirit 1o [6],
even though we have to replace {4) by a stronger hypothesis:

There exist some posilive constants C and & such that, for |x| large,

)

Without loss of gencrality we can assume that § < p - 1.

The existence of solutions of semilinear elliptic equations in RY have
been investigated, ameng others, in [3), [8], [13], {14], 51, [21, (18], [19],
[11].

Weiyue Ding and Wei-Ming Ni established in [8] that (1) has at least one
positive solution if ¢(x) > 0 is radially symmetric and bounded, for large |x],
N-Dw -1

2

has proved that for N 3 3 (1) has no positive solution ifge) 2 0,geC” LYR™
is radially symmetric and g(x)jx| - & D%~ 2 s nondecreasing in |x|. However,
very little is known for the existence of nontrivial soluticn of (1) if g{x) is not
radially symmetric. In [8] [13], variational methods are used to prove the
existence of a positive solution of (1) under various hypotheses, which ensure
the existence of ihe global minimum of the functional associated with (1).
Therefore when the minimum is not achieved the existence problem is left
open. It is proved by A. Bahri and P. L. Lions in [2] that if we consider the
problem on PY\Q instead of R", where { is any smooth bounded open set,
then the existence of positive solution can be established even when the
minimum of the functional is not achieved. There the topology of RY\{I has
been used, Our present situation is different since RY is a contraciable set.
Therefore the technique developed in [2] cannot be applied directly. However,
with the observation we have here, we can modify the argument of [2] to
prove the existence of positive solution withouti using the topology of the
domain.

In (5] and {11] the existence of multiple solutions has been studied under
various hypotheses on g(x).

(%) gy 2 q. — Cexp(—(2 + 8)|x

by |x|’ where { satisfies 0 < / < - On the other hand Yi Li ([12])

¥
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1. Preliminaries

We first introduce some notations. Let

VuvVy + ue

Gvd = |

denote the inner product of H'(R") and

lul = o, ur’?
{we H'RM: |u] = 13

(# eE:u 2 0 almost everywhere in RY].

t
I

\y/
+
Il

Let
.rﬁ_a.:___N + u?
: qg_:?tvwsé
RN :
(

Jin fvul? + u?

p+1\2/(p+ 1)
:_mzms_:_ v

Jeel 1)

Hu) =

Joltt) =

inf
u e L(RVIN{0}

8 =

MiH..:?n:kﬁ;.:MT m=234...

It is well known that .§; is actually achieved by some radially symmetric
positive smooth function w, which satisfies the following equation

. ﬁID€+8IQEEhHO,
(6) 1

1 weH(RY.
It has also been proved by Kwong {[10]) recently that the positive solution

of (6) is actually unigue up to translations. Furthermore we know exactly how
« behaves at +¢o.

Theorem 1.1, Ler g(x) m%afwzv satisfy (2), (3) and (5). Then (1) has @
positive solution in H'(RY) for 1 <p<(N+2)/(N-2),if N23; l<p<
+o0, [fN=1, 2.

Remark 1.1. The regularity of the selution found in Theorem 1.1 follows
from standard elliptic theory.

Proposition 1.1. Let w be the pesitive solutian of (6), then w € C*(R™) and
is radially symmetric after suitable translation, namely, o = w(ix|). Further-

k]
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more, there exists some positive constant ¢ > 0, such that,

7 oD@ exp () 2 ¢ as ¥low

(@) DY 2 exp (x> —¢ as lx o e

The proof of the above proposition can be found in [2] and the references
there.

Proposition 1.2. Let g€ CERMNLERY, ¥ eC(RY) be radially sym-
metric and satisfy for some a 20, 820 veR

()] o) exp (alx)x|P =y as  |x] -,
(10) [ 10 exp ()L + x}?) < .
Then

Cﬁz olx + P)x) &u exp (] yDIVIF = 7 [ vl exp (-ax)dx as |y = oo

ProoF. Since ¢, ¥ are radially symmetric, we only need to obtain the limit
for y = (|3, 0,....0, ¥ — +°.

