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SHARP SOBOLEV INEQUALITIES INVOLVING
BOUNDARY TERMS

Y.Y. Lt AND M. ZHU

0 Introduction

Let (M, g) be a compact Riemannian manifold of dimension n (n > 3) with
smooth boundary. In [LZ], we established some sharp trace inequality on
(M, g). In this paper we establish some sharp Sobolev inequalities using
the method in [LZ].

For n > 3, it was shown by Aubin [Aul] and Talenti [T] that, for

1 . | Vul?
~ —inf IR|7“|2/ ] ue LP(R™)\ {0}, Vu e L2(R™) § |
o1 (S ul?)*"
is achieved and the extremal functions are found. In particular,
2/n
& =mn(n —2)(T(n/2)/T(n)*".

It follows that for any genuine open subset €2 of R™,

(/Q \W’)Q/p < Sl/Q!Vu\Z, Yu € Hy(Q)\ {0}, (0.2)

and, by even reflection,

(L,

for all u satisfying u € LP(R") and Vu € L?(R"), where R? = {(21,...,2,)
eR": 2, > 0}.
It was shown by P.L. Lions [Lio] that, for ¢ =2(n —1)/(n — 2),
1 . fRi ’V“P

— =11

(0.1)

2/
|u|p> pgz2/"51/ V2 (0.3)
RT

—F | Vue L*R7%), uec LYOR™)\ {0} ; ,
(f@]Ri ’u‘q)2/q ‘ ’ ’ (0.4)
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is achieved. The extremal functions are found independently by Escobar
[E2] and Beckner [B]. In particular

1 -2
=2 e

S 2
where o, denotes the volume of the unit sphere in R™.

Some related sharp inequalities on R’} are given by Brezis and Lieb
[BrLi], Carlen and Loss [Calol-2]. Many related problems were also dis-
cussed in Trudinger [Tr], Moser [M], Lieb [Lil-2], Aubin [Au2|, Brezis-
Nirenberg [BrNi], Cherrier [Chel-2], Carleson-Chang [CarCh], Escobar [E1],
Hamza [H], Beckner [B], Adimurthi and Yadava [AY], Hebey and Vaugon
[HeV1-2], Hebey [He], and the references therein.

In this paper we establish the following result.

Theorem 0.1. For n > 3, let (M, g) be a smooth n-dimensional com-
pact Riemannian manifold with smooth boundary. Then a necessary and
sufficient condition for the existence of some constant A(M,g) > 0 so that

2/
</ |u]pdvg) p§ 22/”51/ ]Vgu\deg—l—A(M,g)/ u’dsy, YueH' (M),

holds is
2p oy 2 1
(/ updv,) " <2 "51/ Voul2dv,, Vue HL(M)\ {0},
% M (0.6)

where dv, denotes the volume form of g, and ds, denotes the induced
volume form on OM.

An easy consequence of Theorem 0.1 is, in view of (0.2), the following.

COROLLARY 0.1. For n > 3, let Q@ C R™ be a smooth bounded open set.
Then there exists some A = A(2) > 0 such that

2/
(/ up) p§22/"51/ yw|2+A(Q)/ w2, Yuc H\(Q).
Q Q o) (07)

REMARK 0.1. One cannot expect (0.5) to hold for all compact manifolds
with boundary, as shown by the following example.

Let . € C*°(R™) be some positive function satisfying
-1
ezl < Ve,
Pe(z) =
1, |z| > 1/4.

Consider g. = p2gp, where go is the flat metric on R®. On (B, g.), we
take u € C2°(B;) which is independent of € and satisfies u(xz) = 1 for all
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|z| < 1/2. It is very easy to see that for e > 0 small, u satisfies

2/
(/ |u|pdvge> TS 22/”51/ |V goul*dvg, .
B1 B

Therefore (0.5) does not hold for (Bj, ge).

REMARK 0.2. In (0.5), the constant 2%/™S; in front of S IVgul?dug is
sharp. It cannot be replaced by any smaller numbers.

REMARK 0.3. In general, [, u®ds, in (0.5) cannot be replaced by
/. an W' dsg for 7 < 2. For instance, this is the case for any bounded do-
main in R™ with the flat metric.

REMARK 0.4. Corollary 0.1 in the case n > 5 was established in [AY] by
Adimurthi and Yadava. Our method is different.

As in [LZ], there are two main ingredients in our proof of the sufficient
part of Theorem 0.1. One is to obtain, by using the Moser iteration tech-
nique, an appropriate pointwise upper bound for blow up minimum energy
solutions to certain critical exponent equations with nonlinear Neumann
boundary conditions. The other is a local balance checking via Pohozaev
identity. The method is useful in treating similar problems. For instance,
We also show the following.

Theorem 0.2. For n > 3, let (M, g) be some smooth n-dimensional com-
pact Riemannian manifold with smooth boundary. Then there exists some
constant Ay = A1(M, g) > 0 such that for all u € H(M),

2/
(/ \u|pdvg> p§22/”51/ |Vgu]2dvg+A1/ u2dvg+A1/ u2dsg.

REMARK 0.5. In (0.8), the constant 22/"S; in front of [, |Vgul?dv, is
sharp. It cannot be replaced by any smaller numbers.

