Blow-up Analysis for
Solutions of —Au = Ve in
Dimension Two

YANYAN LI & ITAI SHAFRIR

1. Introduction. In this article we are interested in the asymptotic be-
havior of sequences of solutions of

(1) —Auy, = Vp(z)er

on a bounded domain Q C R? with V,, a non-negative continuous function.
A solution of (1) will always refer to a continuous function satisfying (1) in
the distribution sense. The standard elliptic regularity theory will give C*®
regularity. Equations like (1) appear, for instance, in problems of prescribing
Gauss curvature on S2, see Chang-Yang ([C-Y]) and the references therein. The
difference with respect to our situation is that in [C-Y] solutions on all of S? are
studied, while we are interested in solutions on bounded domains. In the case
Valz) = An, with w, satisfying a boundary condition, related problems were
studied by Nagasaki and Suzuki ([N-S]). Here we are concerned with the case
where no boundary condition is imposed on u,, following the approach of Brezis
and Merle ([B-M]). A special case of their main result is the following:

Theorem 0 ([B-M]). Assume {u,} is a sequence of solutions of (1) sat-
isfying, for some positive constants Cy, Cy, that

and
3) / et < .
Q

Then there ezists a subsequence {un, } satisfying one of the following alternatives:
(i) {un,} is bounded in LS (S2),

loc

(il) un, — —o0 uniformly on compact subsets of €2,

(iil) there exists a finite blow-up set S = {a1, -+ ,am} C Q such that, for any
1 < i < m, there exists {Tn,} C Q, Tn, — A, Un,(Tn,) — 00, and
Un,, (T) — —00 uniformly on compact subsets of Q\ S. Moreover, V,, e¥rx —
Z?;l 64, n the sense of measure with a; > 4m, Vi.

1255

Indiana University Mathematics Journal (c), Vol. 43, No. 4 (1994)



1256 Y. L1 & I. SHAFRIR

It was conjectured by Brezis and Merle (Open Problem 4 in [B-M]) that,
under some additional regularity assumptions on {V;,} (i.e., V,, — V in C(Q)),
the mass «; appearing in alternative (iii) should be of the form «; = 8wm;
with m,; being some positive integer. Here we give an affirmative answer to the
conjecture.

Theorem. Suppose V,, € C°(Q), Vi, > 0in Q, V,, —» V in C°(Q). Let
{un} be a sequence of solutions of (1) with ||e**||L1(q) < Ci for some positive
constant C1. Assume alternative (iii) in Theorem 0 holds. Then for each 1,
a; = 8mm; with m; being some positive integer.

Remark. An interesting question is whether «; > 87 may actually occur.
We tend to believe that this is not possible, at least under suitable uniform
regularity assumption on {V,}. We do not know the answer even for V,, =
1. Under more restrictive assumptions, namely, supgq un — infaqu, < C2 and
IVVyllLee < Ci, Wolansky ([W]) has proved that o; = 87 for each ¢ (note that
we are trying to avoid any boundary assumption on uy).

Our proof consists of two main ingredients. First, by a blow-up around a
local maximum of u,, we are led to a solution of —Au = ce* in R? for some
¢ > 0 with fg,e" < 0o. A result of Chen-Li ([C-L], see also [C-W]) characterizes

all these solutions, in particular, fR2 ce* = 8m. Applying this blow-up procedure
around other local maxima, we obtain each time a contribution of 87 to the
limiting mass. Since lim Jo Vne"» < C, we must stop after a finite number of
steps, say m. The second ingredient consists of showing that the limiting mass
equals 8tm. For that matter we need to show that there is no contribution of
mass outside the m disjoint balls (whose radii going to zero) which contain a
contribution of 8mm mass. Here we use a “sup+inf” type inequality proved in
[S]: for a solution of —Au = Ve¥ in 2, with 0 < a <V < b, we have

(4) sup u+ Cyinf u < Cy,
K Q
with positive constants C; > 1 and Cs depending only on a, b, and the compact

set K C Q. See also [B-L-S] and [T] for other “sup+inf” type inequalities.

It is evident that in order to prove our theorem, we only need to establish
the following.

Proposition 1. For R > 0, let {V,,} be a sequence of functions satisfying
(5) 0<V, =V in C°(BR),

where Bp = {z € R? | |z| < R}. Let {u,} be a sequence of solutions of (1) in
Q = Bgr with the following properties:

(6) maxu, — oo,
R
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(7N max U, — —00, vr € (0,R).
Br\B,
lim Vpe'" = a,

n—oo Br

and for some positive constant Cy,

(8) / ¢ < Co, Vn.
Br

Then o = 8mm for some positive integer m.