In the following we then assume that y = {(r.0,..
the pointwise limit of the integrand.

., 0). We first identify

o+ PHAR) exp (YD1
= $)elx + y)explalx + yDIx = ¥if exp (—alx + yDexp @l yDix + ¥l ~flyl?

The limit (9) implies that
ol + pyexp (alx + ¥Hx + 37~y
pointwise as |y| = +e0. On the other hand,

im e+ 2 PP =1

¥~ +=

is obvious.
Using the fact that y = ({»},0,..-, (), we have

exp (—alx + y|) exp (e} y|) = exp (—atlx]® +2x -y + i) exp (@] ¥))

. p?ﬁ
exp { ~atn 1+ 277+ W) )oxpial

exp ﬂm&e_ - ax, + Qﬁ_lw__ﬁvv exp (w|y[).
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Therefore

o exp (—alx + y)yexp(aly]) = exp{—ax,).
e
H"A__‘“_.c.l L, 0

Putiing the above calculations together, we obtain that
Lim

| y| ~+ + =
y={rl,0,....00

px + YWx) exp (a| D) »|7 = 1) exp (—ax).

it follows from (9) that

20 + Y)x) exp (| ¥ ¥|P
< Cly0)| exp (—alx + D0 + jx + ¥~ Zexp (@l yDIy*
< C|y0)] exp (x| )t + |x + 375"

For ¥| = 2|,
letx + ¥)vx) exp (aly IF| < Clyt) exp (ax]).
For |y| € 2|,

lo(x + ) exp (| pHIM1P € ClY0)! exp (alx])ix]®.

Now we can simply apply the Lebesgue dominated convergence theorem ta
conclude the proof of Proposition 1.2,

To apply 2 min-max method, we need to analyze where the functional J
sarisfies certain compactness condition. This has been well known by now. In
the following, we are going to state some compaciness lemmas. For the proof,
see [13], [14] and [2}.

Definition 1.1. J|,. is said io satisfy Palais-Smale condition at C', if for any
Paluis-Smale sequence {u,} €L, namely, {u,} €L, Ju,)~> ", J |3 () = 0
strongly in H'(RY), there exists a subsequence of {u,} which converges
strongly in H'(RY).

Lemma. Lef {u,} L be a Palais-Smale sequence, then there exists a sub-
sequence (still denoted as {u,}) for which the following holds: there exisis an
integer m 2 0, sequences Hw_ for 1 i< m, functions i, w; for 1 i< m such
that

(1) _Ad+E=q)E" a in RY, aeHYRY
(12) A+ 0 = Gulasl? e in R, w;e H'(RY)
13 _xp_lB, _kw.lk;._..__ioo as n—o for ISizj<m
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"
7+ 2wl — xt)
(14) Uy
2 als X))

i=1

— 0 sirongly in H(RY as n—x

jaf* + 2, fel?
) S = - el - a5 n®

A,m‘ .u_mn+_+.MH¢m Qﬁ_ﬁﬁamﬁu.‘.uvnﬁ.ﬂ
RN =1 JEN ;

where we agree that in the case m =0 the abave holds without w; and Hw. in
addition, if u, 2 0then i 20, w; 2 Qforalll £ig m Therefore w, = w for
all \ < i< mdue tothe uniqueness upto transiation of positive solution of (6)
(see {101).

This result immediately implies that if u, 2 0 in the PS Lemma and (1) has
no positive solution, then

(16) J(uy) = Su

where m = 1 is some integer.

We are going to use a contradiction argument for the existence of positive
solution of (1), namely, we start with the assumption that (1) has no positive
solution, then we know that (PS) condition fails only at levels {5,1. Further-
more if we are able 1o construct some min-max value which is different from
{S,.1, the standard deformation lemma will give rise to a positive solution to
{1), hencea contradiction. The purpose of the next two sections is Lo construct
such 2 min-max value which is strictly between S, and S;.