In the following, we outline the ideas of the proof of Theorem 0.1. The
proof of the necessary part of Theorem 0.1 is rather short and is given at
the beginning of section 1. In section 1 we also derive some preliminary
estimates with almost sharp constants in front of [}, IV ul?dv,. We begin
to prove the sufficient part of Theorem 0.1 by a contradiction argument
from section 2. Suppose there did not exist any positive constant A(M, g)
for which (0.5) holds under condition (0.6), we would find, for any o > 0,
some positive function u, € H'(M) such that
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Jur |V gual?dug + a fo, uZdsg — inf Jur IV gulPdvg + a [o, u’dsg
( [y tbdvg)*’” H(M)\{0} ( [y ulpdvg) ™
1
< .
22/n8,

Without loss of generality, we assume | M ubdvg = 1. Since u, is an ex-
tremal, it satisfies the Euler-Lagrange equation (see (2.2)). We mainly
work with this equation to derive a contradiction. Let z, € M be some
maximum point of u,, we prove, utilizing the preliminary estimates in sec-
tion 1, that us(zs) — 00 and u, blows up at precisely one point. We then
show that wu,, after appropriate scaling, is close to v in energy, where v
is given explicitly in (2.13). Equivalently, if we scale back v appropriately
and denote it by (q, we know that [|ua — ol g1y — 0 as @ — oo. Since
uq satisfies equation (2.2), we can write down some Pohozaev type identity
for uq in By (z4), the geodesic ball of radius r, and centered at z,. If
we substitute @, for u, in the identity, with r, — 0 appropriately chosen
(depending on «, uq(z,)), we see that the identity is unbalanced. More
specifically, the term in the identity which is induced by the boundary term
—aug in (2.2) is much larger than the rest of the terms. However we have
uq instead of ¢, in the identity. Therefore we need to obtain good enough
estimates on the difference uq — po. The estimate ||uq — @allgiar) — 0 is
not enough. In section 2 we establish the following crucial pointwise upper
bound estimate of ug : uq < Cp, on M for some constant C' independent
of a. This is given in Proposition 2.1 and is proved, as in [LZ], by using
the Moser iteration technique. Once we have this pointwise upper bound of
U, we derive from standard elliptic theories appropriate estimates on both
|Vue| and |V2uy|. In dimension n > 4, these estimates are good enough
to carry out the balance checking via a Pohozaev type identity described
above to reach a contradiction. For dimension n = 3, we still need another
estimate: u, > C 1y, in B, (7,). This pointwise lower bound of u, is
obtained, as in [LZ], by using the maximum principle. We complete the
proof of the sufficient part of Theorem 0.1 in section 3. Theorem 0.2 is
proved in a similar way and we sketch the proof in section 4.

Throughout this paper we always denote p = 2n/(n — 2), ¢ =

2(n—1)/(n=2), || fllrar = ( [y |f]rdvg)1/r, S to be the constant in (0.1),
C to be various positive constants.
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1 Necessary Part of Theorem 0.1 and Preliminary
Estimates

We first establish the necessary part of Theorem 0.1.
Proof of the necessary part of Theorem 0.1. It follows from (0.5) that

/]u|pdv 22/"51/ \Voul?dv,, Yue HY(M)\{0}.

If ) did not hold, there would exist some nonnegative function ug €
( ) \ {0} such that

/ lup[Pdvg =1 and 22/”51/ |V guo|?dvy = 1. (1.1)
M M

Since ug is a minimizer to { [,, [Veul?*dvy : [}, [ulPdvy = 1,u € H} (M)},
there exists some constant A\ such that

/ VyuoVgp = )\/ uh e, VeeH)(M).
M M
Take ¢ = ug in the above, we have A = 1/(2%/"8)). Therefore ug satisfies

__1 p—1
{—Aguo = muo , 1N ,2\4-7

(1.2)
ug =0, on OM .

Let vo € HY(M) with vp| onr = Oguo/Ov, where 0,/0v denotes differenti-
ation in the direction of the unit outer normal of M with respect to g.
Set

/ |UQ + E’U()|p 22/n51 / }Vg(U() + 61)[))}2 .
It follows from (1.1), (1.2) and the Hopf Lemma that

n dyuo \ >
F(0)=0, F'(0)=-2""" Sl/ < 9”0> <0.
OM 61/
On the other hand, in view of (0.5), we have

Fe)< A (up + evp)? = A62/ vg .
oM oM

The above two inequalities lead to a contradiction for ¢ < 0 and close to
zero. This establishes the necessary part of Theorem 0.1.

In the rest of this section, we establish some rough inequalities which
will serve as a starting point in our blow up analysis of the minimum energy
sequence.
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PROPOSITION 1.1. For n > 3, let (M, g) be a smooth n-dimensional com-
pact Riemannian manifold with smooth boundary. Then for all e > 0, there
exists some constant B(e) depending only on € and (M, g) such that

/ |uypdsg (2 Sy +€) / |V gu|*dvy+B(e / lu?dv, , Yu € HY(M).
(1.3)
The above proposition is standard. Readers can find a proof on page 51

of Aubin [Au2]. We omit the details.