Proposition 2. In addition to the hypotheses in Proposition 1, we
assume for some positive constant Cy that

(9) un(z) + 2log|z| < Co Vz € Bg, Vn.

Then there exists some constant C3 > 0 depending only on Cs, V(0) and the
modulo of continuity of V at 0 such that

(10) un(0) > MaX Uy, — Cs, for all large n,
R

(11) o = 8,

and for any k, — oo,

(12) lim Vet =0,

n—oe Br/2\By,, 5,

where 6, = e~ un(0)/2,

2. Proofs. The proofs of the propositions above are divided into several
lemmas.

Lemma 1. Under the hypotheses of the Proposition 1, we have V(0) > 0
and o > 8.
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Proof. Let x,, € Br, un(zyn) = maxzepy un(z). It follows from (6) and (7)
that

(13) ZTn — 0, Up(zn) — 00.
Let 6, = e~"n(®n)/2_ Tt follows from (13) that &, — 0. For |z| < (26,) 'R,

we consider the sequence of functions u,(z) = un(6nz + zn) + 2log 6, which
satisfy

—Aﬂn(x) = Vn(6n.’c+ mn)ea”(x) Vx € BR/(Q(Sn),
Un(0) =0,
tn(z) <0 Vz € Br/(26,)
/ eﬁ" S CO V’I’L
Br/(26n)

For each r > 0 the sequence {&,} is well defined in B, for n large enough.
It follows from Theorem 0 that only alternative (i) may occur, hence {u,} is

bounded in L2 (B) and, by standard elliptic estimates, also in ch*(B,) (0 <

loc
a < 1). We may do the same for a sequence ry — oo, and pass to a diagonal

subsequence (which we will still denote as {u,}) converging in CL%(R?) to 4
which satisfies

—A=V(0)e* in R2,
a(0) = 0,
@<0 in R?,

Since V(0) = 0 would imply that @ is harmonic in R? with [g,e® < oo which
is impossible, we have V(0) > 0. It follows from a result of Chen and Li
([C-L]), that @(z) = log{1/(1++2z[2)?} with v = (V(0)/8)"/*. In particu-
lar, V(0) [g2 €™ = 8. It follows that for every r > 0,

a = lim Voe* > lim Voe'n = V(O)/ et
n—oo Jp. n— oo Brs,, .
Sending r to oo, we have o > 87. The proof of Lemma 1 is completed. O

The following lemma, is a consequence of the Harnack inequality.
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Lemma 2. For R > 0,0 < Ry < R/4, we set @ = {z € R? | Ry <
lz| < R}. Let u be a solution of —Au =V (z)e* in Q with IVl @y < C1 and

u(z) + 2log|z| < Cy, Vx € Q for some positive constants C; and Cy. Then there
exist constants B € (0,1) and C5 depending only on Cy and Cy such that

supu < Cs+Finf u+2(6—1)logr, V2Ry <r <
8B, OB,

vl

We emphasize that the constants 8 and Cs are independent of Ry and R.
Proof. See Appendix.
Next we give a direct consequence of the “sup+inf” type inequality in [S].

Lemma 3. Let V € L®(Bg) satisfy a < V(z) < b, Yz € Bg, where a,
b are positive constants. Suppose that u is a solution of —Au = V (z)e" in Bpg.
Then

(14) u(0)+01%1fu+2(01+1)10gR < Cy,
R

where Cy > 1 and Cy are constants depending only on a and b.
Proof. See Appendix.

Proof of Proposition 2. It is clear that we can pass to subsequences
freely in the process of the proof. Due to (7) and Lemma 1, we may pass to a
smaller disc and assume that for some positive constants a and b we have

(15) a<Vpy(z)<b Vz € Bg, Vn.

Let ©, € Bg, Un(zn) = max,cp, Un(r). Set Un(z) = Un(6nz +5) 4 2log 6,

with 8, = e~%»(@n)/2_ Tt follows from (6) and (7) that (13) holds. It follows from
(9) that

(16) |z,| < e©2/26,,.

