Existence of Multiple Solutions of
Semilinear Elliptic Equations in R"

YANYAN LI

Absiract

We study the existence of multiple solutions of sernilinear elliptic equa-
tions in RN with growth of nonlinearities below the critical Sobolev expo-
nent.
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Introduction

In this paper we present some results on the existence of multiple solutions
of the following equations:

~Autu—g(e,u)=0, € R" )
In Section 1 we discuss it only for a model case:

—Autu-—qg@)ufe=0 in B

0<o< w3 fN>3
l<o<+x it N=1,2 (2)
ge C(RY)
g € I°(RY) + LA(R")
g(z) >0 for some z € RY
Where
2N
= ifN >3
PN (N-De+z) =
A>1 fN=2
g=1 ifN=1

In Section 2 we use the same idea to deal with the more general case (1).

For similar problems on a bounded domain of RN there have been many
results. (see [18] and the references there.) We usually use variational method
to deal with semilinear elliptic equations and apply Ljusternik-Schnirelmann
type theory to explore the invariance of functionals under group action. Since
we are working in infinite dimensional space we need some compactness hy-
pothesis on the functional. One of such hypothesis is Palais-Smale condition.
If we study semilinear elliptic equations with growth of nonlinearities below
critical exponent on a bounded domain of RY ,usually the associated func-
tional satisfies the Palais-Smale condition. But this is not true any more for
equations on R" . The main difference here is that HY(R™) does not imbed
to LP(RY)compactly for 2 < p < ﬁ% , N>3 2<p< 4o, N =12
Therefore we need to analyze on which interval does the functional satisfies
the Palais-Smale condition. This has been studied by P. L. Lions {see [15]
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,|16] and the references there). Here we give a somewhat different proof for
this. In order to obtain multiple solutions we make use of the properties of
the nonlinearity to prove that certain minmax values we have constructed
really lie in the interval where the associated functional satisfies Palais-Smale
condition. The existence of one positive solution of (1) has been studied by
P. L. Lions,M. Esteban, Weiyue Ding,Weiming Ni ,Dong Zhang and some
others (see [9],[16] ,[15],[22] ,(10] and the references there). The existence of
at least two solutions has been studied by Xiping Zhu (see [23]). For the
existence of infinitely many solutions there have been work by Berestycki
and Taubes (see [5]). Our reselt is different from theirs in the way that we
make use of the properties of the nonlinearity in bounded region while their
results concern hypotheses at infinity.

In a separate paper (see [14]) we apply this method to study the exis-
tence of multiple solutions of the standing waves of Schrédinger equations.
In this case we need to analyze where the constrained functional satisfies
Palais-Smale condition and construct apropriate minmax values in the inter-
val where the constrained functional satisfies Palais-Smale condition.
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| Existence of Multiple Solutions of (2)

We study the existence of multiple solutions of {2) and therefore (2) is as-
sumed throught this section. First we point out where the difficulty Les.
Consider the corresponding problem on a hounded domain:

—Autu—gz)ufu=0 inQC RY

0< o< 7 N >3

0<o<+oo N =12 (3)
g(z) € C(Q)N LA(9Q)

g(z) >0 for some z € {1

We can apply Ljusternik-Schnirelmann type theory to prove that (3) has
infinitely many solutions in H3(Q) ( See [18] ). The difference between (2) and
(3) lies in the fact that the embedding from H*(RY) to Lo+2(RY) is no more
compact. This is easily seen by taking any nontrivial, function u € H'(RY)
and letting u.(z) := u(z +n)clearly u, converges weakly in H'(RY) but not
strongly in L°*2(RM) as n goes to +co.

if g(z) in (2) satisfies some further hypotheses,the kind of loss of compact-
ness as above will not occur,therefore the standard Ljusternik-Schnirelmann
theory will apply. More precisely we have the following two propositions:

Propsition 1.1: In addition to (2) if we assume that ‘l|'1m glz) =0,
AR Y. ]
then (2) has infinitly many solutions in H'(RY) .

The above result is essentially proved in [20]. There is only a slight dif-
ference, namely,we assume here that ¢(z) is positive somewhere not that,as
in |20}, positive everywhere.But only a minor modification is needed.