PROPOSITION 1.2. For n > 3, let (M, g) be a smooth n-dimensional com-
pact Riemannian manifold with smooth boundary. Suppose

2
(/M ufdv, ) 7 < g2ng, /M IV, ul?dv,,  Yue HL(M)\ {0}.

Then for all € > 0, there exists some constant A(e) depending only on €
and (M, g) such that for all u € H'(M),

/ ]u|pdvg < (225 +¢) / IV, ul?dv, + Ale) / s, .
M

oM (1.4)

Proof. We prove it by a contradiction argument. Suppose the contrary of
(1.4), there exists some constant ¢ > 0, such that for all & > 0,
Jar [V guPPdvg + o fo, uPdsg 1

(o= inf < —0.
HI(M)\ (0} ([ lulpdug)?? 22/n.9) (1.5)

Due to (1.5), we can show as in [LZ] (see the proof of proposition 1.2 there)
that there exists some nonnegative function u, € H*(M) satisfying

a :/ IV gt |*dvg —i—a/ uZds, / ubdvg =1. (1.6)
M oM M

Notice |[uqg||g1 < O, there exists w € H'(M) such that u, — @ in
HY(M). Since ||ua||2.00m — 0 as o — 0o, T € HY(M). 1t is easy to see that

/up /|ua—u|p /ﬁp—>0, as a — 00, (1.7)

and, in view of (1.6

/|ua—ﬂ|p§1+o(1), /apg, (1.8)
M M

where and throughout this section o(1) — 0 as o — oo. Also, from Propo-
sition 1.1 we know that for §/2 there exists a constant B = B(¢), such
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that

1 6 2/p
Sama. " o rd < *dvg + B(6 / *d
<22/"51 2) (/MM Ug) B /M\Vgtp] o+ B) '

Ve HY(M). (1.9)
It follows from (1.9), the compact embedding of H' to L?, (1.5), (1.7), and
(1.8) that

£a:/ |Vgua|2—|—o¢/ uz
M oM
:/ ‘Vg(ua—ﬂ)f—l-/ |Vgﬂ|2+oz/ u? +o(1)
M M oM
1 1) 2/p 2/p
- _Z _ P =P 2
2(22/”51 2) </M|ua u|> —i-fa(/Mu) +a/8Mua+o(1)

1 0 _ 2
> (g ~56) [, o e ra [ o

Therefore, ||uq — T||par — 0. From this, we derive
IVoulBa 1
[l — 225
which contradicts to the assumption of Proposition 1.2. This establishes
Proposition 1.2.

6,

The following lemma is due to Brezis and Lieb [BrLi].

LEMMA 1.1. Let Q C R™ be a bounded domain with smooth boundary,
equipped with the standard Euclidean metric. Then there exists A(2) > 0
such that
1/2
lullpe < $1°Vullzo + A@lullgon, e H(Q),
where and throughout this paper, we assume ¢ = 2(n —1)/(n — 2).

Using Lemma 1.1 and Young’s inequality, one easily sees that for any
€ >0,

25,2 A(92
lull50 < (St+e)l[Vull3 o+ <A2<Q> + 1—()) lullgon, ue H'(Q).

In turn, we obtain, using the partition of unit, the following.

PROPOSITION 1.3. Forn > 3, let (M, g) be a smooth n-dimensional com-

pact Riemannian manifold with smooth boundary. Then for any ¢ > 0,

there exists some constant D(e) depending on € such that for allu € H*(M),
lullf a0 < (S1+IVgull3 ar + D(e)[ull onr + D(e)lull3 py -

(1.10)
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2 Asymptotic Analysis

From now on we prove the sufficient part of Theorem 0.1. Namely, we
establish (0.5) under the assumption (0.6). In the next two sections, we
always assume (0.6). We argue by contradiction. Suppose not, we have,
for all @ > 1,
1
§a < 2/ng,
where &, is defined in (1.5).

As explained in section 1, there exists some nonnegative function u, €
HY(M) satisfying (1.6). It follows that u, satisfies

{—Agua =&l in M,

(2.1)

Ogua (22)

5 = — Qg on OM ,

where, as always, 0,/0v denotes differentiation in the direction of the unit
outer normal of 9M with respect to g.

In this section, we establish the main estimates of u,. The crucial
estimate is the pointwise upper bound estimate which we obtain in Propo-
sition 2.1 through the Moser iteration technique.

For any € > 0, it follows from (1.6), (2.1) and Proposition 1.2 that there
exists some A(e) such that

€ 2/n
L+ g > (22751 + 9%

= (281 + IV guall} a1 + (281 + ) ual 3 oas
D 2/p 2/n 2
> (] Tual?) "+ [0(22/781 + €)= A JualBons

=1+ [a(2"81 + €) — A()] l|uall3 ons -
Thus
1+ —°

> (22/"8) + €) limsup &, > 1+ (22/™S] + €) limsup aHuQH%’aM,

22/n51 B a—00 o a—00

R > (22/"8) 4 €) liminf &, > 1+ (2278 + €) lim inf a|[ua |3 5y, -
22/”51 a—00 A—00 )
Send € — 0, we have
. 1
A € = Samg (2:3)
Hm of|uall3 gy = 0. (2.4)
a— 00