2. Energy Estimates

The energy cstimates given in this section play an important role for the proof
of the existence result. These estimates have essentially been given in {2], while
we do need a result which is slightly different from that in [2]. This kind of
phenomenon have been used by C. Taubes (I17]}, A. Bahri and J. M. Coron
(1, A. Bahri and P.L. Lions ([2])-

We first state a result which wiil be used later.

Lemma 2.1, Let p> 1 be any real number, then there exists some constan!
C = C(p), such that, for any nonnegative real numbers a, b,

(A7) @+ bP ettt + 0P (2 aPb + ab®) - Cgle+ D/2ptr s 172

(In fact, if p 2 2, we may take C = C(p) = 0.)

UN A NIN-IVIAX FRUCEDURE FOK 1HE CLAINTENUE OF A FUSLHIIVE DULL LLIUN

Prooe. 1fa = 0orb =0, (17)is obvious. Otherwise we assume, without loss
of generality, that a< b, ab=0. Let x= a/b, then 0< x<1, (17) is
cquivalent to the following:

(18) L +x° 21+ 27 4 (p + D+ x7) — Cx P2
For x small, it follows from Taylor expansion that

perl) oy o(x*),

G+ =1+ (p+ I+

therefore there exists some positive number &, = 5,( p) between 0 and 1, such
that, (18) holds for 0 <x <8, C2p+ 1. For §; < x < 1, we can choose
€ = C(p) large enough to guarentee (18).

Lemma 2.2. Under the hypotheses of Theorem 1.1, there exisis a lurge
number Ry, such that, forany R z Ry, x| 2 R, [x] 2R, VR €lx, - x| <
2 + 1/2R Ymin { |x], x|}, we have

{19) J(tu, + (1 — ) < S,
where 0 < t< | and u; = vl — X))
Proor. Let us first prove (19) for = 1/2, namely,

{200 Jy + 1) <55
Let

A= el

:hen from {6) we know that
\» = «qﬁﬁ.\tt,*_.
The following computation holds for large R.
o + 4y i_u

:aﬁ: + :bu+.v~\€+:
lg |2+ Jnad? + 2uu)
(] aute = w9 + (@ = gty + "1}
. 24 + 2{uy, uy)
A.'.Qooﬂ:m + anv_h-+_ _ ‘-AQB _ QV.TAEH + H—Nvﬁ._-qu\nﬁ... 13

Juy + u3) =

Y4\
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We first estimate _. ufu,. In the following C will denote some positive con-
stant independent of R.

7
-mt—tm

-qecw. — x Val(lx — x|y dx

w,q wllx = x NPo(lx — x|y dx
fe=ayl=1

1

| 1 %..
2 c b,_xlﬁ_m_&ﬁ_k Hu_v

1
WNEQH»!.RN_ +1)

1

> &l = [0

exp{—|x — X1}

The last inequality follows from (7).

2 1/2 + 13/2
Secondly we estimate .?T O LE .

[ﬁ:mal _u\man+~v\n _ .Tvﬁ_k _ k_cci :\NEQH _ kn_vf.t /2 gy
< o(Djx; — HLc TN exp(—|x, — X2])

go(l)

.:w:u
where (17) and Proposition 1.2 have been used.
Here and in the sequel, o(1) — 0 as R goes 10 . .
Thirdly we estimate Tma - u, + w)? 1. Use (5), (7) and Proposi-
tion 1.2, we have

2
_.Sal @ ru)? T C R _.Eal Qrust!

i=1

‘. exp (—(2 + B)jxPeljx —~ x[}** L dx

i=1

2 2+ 8
£C2 axnh! 5 _»._Q

2 246 jx,— xl

< C ), exp Iq..__ ..._u‘
i=1

24—

2VR

= o(l)px, — X%,/ ¢ N2 exp (—[x; — %[) = o(1) % ulu,
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where we have used the hypothesis