Proposition 1.2: In addition to (2) if we assume that g(z) is a radially

symmetric function, namely, q(z) = g(y) for || = |y|, then (2) has infinitely
many solutions in H'(R").

The proof of Proposition 1.2 rests on the fact that the embedding from

HY(RY) to LP{RN) (2<p< G I N23, 2<p<+o it N=1,2)
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is actually compact among radially symmetric functions (See [21] ). For a
proof see [9] and the references there. In fact stronger results are proved in
[9] in the radially symmetric case.

If we do not assume further hypotheses on g{z), (2) may not have any
nontrivial solutions in H(R¥) . We give such an example due to M. J.
Esteban and P. L. Lions ( See [10] }:

Example: Let g(z) be a smooth bounded positive function defined on RY
with bounded derivatives and ¢, be nonnegative but not identically equal to
zero,where g, denotes the partial derivative of gin z; direction. Then any
solution of

—Nutu—gz)ulw=0

which belongs to LP(R™) for some p > ¢ + 1 has to be identically equal to
zeto. Where 0 < o < 775 if N>3,0 <o < +oo if N=1,2.

Proof: Let u € I?(RY) (p > ¢ + 1) be a solution. It follows from the
standard bootstrap method that v € H*(RY). Mulliply the equation by u.,
and integrate by parts,we obtain :

[alurt =0

which implies that u has to vanish on an open set. By some well known
unique continuation results, n is identically equal to zero.

The example above shows that the loss of compactness we encounter is
genuine, not only because of the method we use.

The existence of one positive solution of (2) under some further hypothe-
ses on g(z) has been discussed by M. J. Esteban, P.L.Lions,Weiyue Ding
andWeiming Ni and some others. (See [9],(10],[16] and the references there )

According to their results, either of the following additional hypotheses
on g(z) will give tise to at least one positive solution of (2):

Em g(z) =g > 0

e (4)

q(Z) > Qoo ze RY
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There exist positive constants R,a > 0 ,such that,

m g(z) = geo > 0

jz}—ec
(5)
9(2) > g + 277 lz|> R, =€ RN

There are other known hypotheses on g{z) which will ensure the existence
of at least one positive solution. Since they are basically of the same nature
we ate not going to list them all here. See the references above for more
information. One can also find a survey on the subject in [17],{16}.

The existence of at least two pairs of nontrivial solutions of (2) has been
studied by Xiping Zhu (23] by using a technique in 6] and the concentration
compactness principle introduced by P. L. Lions in [15].

In the following we are going to apply minmax principle to study the
existence of multiple solutions of (2) under some further hypotheses on ¢(z).

Theoreml.1: In addition to {2)let g be 2 positive constant,n be a
positive integer. Suppose that:

lim sup g(z) € g (6)

|z|—eo

and there exist n functions u; € H' with disjoint supports,j = 1,... ,n,such
that,

Ja@usft? >0 G=1n (7)
n (vl ug)ssL’ at2
: z S 8
E (f q(z)luglo+2)> (8)
where
A s u?

Sw = il’lfueyl\{g) 7
(I Qm|u|ﬂ+2 )er?

Then (2) has at least n pairs of nontrivial solutions in H*(RY) and one
of them is positive.
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Remark 1.1: Qualitatively Theoreml1.1 implies that the larger g{z} s in
the bounded reglon comparing 1o |l\im sup g{z) ,the more solutions we are

able to obtalin.

Remark 1.2: The existence of one positive solution is classical. See

97,{15],(16) and [17].

Theorem 1.1 has the following corollary:
Corollary 1.1: In addition to (2) if |llim sup g(z) < 0,then (2) has in-
finitely many solutions.
Proof of the corollary 1.1:
Since g(z) is continuous and positive somewhere,there exists an open set
O C R¥ such that,g(z) 2 ¢ > 0¥z € O ,where ¢ is some constant.
For any integer n , take n disjoint balls Bi,..., Bn, Ui, B, C O and
any functions u; € Ho(B;)\ {0} (F=1...,n).
ot2
TP e
i= 3
(f q(z)lu;|7?)>

Choose g > 0 so small that

i=1...,n

n ey ]
EC;‘(S@;’ , 1=1,...,0.

j=1

According to Theorem 1.1 (2) has at least n pairs of nontrivial solutions.
The conclusion of the corollary follows from the fact that we can choose n
to be arbitrarily large.