It follows from Cherrier [Chel] that u, is smooth up to boundary. Let

. . —2/(n—2
T be some maximum point of 1y, we set 1o = Uq /(n )(xa).
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LEMMA 2.1.
ale ape, = 0. (2.5)
Proof. We first claim
liani}igf [|uallg.om > 0. (2.6)

If the claim were false, i.e., ||uqa||q00 — O along a subsequence av — oo,
then, in view of (1.6) and (2.1), there would exist u € H{ (M) such that u,
weakly converges to u. It is easy to check that @, u, satisfy (1.7) and (1.8).
Therefore, it follows from Proposition 1.3 applied to u, — @, the compact
embedding of H!'(M) to L?(M), the definition of &,, (1.7) and (1.8) that
for any € > 0

b= [ 1Vl a [
:/ ]vg(ua—ﬂ)}2+/ |ng?+a/8Mu§+o(1)
> (1/81 —€) / yua—u\p) e, (/ 2/p+a/8Mu +o(1

2(1/5’1—e—ﬁa)/M]ua—ﬂ\p—i—fa—i-a/a w2+ o(1),

where o(1) — 0 as @ — oo. Take € small enough, we derive by using (2.1)
that ||uq — @l|p,ar — 0. In particular, in view of (1.6), [,, @’ = 1. From
this and (2.1), we have,

/ apdv,) " > 2008, / 1V, al2dv, .
M

which contradicts (0.6). This establishes (2.6).
It follows from (2.6), the definition of pq, and (2.4) that as a — oo,

oy < Caya/(aMugdsg gC’a/aMui — 0.

We complete the proof of Lemma 2.1.

Let (y',...,y" 1,4™) denote some geodesic normal coordinates given
by the exponential map exp, . In this coordinate system, the metric g is
given by g;;(y)dy'dy’. For suitably small 6§ > 0 (independent of ), we
define v,, in a neighborhood of z = 0 by

Vo(2) = u;l(xa)ua(expxa (Ha?)) z€ 0y CR",
where

Oa = {2 €R": |2| < 61/pta s €xp,, (Ha?) € M}. (2.7)
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We write 00, = 't UT?2, where
Il = {2z € 00, : exp,_(1az)€OM}, 2 = {z € 00, : exp,  (paz)eM } .
It follows from (2.2) that v, satisfies

_Agava = gavg_l 5 in O >
agg# = —QlaqVq , on Ftlya (28)
UQ(O):17 OSUQS17

where g, denotes the metric on O, given by go = gij(paz)dz'dz. 1t follows
from (2.8), Lemma 2.1 and standard elliptic estimates that for all R > 1,

valloszro, <CR), Va1, (29)
Let limg—oo dist(xa,OM)/pte = T € [0,00]. Therefore v, — v in
C3(04 N Br(0)) for all R > 1, where v satisfies

—Av = 22/1%,1 vP1 in R,
% =0 on 8]}{271’ (210)
v(0)=1, 0<w(x)<1,

where R" . = {z = (2/,2,) : zp, > =T} for 0 < T < oo; for T = o0,

R” ., = R™ and there is no boundary condition in the above.

LEMMA 2.2. T =0.

Proof. We prove it by a contradiction argument. If 0 < T" < oo, then after
making an even reflection of v, we obtain a positive solution of —Av =
272/ "ST LyP=1 in R™ with two local maximum points. This is impossible
due to the results of Gidas-Ni-Nirenberg [GNNi] or Caffarelli-Gidas-Spruck
[CGS]. If T' = oo, we know from [CGS] the explicit form of v which yields

/n w2, (2.11)

The above can also be deduced from some well known results. For the
reader’s convenience, we include it here. We know from the explicit ex-
pression of v given by [CGS] that v is an extremal function for the Sobolev
inequality, i.e.,

Jen V0?1

(Jeuor)?r 51
Multiplying the equation of v by v and integrating by parts, we obtain, in
view of the explicit expression of v given by [CGS], that

1
2 _ D
/Rn|Vv| = g, /nv .
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Equality (2.11) follows immediately from the above two identities.
However for all R > 0,

/ vhdvg, :/ ubdvg < 1.
BR(O) BuaR(xa)

Sending « to oo, we have

P <1,
Br(0)
which violates (2.11). We have thus established Lemma 2.2.

It follows from Lemma 2.2 that
lim dist(xq, M)/t =0, vq — v in C3(O4 N Bg(0)) for all R>1,

(2.12)
where
1 (n—2)/2

= —" 2.13
@~ (rpe) 21
and ¢(n) =1/ (22/ "(n —2)nS1). A direct calculation, or similar argument

as above, yields
/ W =1. (2.14)

RY

Recall that the conformal Laplacian operator L, and the conformal
boundary operator B, corresponding to g are given by

Lyt = Agp — a(n) Ry,
By = %Y 1 b(n)Hyy,

where a(n) = 4(’}1—121), b(n) = 252, Ry is the scalar curvature of M, and H,
is the mean curvature of M with respect to the inner normal of OM (e.g.,
the unit ball in R™ has positive mean curvature).

