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Abstract: In this paper we study the compressible fluid model of uniformly rotating
starts. It was proved in [Li] that for a given mass, there exists an equilibrium
solution to the problem if the angular velocity is less than a certain constant. On
the other hand for large angular velocities there is no equilibrium solution. In this
paper we give an a-priori bound on diameters and the number of connected
components of white dwarfs.

0. Introduction, Main Results, and Notation

The object of our study in this paper are models of rotating white dwarf stars with
a prescribed angular velocity about an axis. We will henceforth denote the angular
velocity by ω. The principal problem that we address in this paper is to determine
a-priori bounds for the support of the relative equilibrium form of a homogeneous,
gravitating and compressible mass of fluid when rotating about a fixed axis (which
we will from now on select to be the z-axis) with constant angular velocity.

On the incompressible model of uniformly rotating stars (i.e. with constant
angular velocity) there has been a tremendous amount of work. The first instance
was Maclaurin (1742) who produced a family of exact solutions for the problem. In
fact these spheroids as they are known obey the identity,

(0.1)

where G is the gravitational constant, p the density, taken to be a constant and e the
eccentricity. It is understood that these spheroids are ellipsoids with the z-axis as
their symmetry axis (see e.g. [L]). It was observed by Thomas Simpson (1743) that
(0.1) has a curious property. As ω ->0 we are led to two solutions, one a small
perturbation of a ball (e -* 0) as expected, and another a highly flattened ellipsoid
(e -> 1), where the flattening is in the z-direction. Since then there have been numerous
investigations by Riemann, Jacobi, Darwin, Poincare, H. Cartan and Chandra-
sekhar, where other families have been found, bifurcation sequences studied, and
the stability and instability determined. Perturbation methods for approximating
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solutions have also been developed. The details are to be found in the treatises by
Chandrasekhar [C2], Kopal[K], Poincare[P], Wavre[W] and Lamb[L]. A his-
torical overview is presented in Chanderasekhar's article [C3].

In the case of white dwarfs the stellar material by virture of the uncertainty
principle and Pauli's exclusion principle exercises a ground state pressure which
depends on the local density. This pressure in a non-rotating white dwarf is the sole
local balance for the gravitational force as the star has no more nuclear fuel to burn
to supply additional thermal and radiation pressure gradients. If the gravitational
force is too large one has gravitational collapse leading to Chandrasekhar's
celebrated mass-radius relation [Cl] and [C4]. Well-known facts from quantum
statistics reproduced for e.g. in Chap. 10 of Chandrasekhar's book [Cl], shows that
the pressure /(p) obeys the asymptotics,

, p->0,

f ( p ) ~ C3p
4/3 - C4p

2/3 + ... , p -> oo . (0.2)

Here C, > 0(1 ^ / g 4), their precise values and higher asymptotics are noted as
Eqs. (19), (21), (24) and (25) in Chap. 10 of [Cl]. We re-iterate that the symbol p will
always stand for the density of the stellar material.

The compressible fluid model of rotating stars with prescribed constant angular
velocity was investigated earlier by one of us, Y.Y. Li [Li] who showed that for
a given mass, there exists an equilibrium solution to the problem if the angular
velocity is less than a certain constant. These solutions correspond to local
minimizers among axisymmetric configurations of the functional J(ρ) introduced
below in (O.4.). On the other hand for large angular velocities he showed there is no
equilibrium solution. Auchmuty and R. Beals [AB1-2] have proved the existence
of equilibrium solutions if the angular velocity satisfies certain decay assumptions.

There is another model which has been the focus of study. There one prescribes
the angular momentum per unit mass, instead of the angular velocity. See Auch-
muty and R. Beals [AB1], Friedman and Turkington [FT1-3]. Here our focus
shall be the constant angular velocity case. The regularity and shape of the free
boundary for this model has been investigated by Caffarelli and Friedman [CF1].

We now fix our notation. We will denote points in 1R3 by ξ and η, with
ζ,η = (x,y,z). We say that p is axisymmetric if p(x,y9z) = ρ(x',y',z) for all
x2 4- y2 = (x')2 + (y')2 In that case, we would simply use the notation p(r, z) for

ρ(x, y, z), where r = ^/x2 + y2. We assume that p is continuous and moreover
p e L1 nL00. We normalize the total mass of the fluid so that JR3 p = 1. We denote
the gravitational potential by Bp where,

Let/: [0, oo ) -> [0, oo) be an absolutely continuous, strictly increasing func-
tion, such that for some y, in the range, 1 < y < oo ,

lim /(ί)ί"y = C, > 0, lim inf/(ί)ί~4/3 = M0> 3/2(4π)1/3 . (0.3)
f->0+ ί-»χ

We do allow M0 to be infinite. In view of the fact that the total mass has been
normalized to be unity, (0.3) corresponds to the total mass being strictly less than
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the Chandrasekhar mass corresponding to the second of the two relations in (0.2).
In view of (0.2) we assume that the equation of state for the pressure p is given by
p = f ( p ) . Note (0.2) tells us that the physically important case is when γ = f. We
also define a smoothed out version of /, whose properties we develop in Sect. 1.
Precisely we define,

A(s) = s]f(t)Γ2dt.
o

Set

J(p)= j A(p)-1- J ω2r2p-\ \ pBp . (0.4)
IR3 Δ IR3 Z IR3

In the non-rotating case (ω = 0) Lieb and Yau have obtained the well known
semiclassical theory as a limit of quantum mechanics. See [LY].

Definition. Let p e CC°(IR3) be a nonnegative function with JR3 p = 1. We say that
p is a critical point of the functional J(p) if for some positive constants e, δ > 0 and
any family {pt} ( — δ <t < δ) satisfying

(1) pt e C°(IR3) is nonnegative and the map t -> pt is continuous from ( — δ,δ) to
C°(IR3). Furthermore supp ρt ( — δ <t < δ) lies in the c neighborhood of supp
ρ,po = P and JR3 pt = 1.

(2) J(pt) belongs to the class C1 ( — δ, δ).
(3) Thefamiy \ρt} is uniformly bounded in L00.

We have,

= 0. (0.5)

If p is also axisymmetric and all the above are restricted to the axisymmetric
class, we say that p is a critical point among axisymmetric configurations of the
functional J(ρ).

Since the total mass has been constrained to be unity we see that the critical
points of the functional J(p\ for some negative constant λ(ω\ satisfy the pair of
equations,

J p = 1, p ^ 0 is continuous,
IR3

A'(ρ) - T ωV - Bp = λ(ω\ on p > 0 . (0.6)

(0.6) will be referred to as the equilibrium equations. We will also suppress the
dependence of the Lagrange parameter λ on ω. We can now state our theorems.

Theorem 1. Let ω ^ ω0 > 0. Let p be a critical point of J ( ρ ) or a critical point
among axisymmetric configurations of J(p). Then there is a ball Bσ, centered at some
point on the z-axis and having a radius σ = σ(ω0) such that the support of p is
contained in Bσ.

It is reasonable to believe that we do need a lower bound on the angular
velocity ω in order to obtain the a-priori bound of the support of p since in the
incompressible case the Maclaurin spheroids (0.1) flatten out as ω ->0.