Corollary 1.2: Suppose that g(z) € L*(RNINC=(RY),¥(x) € CF(R™)\
{0} and #(z)> 0. Consider:

~Autu-—gle)ufu=0 in RY
0<o< i it N>3
0<o<+oo if N=1,2
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Where gx(2)= g(z) + Ad(z) - The
The number of solutions of the above equationl tends to +oo 88 bt
tends to +oe. Let
In order to prove Theotem 1.1 we first introduce some notations: clei
[u) = fRN |7 uf 4+ v? Th
B T T AL
© 2JRF a+2J/av
§— 1_ z 2 1 o+2
o) = g T Y T [zl
Ve = {ve€ HI(RN]\{O} 0 =< T (u)yu >}
Mo = infueVe Joo (1)
where < -,+ > denotes the paring between HYRY). L
Remark 1.3: By simple calculation we have
{
PRy [ R L ,

Remark 1.4! M and S, ate actually attained by some positive radially
symmettic functions. Therefore Mmoo and S« aT€ positive numbers.

Lemma 1.1 . .
S =4{(z - Fre
(G- gt

Proof: Ve > 0, there exists v € HM RV {0} such that,

2 2

LT apP
(I an\u\ﬁ’z)’ﬂ

Let X > 0 be defined by

[1‘7“[24452 _ ch‘;'oolu\a+2

(9)
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Then we have

o+2 VL
above equation tends to +oo as A ’\a(f%ol’” Yo+t < See € (10)
Let
w = Au
ve first introduce some notations: clearly
we Vi,
Fu’ Therefore according to the definition of mo and (10) we have
2 + uz _ 1 q(z)|u1a+2 Moo § J ('w)
ot 2 RY o+2
Ppat o [ gfule? =BT f‘lw‘“"
ot 2 qm "4 o+32
4 {0}:0=< Jm(u),u>} = (—— 5 N (fq juf+?)FF}

) < (Sew + €)%
+2
stween H(RY).
Let ¢ — O,we have !
i 2{(z - =) 'ma}7 11
tion we have Se 2 {(2 0,+2) Moo} 772 (11)

On the other hand, Ve > 0, there exists some w € Vi with Jo{w) <
Moo + €,namely,

[ivwi+w = [aupul™

711!2+u2 _/qw}u|v+2

tually attained by some positive radially

and S, are positive numbers. €F Mo 2 (5 — 2)[ | 7wl +w’
Therefore
2 2
Ly 5. < Jlguwlter
5+ 2 (J gefw}?=2)=>"

gl(RN) \ {0},such that, = / |7 'wlz + wz)vLH'
-u? 1
o B (® (G- g) e}

1A

)

Let € — 0,we have

=5 [ gl 5w 2 {(5 — )M} (12)
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The conclusion of Lemma 1.1 follows from (11) and (12).

To look for H'(R™) solutions of (2) we use a variational approach, namely,
to look for critical points of J(u). It is well known that J € CYHYR" ), R)
under the assumption of Theorem 1.1. Due to the fact that the embedding
from H'(RY)to Z¥(RY) (2<p< #LiN>3, 2<pifN=12) is
not compact,J does not, in general,satisfies (PS), for all real values ¢. But
we can prove that J satisfies (PS), for suitable values c.

Definition 1.1: We say that J satisfies (PS5). for some real value ¢ if
for any sequence {u,} C H'(RV) satisfying

J(up)— ¢

J'{un)— 0 strongly in H™Y(RM)

there exists a subsequence of {u,} which converges strongely in HY(RM).