Let § = % ("=2)g for some positive function ¢ being chosen later, then

(2.15)

Ly(yp/p) = o~ D/ O=D L) in M, 210
By(v/¢) = ¢ """ By () on OM.
Rewrite (2.2) as
—Agua = ot in M
a(%# +b(n)Hyuq = —auq +b(n)Hgu, on OM. (2.17)

Let 1) = uq in (2.16) and write w, = uq/p, we have
Agua — a(n)Ryug = "2/ =D (Ajw, — a(n)Ryw,) in M,
OgUa n/(n—2) ( OgWa
e+ b(n)Hyua = ¢ /( 2)(98—1/ + b(n)Hyw,) on OM . (2.18)
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Let ¢» = ¢ in (2.16), we get

a(n)Rypn= :Agcp a(n)Rgp in M,
{ +b(n)H, cp"/" 2= 8"(p—i—b( JHgp on OM . (2.19)

Combining (2.17), (2.18) and (2.19), we reach the following equation

_ n+2 .
Y (A2 wg in M

Ogwa n— 9 n/(n—
4 = (a/ch/ 2+ + %/ /( 2)> we on OM . (2.20)

We will choose appropriate ¢ = ¢, to simplify (2.20) and then apply
the Moser iteration technique to show that w, is bounded above by some
constant independent of o. Without loss of generality, we assume (M, g)
is_a smooth bounded open set of a slightly larger Riemannian manifold
(M,g). Let Q4 be the closest point on OM to x4, v be the geodesic in
M with 7(0) = Qa, 7' (0) = v. Set Py = Y(tajta) With tq = (n — 2)/&a.
Let (y',...,9" %, y") be some geodesic normal coordinate system of Tp, M ,

_Agwa = fawg

with 0/0y™ = —7'(tapia), expp, : T paM — M denoting the exponential
map, g;;(y) = (9/0y",8/0y’) denoting the metric of M, with g;;(0) = &,
Ffj (0) = 0, where Ffj is the Christoffel symbol. We define Gp, by
—-A,Gp, =n(n —2)w,6p, in M,
Gp, =0 on (9M,

where w,, is the volume of the unit ball in R". It follows from Appendix B
in [LZ] that

Gp, oexpp, (y) = [y[* " + E(y),
where E(y) satisfies

" IEW)| + "V E(y)] < C(61), Yyl <61
(2.21)

Define ¢, : M — R by
o = o 2u PG, . (2.22)

Clearly, ¢, satisfies
—Agpa =0 in M.
The following lemma was established in [LZ] (Lemma 2.5 there).

LEMMA 2.3. For a large,

a2/ (=D 4 ag% / /=2 >0 on OM .
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From Lemma 2.3 and (2.20), we know that for § = goi/(n_2)g, Wo =

Uq /Yo, we have, for large a,

—Ajw, = P=lin M
gt =G 228
5 <0 on OM .
LEMMA 2.4.
lim |va —v|P =0, (2.24)

where v is given by (2.13) and OO: is given by (2.7).
Proof. Using (2.12) and the fact O, tends to R’}, we have for all R > 1,
Jim v = vl[Lp(0unBr(0)) = 0- (2.25)
Consequently, in view of (2.14),
Jim ool r0anBr©) =1+ or(1), (2.26)

where op(1) tends to zero as R — oc.
We see easily from (1.6) that [[va|lrr0,) < 1. Therefore, in view of
(2.26), we have

limsup [[va = 0|l zr(0a\Br(0) = °r(1) - (2.27)

a—00

Lemma 2.4 follows from (2.25) and (2.27).

Now we are ready to prove the following crucial estimate.

ProrosiTION 2.1. There exists some constant C' independent of o such
that for all o« > 1

U)o < C for x€ M. (2.28)

Proof. We only need to show (2.28) holds for « large, thus, without loss of
generality, we assume w, = uq /@, satisfies (2.23).

Let 7 be some smooth cutoff function. Multiplying (2.23) by wkn? for
k > 1 and integrating by parts, we obtain

/ Viwe - Vi (wkn?)dvs < fa/ w2 du,
M M

Direct computation yields
/ Vgwa - Vg(wyn®)dug

M

Ak k1/2, 3|2 k-1 k1A (2
RECESIE /M’Vg(wa+ /)] dvg+m/Mwa+ Ag(n”)dvg

4k k+1 2 k-1 k+1 857(772)
G RO == R 2
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We derive from last two inequalities that

/ V5 (whH1/2) v,

< __/ k+1A dUg / ]o€¢+1|vA
(2.29)

O50) . Calk D [
k+1 o p—1+k 2,
4k: /aM Wy £y dsg + oy /Mwa n-dvg .

For all € > 0, it follows from Lemma 2.4 that there exists 6y = dg(€) > 0

such that
/ whdvg = / ubdv, < €.
M\B,., /50 (Ta) M\B,,q /80 (Ta)

Then by the Moser iteration process (e.g. see the proof of Lemma 2.3 in
[LZ]), we know for €p small but independent of «, there exists some 69 =
50(60) >0 and sg = 80(60) > D,

/ wildvy < C'. (2.30)
M\B,,,, /s, (%a)

Without loss of generality, we assume that §y > 0 is small enough so
that B /80 (zq) C B4“a/50( ). Set, & = 60/8,

Ri = jia <2F>/5 i=1,2,3,....