Arguing as in the proof of Lemma 1 we conclude, after passing to a subse-
quence, that i, converges in Cu%(R?) to d(z) = log{1/(1+~%z[>)?} with

loc
v = (V(0)/8) /2 As mentioned previously, @ satisfies —A# = V(0)e?, @(0) =0
and V(0) [, e* = 8.
Noticing that @n (—(6n) " zn) = un(0) + 2log 6,, we deduce from (16) and
the explicit formula of & that
liminf @, (—(8,) " ta,) > @(e?/?).

n— o0
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Hence (10) follows for every C3 > —i(e€2/2). We fix any such Cs, that we may
take bigger than Cs.

For any given € > 0, we may choose ko = ko(€) > 1 with the property that,
for all k > ko, there exists ng = ng(k,€) such that for all n > ng(k,e) we have

17 gr— < < Vi (bnx + xn)ea”(””) dx
By 2

B,.0a/2y,

It follows from (10) that
(18) 8y < 8, < 3728,

Using (16), (17), (18) and a change of variable, we obtain for all k > max{k,2e“2/2}
that

(19) limsup

n— 00

Vpe'r — 8w .

<

N ™

Bksn

It follows from Lemma 3 that for each r € (0, R] we have (note that u, is
superharmonic and, therefore, infgp, u, = infp, up):

1 1
i <C—— - — .
(20) é%fr Up < C G Uun(0) — 2 (1 + Cl) log r

Here and in the following C denotes various constants depending only on the
parameters.
Next we apply Lemma 2 to obtain for some 8 € (0,1) and C > 0 that

R

(21) sup u, < C+ Binf u, +2(8—1)log r, Vr € (0, —=1.
0B, 0B, 2 |

Combining (20) with (21) we conclude that

en0-2( 1) (03]
n<C——=—up(0)—2( =+1]logmr, Vre |0,—
0B, a0 -2\g & 2

namely,

¢4 (8) < O(5,)2P/Cr || ~2B/C1+D), 0 < |z] < %_

Finally, for any k£ > 1 we have

(22) / Vae'n < C(8,)%/ / " p=28/C 4Dy g — CR=26/0
Br/2\Bgs,, B k&n

By elementary considerations, (12) follows from (22) and (11) follows from
(19) and (22). Proposition 2 is established. a



Blow-up Analysis for Solutions of —Au = Ve* 1261

Lemma 4. For R > 0, let {V,} be a sequence of functions satisfying
(5). Let {un} be a sequence of solutions of (1) in Q = Bpg satisfying (6),
(7) and (8). Then, after passing to a subsequence, there exist m (1 < m <

V(0)Co/(87)) sequences of points {:csf ) };T;l in Br and m sequences of positive

numbers {kP}7 " with limy, o0 2 = 0 andlimy ook =00 (0<j <m—1)
such that

(23) U (x)) = max Un(x) — 00, VO<j<m-—1,
e~ |<kD 67

where 6 = e=un(@)/2,
(24) Bor s (zﬁf))mB%("j)&g)(xﬁf)) =9
Vi#£75,0<4i5<m-—1,
0 .
(25) ity +a)],_, <0,
V69 < |yl < 269769, 0 < j <m—1.

(26) lim Vet = lim Vae'r = 8,

n—o0 (e o fg e
B%g)é(ﬂ])(wn ) Bkw&g)(% )

27 Un 21 i -z <, Vn.
(27) ;gaéf);{u (z) +2log _min |z~ I} < n

Proof. Let ¥ = Ty, With u,(z,) = maxpg, u,. Set ﬁ,(lo)(x) = un(é,(zo)a:-i—

w%o)) + 2log67(10) with 60 = e~un(@)/2 Tt is easy to see that ﬂ%o) satisfies

—AG0 () = Vo (6Pz + 2™ @ vzeB

R/(2687)
@Y (0) =0,
a9(z) <0 Vx € Bp (25035
et < Cy vn.
B 2s®,

As in the proof of Lemma 1, after passing to a diagonal subsequence we may
select k:7(10) — 00 such that

[|a® ~lcres, o) = 0, 0<a<l,
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[T = Tl e
B%;o)ésto) @) B%%o)

/ Vpetn = Vo (69 - 42 — 8,
B (0),(0) (% B (0

0
ézun(ty—kwg?))]t:l <0, vl < ly| < 26060,

Recall that o is the function defined in the proof of Lemma 1.