Lemma 1.2 : Under the assumption of Theorem 1.1,J satisfies (PS).
for any value ¢ lying in the open interval (-0, mg)

Remark 1.2: Lemma 1.2 is sharp in the sense that if q(z) — ¢ as
|z] — co, J does not satify (PS)

Mes *

Lemma 1.2 has been proved by P. L. Lions (see [16] ). For completeness
we give a somewhat different proof.
Proof of Lemma 1.2:

Let {un} C H'(B") be a sequence satifying:
J(un) = € < mo,

J'(un) — 0 strongly in H"l(RN)

namely

1 ]. r
2 [ 1Vl - = [ @ (13)

(93]
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Yoo
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| < J(un) v > <o(U)|of]  Voe H'(RY) (14)
Substitute u, for v in (14) we have
| < ' (un)yun > | < o1)]ual

namely

= o(funll < [ 1V unl + 32 = [a(@)ual™ < (W) unll  (15)

Multiply (15) by —(e¢ + 2) ! and add it to (13) we have

(5~

—5) [l < O+ o(D)un]

Clearly {||uz.l/} is bounded.
According to some well known facts in functional analysis,there exists
e € H'(RY), such that,along a subsequence of {u,}(still being denoted as

{un});
HI(RN)

Up — Uy A.€. 1N By

Up — Yoo weakly in

We claim that u., satisfies:
< M)y e >=0 (16)

In fact,we have

e(1)

fvu,, V Uos + Unlie — fq(z){u,,r’unuw
o(1) + usll® = [ g2} al” e

o(1) + [[uaell* ~ [ g2)]ute/ "+

I

The last equality follows from some elementary real analysis argument, Next
we want to prove the strong convergence of {,,} in H'(R¥). There are only
two posibilities for {u,} :

(1): V& > 0, there exists R > O,such that, ¥n > R,

fll>§lvuii+ui<é
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(2): There exists & > 0,such that, ¥R > 0, there exists n = n(ﬁi) > R
with
/ -Lvun|2+“i250

Jizl>R

Case (1) corresponds to the case that there is no fixed amount of positive
mass of {u,} slipping away to infinity,which is easier to handle. Let us
deal with it first,more precisely,we prove that ‘case (1) leads to the strong
convergence of {u,} in H'(R").

¥4 > 0,there exists R >0, such that , Yn > R we have

A T ualt bk <8 (17)

z|>R

By the weak lower semicontinuity of the above integral and the fact that
Uy — Uoo Weakly in H*(RY),we have

[ T ol [P <8 (18)

=z|>R
Since J'(u,) — 0 strongly in H-Y(R"), we have:
[ Tun 0wy = [ (el el S oDl Vo€ FHET)(19)

Use Holder inequality,Sobolev inequality,(17),(18) and the property of
g(z) we obtain Vv € H'(R") that

[ e+ | [ gt < 5ol
— _ (20)
R e G L O

Combine (19) with (20) we obtain

| e v+ uaw = [ alo)unl ) < 8l +o(le] (1

Where  is some constant independent of n and$.
Since § > 0 can be chosen arbitrarily small,(21) implies the strong con-
vergence of {u.} in H}(RY).
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'2+ui<5 (17)

f the above integral and the fact that

+ |uel® < 6 (18)
'), we have:
<e(1)tv] Vo e HY(RY) (19)

1ality,(17),(18) and the property of

':)juwlgumv| < C(S,_;LL ”v“

(20)
NMites“wev] < o(1)lfo]
o SCEF ol +o(U)flofl  (21)

of » and§.
small,(21) implies the strong con-
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In order to prove Lemma 1.2 we only need to rule out case (2). we argue
by contradiction. If case (2) occurs, for that 6p,take R = 1 = 1,2,3,... ,there
exists ny > l,such that,

Jpg [ el 0 2 6 (22)

Take ¢ > 0 so small that
Ce+ C' < Mmoo

Here and later,C > 0 denotes some constant which will be determined in the

following calculation, C is independent of e.
Since ue € HY(R") and |l‘im.msup () € oo, there exists Fo > 0, such

that,
[T uml o ul o el < 6 (23)
|=|=Ro
(=) < goo t € lz| > Ro (24)

Because of the boundedness of {]|u,,||} , there exists some integer Je,such

that,

Jer € > lug,|? 1=1,2,3,... (25)