Bﬂa/éo (l’a) C BRi (Pa) , Vi. (231)
Note that for pa/6 < |y| < 2pua/9,
PR IC < paly) < CuE™7? . Clug?g < g < Cug’g
(2.32)

Zdvg

Clearly,

We can choose some smooth cutoff function n; satisfying

ni(y) =1 lyl > Ripr; miy) =0, [yl < Ri;
[Vgmi| < C2°,  |Vimi| < C4.

In the following we use notation Br, = Bpg,(P,). Take n =n; in (2.29), we

have,

/M [V (w T 25) g

<4'C wrkdv, 4 2'C wittds,

o
M\Bp, OM\Bp,

k+1)%C
L B+ D7C

(2.33)
wgfl%»kd?%
k /M\BRi g
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It follows from the Sobolev embedding theorems (see Appendix A in [LZ])
that

2/p
{/ (w((lk—&-l)/?m)pdvg} SC/ Wg(w&kﬂ)mm)?d%’
M\Br M\Br, (2.34)

2/q
{/ (w&k-i-l)/?m)qug} <C/ !Vg(w&kﬂwmﬂzdvg.
OM\Br M\Bg, (2.35)

Using (2.34) and (2.35), we can derive from (2.33) that

2/ 2/
{/ (w&kﬂ)/gm)pd%} P+{/ (w((lk—f—l)/Zm)qug} q
M\Bg, OM\Bp,

< 4’0/ wlgfldvg + QiC/ wﬁ“dsfl
M\Bg, OM\Bg,
k+1)2
M\Bg,

Set rg = so/(p — 2), it follows from (2.30) and the Holder’s inequality

that
14k (kt1)ro/(ro—1) 5, ) 70~ 1/T0
wh dvg < C( wy, o dvg> .
M\Bg, M\Bg,
It follows from (2.36) and (2.37) that
{/ wg’“+1)p/2dvg}2/p+{/ w&k+1)q/2d3§}2/q
M\BR; OM\Bg,

< 4’0/ w§+1dvg + QiC/ w§+1d89
M\Bg, OM\Bp, (2.38)

2 (ro—1)/m
+w< / w0y, )
M\Bg,

(2.36)

(2.37)

Set = min{p(ro —1)/(2r9), q/2}, it is easy to see from so > p that 5 > 1.
It follows from Holder’s inequality that

(k+1)Brg %Ll (k+1)p 2
ro— [ —_—
{/ we O dvg} 0 gC{/ Wy 2 dvg}p,
M\BRiJrl M\BRi+1

{/ w&k+1)5d5g}1/5 < C{/ w&kﬂ)qmd%}wq,
OM\Bpr OM\BR,

i+1

(2.39)

(2.40)
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and
k+1 (k+1)ro/(ro—1) (ro—1) /7o
Wy dvg < C’{ wy, 0/ATo dvg} .
M\Bg, M\Bg,

It follows from (2.38), (2.39), (2.40), and (2.41) that

{/ w&k+1)ﬁr0/(ro_1)dvg}(7"071)/(/37"0) n {/ w&k'i_l)ﬁdsg}l/ﬁ
M\Bg OM\Bpgr

41 141

] 2 (k+1)rq ro—1
S C <4Z + (k i 1) ) { / waro_l d’l)g)OT—O +/ wﬁ“d%} .
k M\Bpg, OM\Bp,

Taking k + 1 = 23 for i > 1 in the above, setting p; = 28%ro/(ro — 1),
¢ = 26, we have

(2.41)

q; q;
lwally  angy,,, + 1Wallg,, ornBa,,

< C(4Z + 52)(”“’0”(] ,M\Bp, =+ HwoquZ OM\Brg, )

Since 8 > 1, we have a” +b° < (a + b)? for all a,b > 0. It follows that

qi qi 1/qiv1
(Hwa! pz:ll:M\BRi + [|w quzﬁ,aM\BRM) i
i i 1/qi
< (||w°‘||q'+1 M\Br, + ||wa||gi+1»8M\BR'+l) (2.42)
i 1/qi ’
(C4Z+Cﬁz>l/qz(uwauq M\Ba, + Hwqu aM\BR) /q .
It is easy to see that
o
[[c4'+cp)Ve < € < .
i=1
It follows that
1/(28)
||wa||pi+17M\BRi+1 - (”U}ale M\BR + ”wqul OM\BR ) S C
Send 7 to co, we have
lwallLoe(ar\B,,., s9) < C(do) - (2.43)

It is easy to see that inside By, /(s,)(Pa), [y] < Cpa. Therefore, it
follows from the definition of ¢, and (2.21) that ¢, (y) > C'_l,u;(nﬂ)m,
Yy € Bay, (s)(Pa)- It follows that

Wo = U/ Pa < C’u(" 2D/, = = Cua/ua(ta) <C, Vy & By, i) (Pa)-
(2.44)
Proposition 2.1 follows from (2.43) and (2.44).
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3 Balance Checking via Pohozaev Identity

Let Qo € OM be the closest point on OM to z,. By choosing an appropriate
coordinate system centered at (o, we can assume without loss of generality
that Qo = 0, gi;(0) = &5, B (0) € M, {(«/,0) : |2/| < 1} C OM .
Let Ry = 1/(cvfia), ha = gij(Hax)dxidz? in BYORQ (0), and
Ua(z) = 2200 (uox) for x e BERQ(O) .
It follows from (2.5) and (2.2) that R, — oo as a — 0o, and 7, satisfies
—Ap, T = Eath ! in By (0)
8h§;“ = —QfinUq on {(2/,0) : |2'] < 10R.} (3.1)
0< 7, < u&n_z)mua(()) .