VR € |x, =~ x| € Au +%v3§ {xls bl )

According to Lemuna 2.1 and the above estimates, we deduce that
.w.as:: +uy)? !

p .*Qa@_wl +wd Y+ (p+ :._‘Qa?_wtu + u,uf) — Q._,:Muivb:mn.v:b

=24 + (2p + 2)uy, Un) — Q Ul 2y lp+ 72

224+ @Qp + 2 — o(1)){uy, 4y}
where we have used the fact that

Qﬁ Qi = _.mat_m:_ = {uy, 1),

which follows from (6).

Therefore
Jy + ) < 2A + 2€uy, uy)
A%QBA«&H + 2~uﬁ+~ _ _.nnmﬂ _ Qu+ﬁu: + vah+~v~\A3+3
2A + 2{uq, uy)
.ﬂp 2/p+1
QA + (2p + 2 — 01wy, u))PH 1
1
- 1+ M Atf tpv
= 3
p+1—o(l) 2Pt
)
1
1+ A Uy, Hp)
IR R BT D
(p+ 1A 12
L 2p+2- o)

Notice that i << 0+ 1A for R large, we obtain (20) from the above

estimates. Next we are going to prove (19).

Let
C— = Nﬂnm
=01-u,

where 0 1 £ 1.
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oy + v, = o )*+ Loy )® + 24wy, va2d

=+ 0 - D2y | 2 + 2000 — £)Cu Ha)
= (> + (1 — A + 21 — D{uy, )

I + p+1l
,EE+¢L@+HW .qﬂs_e-;.cufn:lTas%nv ly, + 2,177

When £or 1 — £ tends 1o ZeT0, Uy + U; tends to u, or ¢, and J(v, +,§v comnse-
quently converges to 8, . Therefore there exists some small nosmﬁm.:ﬁ.@ >0, such
that, for any min {z, 1 — t) <6, 20) nolds. Notice that 8’ > 01is E&num,:n_ma
of R large. 1n the following we always assume that min {7,1 — 7] 28"

Arguing as before, we have,

Tmaﬂcp + cu_ui
S@PT - P HA + (s DEPA - £) + 11 — D)y, )
_ A...,i. xwxfn; Stw;+ 1
1

S Pt (1 - 0PTHA + (o DE - D+ 10 - S \WICHL

We have derived before that

L AT

.T_ua - @) (U ¥ u)* Y= o(1){uy, Uad-
Notice that min {# 1 — £) = §', we have

fg—a@ "o+ bylP* < oEPQ — D+ 10 = D )

Therefore

Juy + v)) .
(- DDA+ 2600 - QLB

STE T A - P A (o DL - D) ¥ = 7 = o(DKu, w17

+17

B -1 A
SFFi @ = P B0 AT
26(1 - 1)
oy g (g, )
b Q~+:1N%EA pre
.VA. \'.'\‘.||.\||\|.|;|.\|||
2P — 1) + 11 — 24
o e r A
Since . e
.W__ = .m.n..||. b

ryaa = 2

M w¢ have
3
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MN\C.-+ 1)

2+(1-0
S + 1) €855 a-n

2 o Q.u+~+ﬁ IHV.G+JH\§+3|

26(1 — 1)
b a0
20070 — 1) + Ul -1
-.Mz:_ ¥ m - wﬁ_mm. ol v

A__.:__ :NV

1+

Notice that we have the following inequalities:

Nu.\nﬁ+ b}

T ¢ ) o
(21) s i as ey S for 0gt<l
1—-1) P = 1) + 1l - 6
22 - P e = <1
22) 2y -2y P (1 —nFt! or 0<1<1

(21) follows from the convexity of the function x = x*#~ W2 x> 0and (22)
15 glementary.

Since f and 1 — ¢ are bounded away from zero, we have
201 — 1)

P+

@+ (1 -4

2071 ~ 1y + 1 — )
- PTha

{u,)y <L+

— o) iy, 12

for R sufficiently large.
Finally (19) follows from the above estimates.