Consider the annuli {Ik}{‘ ,Where
L={z€RY :Ro+k—-1<|o|<Rotk} k=1,....0

Because of (25), for any [ , there exists some J C {L,...,1;}, such that,
’/;|vun,}2+ui! <€ (26)

There are only finitely many annuli but infinitely many {tpn,} ; there must
exists at least one annulus I C {11, ..., 1;,} for which (26) holds for infinitely
many {. Take such a subsequence and , for simplicity,still denote it as {un}.
Let us denote the above annulus as

I={zcR":R<|z| < R+1}, R> Rs
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Construct a function p1 € C>{ R¥) satisfying:
J 1 le| < R
pi(z) = 40 |z = R+1

\betweenﬂa.ndl R<|z|<R+1

|7 piz)l € 2 vze RY
Let
palz) =1 - pule) Vze RY
For 1 =1,2,3,..., let
v = pr(z )i,
wy = palz)in,
We have

Un, = U + wy
suppv C Brn suppuy C RN\ Bg
With (26) and the properties of py, it is easy 1o see that

[ttt il + [ fat@) ol + [l + [ 17 wll 7wl < Ce
Therefore we have
o(1) =< J ()01 >=< J'(v),m > +0(e)

Here and later ,0{¢) denotes some quantity bounded by C'e
Similarly we have

o(1) =< J (wr),w > +0(¢)

namely

f1\7‘”r|2+vz2
f1vw,|2+wf

[ at@)mi*? + 0L (27)
[ at@)iwl + 00 (28)

On the

Use (2

Hence
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from {
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Let ¢
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) satisfying:
jz| < R

|z| > B+ 1

mlandl R<|z|< R+1
€ RY

z) ¥z e RY

pl(m)u"a
PZ(I)unl

=v +wy
suppw; C BY \ Bg

p1, it is easy 1o see that

1t [l + [ 19wl 9wl < Ce

>=< J,(’Uz),‘t)[ > +0(€)

uantity bounded by Ce

wy), wr > +0(¢)

[ at@)ul* + 0(e) (27)
[ d@lwl* + 0fe) (28)
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Oun the other hand

O 4 o(1) = J{um) = J{o) + J(wr) + Ofe)

Use (27),we have

1 1 2
=(-— >
I = (5~ ==l + 08 2 06
Hence we have
o1 1
> = 2 z _ o4+2 2
¢ 2L [lgul vt - 4 [a@r 00 09

We are going to use (28) and (29) to get a contradiction . which means
that case (2) never occurs.

The following formulas hold only for large ! ,at least | > R+ 1.1t follows
from (22),(28) and the choice of ¢ that

[ivwl+ul >4

1
[ttt 2 3 (30)

Let [ o )
AVA T TN
A= A R T -
. { cholw”a-*-z
Use (28) and (30),we have

A<1+Ce (31)
Let & = Awy, then £ € Vo, Use (28),(31) we have that
1 1
< (= — i a+2 2
Mo < (5~ =) [ ale) il + O (32)

Combine {28) and (29) we have

: 1 1

02 (5~ ) [ale)hi ™ - Ce (33)

It follows from (32) and (33) that me < ¢’ + Ce¢ ,which contradicts to
ihe choice of €. This concludes the proof.
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Proof of Theorem 1.1:
Let

Xp = {tius - oo+ batin : (B1y-- -, 80) € RV}
where uy,...,u, are those functions in the hypotheses. Clearly X, N {uv e
HY(RY) : J(u) > 0} is bounded. Because of Lemma 1.2 and Theorem A

in the Appendix ,to conclude the proof we only need to get the following
estimates.

supyex, /(1) < M (34)

According to Lemma 1.1 and (5),there exists See < Suoysuch that

R KA o

— < S 35
= Jalz)ugl?)e o)

Take any u € X, u = t1t1 + .+ + tnln, (f1y.0.sta) € RY We have

n

> 4|7 B;

j=1

I

[ at@ul?