Clearly,

|hd (2) = 69| < Cluaz],  135()| < Cpa in Bigg (0),
(3.2)
where Ffj is the Christoffel symbol of h,.
As in the proof of Lemma 2.2, |24 — Q4l/pta — 0 as a — oo. Therefore

u&n_Q)/zua(O) — 1. As explained in section 2,

ILH;OH,DQ_UHC%%) =0, VR>1, (33)

where v is the function defined in R, given in (2.13). It is not difficult to
see from Proposition 2.1 that

< ¢
T 1Az

We need some further estimates on .

Vo () for x € BRRQ(O) . (3.4)

LEMMA 3.1. Foralla> 1, x € B;Ea (0), we have

C

| < ———, ¢
1+ |71

27 < -
[VZ0a(2)] < 1+ |z

|VUg ()

where | V20, | = > =1 |02,/ 0027 |, and C' is some constant independent
of a and x.

Proof. Tt follows from (3.3) that
Vo, (2)] < C, |V*0a(x)] <C, in Bf(0).

So we only need to show Lemma 3.1 for [z| > 1. Forall g € BEQ (0)\B; (0),
set R = |zo|, @(z) = R"2U4(Rz) and §;j(z) = (ha)ij(Rz). It follows from
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(3.1) that
—Agi = R"¢aTa(R)P~! in By (0)\ By 5(0)
% = —R" lapava(Rz) on {(2/,0):1/5 < |2'| <5}.

From (3.4) we can derive that: In B+( ) \Bl/5( )
[u(x)| <C,  |R"E0a(Rz)P™ 1’ <CR?<C.
On {(2/,0): 1/5 < |[2/| < 5}

03
B = |~ B apata(Re))| < CapaR < C.
v
It follows from standard elliptic estimates that for some 0 < 3 < 1,

dl| ., ——— < C. (3.5)
1/4

Rewriting the equations of @ as

A= R i BE(0)\ B,y (0)
%:—aualﬁl, on {(2/,0):1/5 < |2/| <5},

and noticing (see (3.5))

|‘Ri?faapichﬁ(_Bj\—BfM) <C, HoéuoéRuHC5 4B+\B+ ) < <C,
we have, by standard elliptic estimates, that
||a|| <C. (3.6)

C28(Bf\B;5) —
Therefore
‘V@a(wo)‘ = Rl_"‘Vg,ﬁ(wo/R)‘ < C’\xo\l_” < C’/(l + ]:Boln_l) ,
which gives us the gradient estimate.
Also the second derivatives can be estimated as
V204 (20)| = R™"|V2i(z0/R)| < Clao|™ < C/(1+ |w0[™).

For n = 3, we need to obtain an appropriate lower bound of 7, in order
to reach a contradiction from the balance checking by using the Pohozaev
type identity.

LEMMA 3.2. For n = 3, as « large enough,
1 e
/Ua(x) = C(l 4 ’.’L’D 9 V.’L‘ € BRi/4(0)a

where C' > 0 is some constant independent of c.
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Proof. In view of (3.3), we only need to prove the above estimate for
|z| > 20. In the following, « is always assumed to be suitably large. Let
z=(0,...,0,1) and

1 1
Ga(-’ﬂ)_ |l‘—.f’| 1/2|:15 |1/2

in Bpiys (Z) \ Ba2().
It is easy to see that

1 < Ga(az) < Lﬁ n BRi/S(f) \ Bg(i') .

e — x| ~ = |z — 7|

Using (3.2), it is easy to see that in B ,1/5(Z) \ Ba2(Z)

VR (— Sp— ,‘A%< 1>‘§ Ca
RY?|z—z|1/2 CRY?z—z|5/2 |z—Z| |z—2|

It follows that Ay, Gq > 0.
Also, it follows from (3.2) that for all x = (2/,0), 1 < |2/| < R«

oh 1 1
The f _— )< —
ov \|lx—z|) ~ Clz—z

Oha ! < ¢
ov 1/2\35 a2 )|~ 1/4’36 ’3'

Therefore, using (3.4) also, we have

13

1
>0
Ra(l+l2])  Clo—app ~

Vo= («,0), 1<|z'| < RY3.
We will use the maximum principle on A = {z € R} : 10 < [z —Z| < R})/3}.
Let 1 = 0AN{x, = 0}, 39 = 0AN{|z—Z| = 10}, and X3 = 0AN{|z—Z| =

Y %}, Choose 0 < 7 < 1 small enough (independent of ) such that

TGq < Uy on Xg. Define H, = 7G4 — maxy, (7Gy ), then
Aha<’l_)a — Ha) <0, in A,

—QlaUn — %(Ga) > —

Vo — Hy >0, on Yo U X3,
O (Ta—Ha
Dol Ha) 59 onyy.