Clearly 2 and £ satisfy (23), (26) and (25) with m = 1. Next we
suppose that the £ sequences {a:(J )}J —o {k:(J)} _o (£ 2 1) have already been
chosen satisfying (23), (24), (25) and (26) with m = £. If maxyepy [un(z) +
2logming<j<—1 |z — az(j)” < C, Vn, we stop and define m = £. Otherwise, we
define :c(e) as a point where M,, = max;ecp, [un(x) + 2logming<j<¢—1 |z — ac(])l]
is attained, so M,, — oo (after passing to a subsequence) and, in particular,
un(x(e)) — 00. Denoting 5,(,0 = e_“"(i(nl))ﬂ, M,, — oo reads as ming<;<¢—1 [s‘cg) —

xsf)l/&(f) — co. First we observe that for all |z| < 4 mino<;<¢—1 Ii’%) - xﬁf)]/is'ﬁf),

we have

(28) min |:E(e)+6(e)x e > min |30 — 2| - 50|z|
0<j<b— 0<j<b—1

2—1- min |29 — 2|,
2 0<5<e—1

Set U (z) = un(Tn 7 + 8% )+ 2log 5. Tt follows (using the definition of 59,
the maximality of 2P and (28)) that 4, satisfies

1 N
—Aidin(2) = Vo (6P 2 +20)e®n @, |g| <= min |20 —20|/60),

T 20<i<e-1
Un(0) =0,
1 N
il < < = i 78 _ (1)) /508)
Uin (z) <2log?2, ol < 5 nin |27 — 257 /6n

We conclude, after passing to a subsequence, that i, converges in C| loc “(R?)
(0 < a< 1) toa=log(@®/(1+~%ax —z|?)?) with v = (V(0)/8)'/2, @ > 0 and
z € R2

Since @ should satisfy

w(0) =0, u(z) < 2log2, vz € R?,
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we deduce that

1
29 1<a<2, |z < —.

Set
C = max u(z)— min a(z).

Jz|<1/~ |z|<1/v

Passing to a diagonal subsequence we may choose k,(f) — 00 such that

(30) ”ﬂn—’t_llllcl,a(BM(e)) — 0,

Vo (8¥) - +20) et — 8,

Bl/ze—c/2k£f)

/ V(89 - 470) et — 8,
B

0 . _ [
glz,un(tyjua:)h=1 <0, V1 < |y < 4k,
0 :
Let yn” € By, o satisty
(31) in(Z+yP) = max in(Z+y),

veB @

and set 20 =z 4+ 6% (a‘:—i—y,(f)). Using (29), (30) and the explicit expression
of @, it is not difficult to see that yr(f) — 0 and

(32) un (@) < un(2P) < un (@) +C.

Introducing aﬁf) = un(éﬁf)x+x%))+2log 6,(13) with (5,(5) = emun@)/2 Tt

follows from (32) that

(33) 60 < 6 < /260,
and
Un () = max Up(z) — oo.

|lz—2l? | <kl 850
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We conclude that
”a,’(f) — allcl,a(kaf)) — 0,

J Vae = [ Vao 400 - s,
szﬁf) 1S (=) Bo@

/ .. Vne' =/ Vo (8 -+x£f))eﬁg) — 8,
Bkg)#) (@) Bkﬁf)

9 ¢ ¢
ézun(tyﬁrxsf))!t:l <0, Véy(l) < |yl < 2k,(l)6%0).
It is not difficult to see that {xm} j—o and {kg)}ﬁzo satisfy (23), (24), (25)
and (26) with m = £+ 1.
We continue in this manner until (27) holds. We must stop after a finite

number of steps since each time we find a mass of 87 near x(J ). 1t follows that
m < CoV(0)/(87). Lemma 4 is established. O

In order to conclude the proof of Proposition 1, we only need to show that
the mass contribution outside the chosen neighborhoods of the m centers of mass

..., 2™ tends to zero. Namely,

limsup

/ 1 ( Ve =
— .
n—00 BR\Uj:0 Bk;j)sslj)(zn]))

We will use the following lemma which deals with a slightly more general situa-
tion than ours, but is useful for an induction proof.