(36)
[1u e = a4,
i=1
where
A= /\ Vuﬂz + u?, B, = /Q(‘ENUJ'IOH, i=1,....n
By Halder’s inequality we have
A edd, e o _2_
Zt?AJ' < {Z(Tin) o ““{Z Itj| +2B:,_}'+2
Bj
< SL{y A}k
Hence
SuP.ucx,J (u) < Mo (37)

Theorem 1.1 follows from Lemma 1.1 and Theorem A in the Appendix .
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2  Existence of multiple solutions of more
tintn : (. t0) € BYY general equations

ons in the hypotheses. Clearly X, M {u €
. Because of Lemma 1.2 and Theorem A
2 proof we only need to get the following

In this section we study the equation (1). Suppose that g(z,u) satisfies the
following hypotheses:

7 g(z,u) is continuous and odd in u (38)
Xp (u) < Mgy (34) . i1 5
5) there exists 3. < . such that a2 € b(e)lul + ba(@)lul (39)

.2 where
FrpF e R R
s <5 (35) 0< o< 32
0<o<+o0 itN =1,2
o N @ N
ot taug, (tl,,' voatn) € RN We have 21 E iﬁgg}vg 1 f“’égﬂ%
P
n N .
2 o a=% if N>3
2 B, a>1 it V=2
] (36) b o :
o= Y4 ey it N >3
—J._liﬂ B>1 if N=2
h B=1 if N=1
There exists 8 € (0, %),such that,
e o432 <
fQ(:C)J'U-J‘ s D —1,...,11, G(z,u)ﬁ@ug(m,u) V(I,U)E RNXR (40)
where G{z,u) 1= f3 9(z,s)ds
-)Laﬂ}a_:?{z Itj|='+23j},—fﬁ g(z,u)u"" is nondecreasing in v Vu >0 z¢ RN (41)
4;}7
Remark 2.1: (40) and (41) follow from the following stronger assump-
tion:
J(u) < my, (37) ¢ € C* and there exists 6 € (0,1),such that,

1 1.1 and Theorem A in the Appendix . g(z,u) < fuga(z,u) V(z,u) € R"xR*
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Suppose that h:R¥YxR—= R catisfies the following properties: There
exists B > 1, such that
sy < R(zu)e el > B ER (42)
he G(RN % R, R), uf-) h(-,u(-))u(-) (43)
is a continuous map from HY(RY) into LYRM).
There exists €1 > 0,such that
h(z,tu)tu 2 2z, u)u t>lLz€E RN uwe R (44)
For allw € HI(RM)N L=(RY), suppw C RY )\ Br,:
li L [ bzt =0 45
Jim, sup tzf (zytwitw = (45)
Where Ry > 1 is some positive constant.
Let
Hiz,u) = f" h(z,s)ds (z,u) € BY x R
0
1
J(u) = EILVulz + —jG(:r:,u.)dz we HY(RY)

T(u) = %j\vuv ut - [ (e ue RV

According to (42),for any v € HY(RYN) with suppu C RN \ Bg,,we have

jG(:c,u.)dz < jH(_:c,u)d:c {46)

Let
my, 1= infuev, Jn(w)

where
Vhim e B(RN0): [l £ JEC

It is well known that Jg,Jn € C'(H'(RY), R) under (38),(39),(42)-

wil

wl

of

fe



' satisfies the following properties: There

L |z| > Ri,2u € B (42)

 uls) = A, ())ul)

ip from H*(R™) into L'(RY). (43)

LU t>1,z€ R¥ uc R (44)

upp w C RN \ BH._,:
Lin - 45
Ef (z,tw)tw =10 (45)

onstant.

; (z,u) € RV x R
tul- /G(z:,u)d:r v HY(RY)
put— [H@uwds e BYRY)
HY(RY) with suppu C RY \ Bpg,,we have

)z < / H(z,u)dz (46)

= inf ey, Jn(n)

:f|Vu|2+u2—fh(:z:,u)u:[l}

- C(HMRM), R) under (38),(39),(42).
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Theorem 2.1: In addition to (38) through (45), there exist n functions
with disjoint supports u; € Ho(B¥)\ {0}, j=1,...,m, such that,

suPyex, Jo(u) <mh

where n is a positive integer and
Xn = {t]ul 4. —I—t,,u,, H (tl,.,.,t") © Rn} C Hl(RN)

is a » dimensional space.