3. The min-max Procedure

Let us define a map from £ to the unit ball of RY

mu) = —

where |u},,, denotes the L°” Y{R™) norm of u.
Clearly, m is continuous from I to RY and |m(u}| < L.
Let
2
- u
I,= inf | i -
mu) =a ﬁ_. Q#:_h+ PVN\A.E +1)
ek

where a € RY and |a| < 1.
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It is well known that (1) has a positive solution, which is actuaily a constanmt
multiple of the global minimum of the functional J, if inf Jay < 5. (See

HEL

[131.) o

1n the following we always consider the case when int . Ji)y = 5. -

1f for some aeRY, la| <1, L= S,, then there exists some X &L
(i) = a, such that J(u) = S+ This follows from the nounnEHm:.c:-noBumﬁ-
ness principle developed in [131. in this case we sHE also obrain a solution
of (1) which is 2 constant multiple of the global mimmum of J. See [13] for
details.

There is only one possibility left, namely,

i,> 8, forevery acsRY, la| < 1.

Fix any ¢ € RV, la| < 1, since I, > S;, there exists some positive constant
R, such that,

2y Jlfs - < \Wﬁa + 8y <, forevety ¥e€ K™, \yl = Ry
Let R > max { R Ry} be very large. (Inthe following R is always supposed

to he very large), and
B (0) = (xe RV:|x| < R)
.M,N Hﬁod .-._owz - J\WH
We define a map A from 3B (0) 10 T* by

wls - HP
Aol = ol

where X, € mm.zﬁov.
Since R > R,, we have

for x;€0B,{0).

1
{24) Jhy(x)) < |N|Qa + 8y <4y

We define another map h* from Bp(0) to 7 by

o re(e x) £ (L Dute )
e, + (1 — DX = Trots = x) + (1= el = X))
where 0< 1 < 1, x € 3B, (). T is clear that Hlag o = Ho-

It follows from Lemsna 2.2 that

23 Jih¥(yn < §; for all yeBL(0).

apm o S N

RO
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—
ek

We next define some min-max value. Let

(26) T = ::mvaLMﬁ\_ is continuous, Emais = i,
and
27 ¢g = inf max JCAy)).

hel y&eBp(0)

We will prove that
Sy< I, €6, 8;.

(25) implies that ¢y < .5;.
Coensider the map

mo k mxavlmz

for hel.
1t is quite obvious that

X1

se =l

lim m o he(x)=

R~ +=™

. uniformly for x;€dB (0.

By degree theory, for R large encugh, we have
deg (m o h, Bp(0),q) = 1.

In particular there exists some ¥ € B0}, such that, m o h{y) = a, hence
coz iy > 5. :

The PS Lemma iz Section | guarentees that J |, satisfies PS condition at
¢, if (1) has no solution. Then by using some standard deformation argument
and the maximum principie (see [16], [2]), ¢ is a critical value of J|; with
some corresponding critical point u > 0, ie., J|L(u)=0. By scaling i we
obtain a positive solution of (1). Therefore in any case, (1) has a positive solu-
sion. The proof of Theorem 1.1 has been completed.

Remark 3.1. Under the hypotheses of Theorem 1.1, there exists a positive
solution u with

J() < §;.

Remark 3.2.  1f we repace RY by RN\ @ where Qis any bounded smooth open
set of BY, the proof still holds after simple modification.

With the observation in this paper, it is not difficult to see that we can
modify the arguments in [2] to prove the foliowing result.
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Theorem 3.1, Suppose SEW g e L2(RY) satisfv (2), (3) and (4), then (1) has
o positive saiution in HYRY for 1 <p< (N+ 2)/(N-2),ifN231<p<
=, ifN=1, 2,

Acknowledgement. The authors want to express their sincere thanks to Pro-
tfessor Nirenberg for his useful comments and encouragement.
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