Lemma 5. For R >0, let {V,.} be a sequence of functions satisfying (5).
We assume that {u,} is a sequence of solutions of (1) satisfying (7) and (8) on

Bpgr for some posztwe constant Cy, {m(] )} are m (m > 1) sequences of points

in Br and {7‘(3 )} j—o @re T sequences of positive numbers which satisfy

(34) un (29)) — o0, YO<j<m-1,
o |

where §§) = e_“"(w(nj>)/2,

(36) B o @)NB o) (aP) =0, Vi#j,0<4,j<m—1,
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(37) max {un(z) +2log rmn |:c @)} < C, Vn,
:I)EBR\LL_OIB (]) (a:,(f )
and
(38) lim Ve
n—o0o B (J)(x(’))
= lim Vnet™ = B, 0<j<m-—1.
n—oo [p (])(z(a)
Then

m—1
lim Veeln = Z Bj-
n—oo
Bpr =0

Proof. By rescaling the variable and applying Theorem 0 we see that §; > 0
(0 <j <m—1). Because of (7) and Lemma 1 we may also assume (15) for some

positive constants a and b. It follows from (34) and (7) that lim, zd) =0,
V0 < j < m—1. We prove the lemma by induction on m. First we prove the

lemma for m = 1. Without loss of generality we assume x(o) = 0 VYn. We can

also assume that lim,_, o r%o) = 0, since otherwise the lemma obviously holds
due to (7).
Applying Lemma, 2 we obtain, by using (37), that
: o, B
sup u, < C+ Binf u, +2(6—1)log r, Vory’ <r<—.
) OB, 2
Applying Lemma 3 we obtain, since infsp. u, = infp, u,, that
inf u, < C ! (0)—2 1+1 1 YO<r <R
pist f Up, < o) Un, c og T, .
Combining the two inequalities above, we obtain
R
sup up, < C — ﬁun(O) -2 (ﬁ + 1) logr, Vord <r<=,
B, C1 C1 2

namely,

etn(®) < C’((57(LO))2,3/C'1|$]—2(B/C'1+1)7 vorl® < |z <

l\DI!ICJ
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It follows, by using (35), that

/ Vyeln < C(60)26/Cs / = 2B/C) . gy
BR/Z\B%(O) 2r(®

5© 2B3/Cy
21”,(1 )

Using (38), (7) and the above, we obtain that

Vpe ™ — fo.
Br
This establishes Lemma 5 for m = 1.
In the following we assume that Lemma 5 holds for 1,...,m—1 (m > 2)
and we prove that it also holds for m.
By relabelling the indices we may assume that

dn = [2{?) — 2| = min{|z{) — 2|0 <4, j <m—1, i # j}.

Without loss of generality we may assume that :c,(f)) = 0. There are two cases.

Case 1.
There exists some constant A such that
|z® — 20| < Ad,, VO<i, j<m—1,i%#j.
In this case we will establish
m—1
. w1 wn A
(39) Jim - Vapetn = lim ans, Vpetn = jz_% Bj.

Once (39) is established, we introduce r'\”) = 2A4d,,, B} = Z;";OI B; and z’ © <o,
We then apply Lemma 5 for m = 1 to conclude

m—1
/ Voe =g, = > B;.
Br j=o

Thus, it suffices to prove (39). Consider i, (z) = u,(dpz) + 2log d,, for |z| <
R/d,,. Let us denote

V(z) = Vio(dnt), |lz| < 'd%’
9 =20 /d,,, 0<j<m-1,
50) = e—un(@9)/2 _ 69 /d,, 0<j<m-—1,
70 =D /d,, 0<j<m-1
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It is not difficult to see that

9 =0,
i (&) — oo, 0<j<m-—1,
lim 79 /60) = oo, 0<j<m-—1,

n—oo
B.o(#)N B (89) =@, Vi#j,0<4,j<m—1,
- O <
max {un(x)+2logogjrrél72_l|x Y|} <C, Vn,

©€Br/a, \Ujo' B, (#)
n

lim o Voetn
n—00 Bg,:(nj)(i"f )

= llm o Vneﬂn:ﬁj, 0<j<m-—-1.
" JB gy (@)

Since [fcﬁf )| < A, Vn, j, we may assume that

¥ - z0) 0<j<m-—1.
It follows from Theorem 0 that
m—1 )
(40) i, — —o0 uniformly on any compact set of R?\ U {z9)}.
j=0
It is easy to see that
(41) 1< |30 -3 <A, VO<i,j<m—1i#3].