Then (1) has at least n pairs of nontrivial solutions in H*(R") and one
of them is positive.

In the following we denote J, as J.
Remark 2.1 The existence of one positive solution under the hypotheses
is classical,see {16! ,[9] and the references there.

Lemma 2.1: Under the hypotheses of Theorem 2.1, J satisfies (PS).
for ¢ € (—o0,ma).
Proof: Let {u,} C H*{R¥) be a sequence satifying:

J{un) = O < ma

J'(u,) — 0 strongly in HYRM)

By a similar argument as in the proof of Lemma 1.2 we obtain the bound-
edness of {||ua||} and the existence of uq € HY(R™) ,such that,along a se-
quence of {u,} (still being denoted as {u.})

{ Un — Uoo Weakly in H'(RY) (47)

Up — Uoo a.€. in BY
< J (too )y oo >= 0 (48)
There are only two possibilities for {u,}.
Case (1):¥0 < & < 1, there exisis R > 0, such that, Vn € R,

2 2
/\x1zﬁwu“| tup <
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Case (2): There exists 6 > 0, such that, VR > 0, there exists n =
n(R) > R,such that

/l |l 4 R < &

z|>R

As in the proof of Lemma 1.2 we will prove that Case (1) leads to the
strong convergence of {u,} in HY(RV). In fact, ¥§ > O,there exists R >
0,such that,¥n > R we have

f I ua el < (49)
lel2 R

By the lower semicontinuity of the above integral and (47) we have

fI | Vuel +ul S8 (50)

z|>R
Since J'(un) — 0 strongly in H'{RY) we have
\/Vun T v+ — /g(:c,u,,)v| <o(l)|v|| ve HY(R") (51}

Use Hélder inequality,Sobolev inequality,Rellich lemma on bounded do-
mains and (39)we have for any v € H'(RY)

[Fa

apr 9@ ualel + 159 u)vl < C8 o]

(52)

i~

If|=|5_ﬁg(xvu'n)v - .ﬁ,lgﬁg(rvuw)vl

oLl
Where ' is some constant independent of é and n. Combine (51} and (52)
we have
| [ Fun 0 v+ v = [ gz u0)0l < C8 o] +o(L)v] v e H'(EY) (53)
Since § > 0 can be chosen arbitrarily small,(53) implies the strong con-
vergence of {u,} in H'(RV).
To conclude the proof we only need to rule out Case (2) . As before

we argue by contradiction .If Case {2) occurs, for that Sotake R = | =
1,2,3,...,there exists ny > l,such that

./||>z| A LR L (54)

Take

Here s
ing ca

A
max{

R<
{wn, t

Le

we ha
U

where

using

Notic
have



> 0, such that, ¥R > 0, there exists n =
[ 7 unl® + 2 < 6
L.2 we will prove that Case (1) leads to the
H'(RY). In fact, ¥§ > 0,there exists & >
| 7 unl® +ul <6 (49)
of the above integral and (47) we have
VUl +ul <6 (50)
HY(R™) we have
Wz wa ol <o(l)lv]l ve BYRY)  (51)

¢ inequality,Rellich lemma on bounded do-
v € H(RV)

Meprd(zuelv] < Coi|
(52)
ﬁ,fsﬁg(miuw)v‘ < O(l)”v“

:ndent of § and n. Combine (51) and (52}

vl < O8]l +o(1)ljvl| v H(RY) (53)
itrarily smali,(53) implies the strong con-

¥ need to rule out Case (2) . As before

s (2) occurs, for that §ytake R = [ =
shat

“um P+l > 6 (54)
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Take ¢ > 0 so small that

Ce+ O < my
Here and later,C' > 0 denotes some constant being determined in the follow-
ing calculation,which is independend of .

According to (43) and ihe fact that ue € H*(RY) , there exists Ay >
max{ R, R, },such that

Jn 17 el s el el < o (55)

glz,u)u < hl{z,u)u  V|z|> Ry,ue R (56)

As in the proof of Theorem 1.1 we can find B > Ry, ] = {¢ € RV :
R < [z] < R+ 1} a subsequence of {u,,}, which will still be denoted it as
{ity, },such that,

JIunlt 4, < e (57)

Let
v = pl(w)un“ wy = F‘z(m)um = 1!213;“ .

we have

Un, = vy +wy, suppyw C Bryy, suppwy C RV\ Bp, (=1,2,3,...

where py, p2 are the same functions as in the proof of Theorem 1.1.
With (57) and the properties of gy, p: and g it is not difficult to see by
using Sobolev embedding theorem,that

<J(w), > = o(l)+ O(e) (58)
<J'(w)yw > = o(l)+ O(e) {59)
Ju) + J(w) = C +o(1) + O(e) (60)

Notice that according to (40),(48),(58) and Sobolev embedding theorem we
have

T =3 [, Lo(audon - Glayun) +o(1) + 09

/BM 9(2, a0 )0 2 (1) + O(e)
J(w) 2 o(1) + O(e)
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1t then follows that
J(un) < €'+ o(1) +06) (61)

Here and later.the formulas hold enly for large [ .
Writing (59) and (61) more explicitly we have

[ 19wt uf = [ aleuus O (62)
LVl ol ~ [ Gtzw) £ €'+ 00 (63)
According to (54) for I > B+ 1,
f\v wil? 4w > bo.
For ¢ > 0 small,use (62) we have

jg(m,wa) > %50- (64)

Consider L
£(t) = ﬁfh(:c,tw[)tw, te R

Fort=1+Ce> 1,where C is large but independent of €, We deduce from
(43),(44) and (64) that

)2 0 [ lewm 2 [ otewus 01 = [l =+ wi

On the other hand,lim_.o+ tEty=10 according to (45). By the continuity of
¢, there exists some t=t{l,e) Sl + (e,such that,

gty = [1owl +ui
Let i 1= twy,then me € Vy, hence
TiLh S Jh,e('ql)

Y g ot - [ A

< L] gt + 019 - [ Ofestd

It
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[t follows immediately from (41) that
O+ o(1) + O(e) (61)

only for large [ .
xplicitly we have

t2
-Zf/g(z,w)w - fG(a:,tw) is nondecreasing for 0 <t < 1.

Therefore if ¢t < 1,

wf = [ gle,wwr+ O(e) (62) < ) = 0(6) < € 4 00
- [G(n:,w;) < '+ 0(e) (63) If ¢ > 1, remember that ¢ < 1 + Ce,by the mean value theorem we have
mp < C + O(e)
wy? 4w} > bo. This is a contradiction to the choice of €.
1 Proof of Theorem 2.1 follows immediatly from the application of Theorem
(z,w) > 550. (64) A of the Appendix by letting E = H*'(R¥),J = J,.

.h(m,twg)tw; te R

arge but independent of ¢, we deduce from

gz, ww + Oe) = f] 7 w|® + wi.

= 0 according to (45). By the continuity of
+ Ce,such that,

/‘|th|z'l'1uu'12

e

rugl? 4 wf - fH(’—"th)

wi)wy + O(e) — / G(=, twi)
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3 Appendix : A Minmax Lemma

Let E be a real Banach space and I(F) = Z the collection of A ¢ EN\ {0}
with A closed in £ and symmetric with respect to the origin,namely, —z €
4 whenever z € A. The sei A C E is said to have genus n (denoted hy
(A} = n) if there exists an odd map ¢ € C{A, B\ {0}) and n is the
smallest integer having this property. If 4 = ¢, we write ¥(4) =0 and if
there is no such n, we set 7(A4) = +ca. For the properties of the genus,see
[18].

Suppose that £ is an infinjte dimensional Banach space,J € C''(E, R),
satisfying:
For some positive Integer n, positive constant ',

J satisfies (PS), Vce (0,1 {(65)

J is even,namely J(—u) = J(u) (66)
There exists p, o > 0, such that

J>0 inB,\ {0}

J>oa onéB, (67)
There exists a n—dimensional subspace X,, of £ such that

X.n ﬁg 1s bounded

(68)

Supyex,J(u) < ¢

where
Ao={u€ E:J(u)> a}

Let

I'*:={k: hisa homeomorphism of £ onte E,

h(0) = 0,4(By) C Ay, k is odd }
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