For each 0 < j < m —1, if (along a subsequence) lim,_, 7753 ) S 0, we use

(40) to obtain
(42) / Tein - ;.
B1/2(2(9)

If (along a subsequence) lim, oo f’%j Y = 0, we may apply the case m = 1 of
Lemma 5 to conclude (42). It follows (using (42) and (40)) that

m—1
lim Vel = lim Vyeln = B.
n—oo /B, . " n—oo [p. . " Z—:O J
By a change of variable, (39) follows and the proof of the lemma in Case 1 is
completed.

The remaining case is the following.
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Case 2.

There is a proper subset J of {0,1,---,m — 1} containing {0,1} and some
constant A such that

2| < Adn, Vi€ J,
lim |2%|/dy, = oo, Vi ¢ J.

Without loss of generality we may assume J = {0,1,--- ,k—1},2<k<m-—-1.
In this case we consider @, (z) = u,(d,z)+ 2log d, for |z| < 4A. We may
apply the same argument as in Case 1 to obtain

lim Vpe' = lim Vpetr = B;.

=0 JByad, " "= JBaa, " Z ’

Set 7/, O = Ad,, By = }:’té ; and 2/, ) = 0. We may apply Lemma 5 for

m—k+1 (mductmn hypothesis) to the sequences ' {:c(’ ) }mz_k1 with the radii
r’ (0) , {rn y )} ' and the masses Bh, {ﬁ]} ' to obtain

m—1 m—1
/ Vae' = Byt DB = > By
BR J=0

i=k

For this last step we need to verify the hypotheses (34)-(38) for applying the
case m —k+1 of Lemma 5. Let us only indicate how to show (36) since the
others are easier. We only need to show that

Baa,(0)N B, » (z7) = 0, VE<j<m-—1

Suppose the above does not hold for some k¥ < j < m—1. Then we have
Ad, +78 > 29|, Tt follows that

g) (J)
& % (J)!

Therefore, we have Byugq, (0) C BZTu)(xg)) which, in view of (36) and the in-
equality By > 0, contradicts (38). Lemma 5 is established. O

Proof of the Proposition 1 completed. It suffices to apply Lemma 5
to the sequences {z{’} found in Lemma 4, with r$) = k$’6%) and 8; = 8.
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Example. In the following we construct for each m > 1, a sequence of
solutions {u,} to —Au = e* in D, the unit disc of C (identified as R?), which
blows up at exactly m points ay,...,a, in D. Here the mass is a; = 8, Vi
(see Remark). We use Liouville’s representation for solutions of —Awu = e* ([L]):
u(z) = log{8|f'(2)|?/(1+|f(2)|>)?} with f an holomorphic function such that
f'(2) # 0. For some fixed distinct points b1, ... , by, in C we consider the functions
{fn}:o:p fn(2) = np(2), p(2) = (2= b1)--- (2 — bm), and the corresponding {v,}
given by Liouville’s formula. The sequence {v,} does blow up at by,...,bn, but
it is not defined at the points ci,...,¢n_1, the zeroes of the polynomial p'(z).
So we choose a smooth bounded and simply connected domain 2 containing
bi,...,b, but avoiding ci,...,cn_1. Let 9 be the Riemann mapping of D onto
Q. We define on D the sequence un(z) = vn (¥(2)) + 2log(|¢'(2)[). It is easy to
see that {u,} is a sequence of solutions on D which blows up at {a1,...,am} =

{71 (01),- 7 (b))
Appendix. In this Appendix we provide the proofs of Lemmas 2 and 3.

Proof of Lemma 2. In the sequel we will denote by C various positive
constants depending only on C; and Cy. For r € [2Rg, R/2|, we consider 4(x) =
u(rz) + 2log r which satisfies

—Ad(z) = V(rz)e™™® in By \ By

We have ii(z) = u(rz) + 2log(r|z|) — 2log|z| < Cz +2log2 for all § < |z] < 2.
It follows that |V (rz)|e®®) < C in By \ Byjs. Let w be the solution of

—Aw = V(rz)e¥® in By \ By,
w=0 on 8(32\31/2).

It follows from the standard elliptic theory that ||w||ze < C. We conclude that
the harmonic function A = w — 4 is bounded below on By \ By /; by some constant
—C. It follows from the Harnack inequality that there exists some universal
constant 3 € (0,1) such that supyp, (h+C) < B 'infyp, (h+ C). Returning to
the original u we find the desired estimate.

Proof of Lemma 3. We consider #(z) = u(Rz) + 2log R which satisfies
—Ad(z) = V(Rx)e™®) in B;. It is enough to apply (4) for & with Q = By and
K = {0} to conclude (14).
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