It follows from the maximum principle that
Vo > Hy, in A.
Consequently,

Ba(@) > Ha(w) > Cr Cr Cr

— >
lz—z| RYS T 2z —z|’

Va € BY L (0)\ Biy(a).
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Lemma 3.2 is established.

For convenience, throughout the rest of this section we set I'y =
8BEQ(O) N{(z,0) : 2’ € R} Ty = (9B;t§a(0) N{(z',xn) : &, > 0}. We
always use dV for the volume element of the standard Euclidean metric,
dS for the surface element of the standard Euclidean metric, v for the unit
outer normal vector of the corresponding surface with respect to the spec-
ified metrics, and “” for the inner product under the standard Euclidean
metric.

As in [LZ], we have the following identity,

—2
AUy (Vg - ) n 0aAV4dV = J(Ra, V) + I(Ra, @a) ,
Bl Bp, 3.7)
where
1 O |2 oo
J(Ra, ) = §/ { ai 12| — |OranTal?|z| +(n—2)8iaa}ds,
Ly {19V v (3.8)

A v
I(Rga,Ta) = / { <Zx18$1> o (n—2)5va}d5. (3.9)
Replacing Av, in (3.7) by

ATq = Ap, Vo — (i — )00 + hET};040a ,

we have

. -2

- / (218;T0) Ap, TadV — Ta ., TadV

B, B,
+/+ (x akva)(hzj —6”)8wvadv / (z alva)(hjf OV )dV
Bf
n—2 _ i i _ —2 igpk
Vo (hY — §0)0;50,,dV — U (RETH ) OkvadV

2 Bt B+

= —J(Ra,Ua) — I(Ra,q) -

So far, we have not used the equation of v, yet. Now we use equation (3.1)
satisfied by 7, and obtain

A(ha, Vo) = —J(Ra, Va) — I(Ra, 0a) , (3.10)
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where

A(ha, Vo) = g—0‘/ oPlx|dS
P Jr,

- / (250 00) (h — §Y)0;;50dV — / (2000 ) (W T, 000)dV
Bf, Bf,
n—2 = (Bl _ si5\9. . n—2 = BTk, 7
+ 5 Vo (hg — 6"7)0;0,dV — 5 Vo (hqT'7;)OkvadV .
B, Bl (3.11)

Consequently, by using (3.2), we have

A, 52) :o(/F %zlas)

2

+0( [ palaP(9a] [V%0alaV) +O( [ pualal|VaaV)
B Bj,

_ 2_
+O(/B§ Po || 00|V va\dV) +O(/B+

R

[taTa|VUa|dV)
. (3.12)
We simplify I(R,,U,) by using the boundary condition in (3.1). It is easy
to see from (3.2) that

ahaq_)a o 61_} / _
5%~ 9 + O(pal2'| [VUa|) on T,

It follows that
n—1 _ _ _
_ 0Uq \ Oh,. Vo, O Vo _
2I(Ry, Vo) = 2 i— c —2)—== o rdS
(Ba; %a) /1“1{ (;x 813) ov +(n-2) ov v}

+ O(/ [:ua’.%"|2 ‘Vl_ia|2 —{—Ma|x/|f[)a‘vz—]a|]ds> (313)
N1

Using the boundary condition in (3.1), we have

n—1 _ _ _
004\ Oh,, Vo Ohy, Vo —
/rl {2<Z xz(%i) v tin-2) v Ua}ds
=1
n—1

o
= — 20010V, ri— ) — (n—2)a avi}ds
IREEL (z 5 ) - (0= 2oy

=(n— 1)a,ua/ v2dS —/ oo 2| 2|dS — (n — 2)a,ua/ v2dS
r oy I

= a,ua/ v2dS — Qa2 |2]dS .
Fl aFl
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Thus
I(Ro, ) = O‘g“/ @gds+o(/ aua5i|xld5'>
Fl 8F1

+o(/ 1ol PV + o250 [V ]S ) . (3.14)
Iy

Clearly,
J(Ro Ta) = o(/ (12/195a]? + 5 [V5])dS) (3.15)
T's

In view of all the above estimates, we can rewrite (3.10) as the following
Pohozaev type identity

aua/ ﬁidS:O(/ Eg\:ddS)
I 1)

+o(/ 1| 2|2 V54| |V2T)a|dV) +o(/ ua\xHWa!QdV)
B Bf,

Ro

+0(/ ua]a:|va|v2va’dV)+O</ ua@alwa!dV)
Bf Bj,

+o</r2 (12150 + 20| Vi) ds) (3.16)

—l—O(/ aua@i]a:\dS)
oy
+of / oo’ P10l + 1ol [V ]1dS)
Ty

We will derive a contradiction from (3.16) by showing that the left hand
side is much large than the right hand side.

LEMMA 3.3. For n > 3, there exists some constant C > 0 independent
of a, such that fF v2dS > 1/C for all « > 1. Moreover for n = 3,
fF v2dS > (log Ry)/C for all a > 1.

Proof. Clearly we only need to prove the lemma for large . It follows
easily from (3.3) that
v2dS > 1/C.
I'1
For n = 3, it follows from Lemma 3.2 that

1 1\’
2
v,dS > —/ <7) dS > (logR,)/C .
/r1 C Jorinp 10 \1+ 2] (log Ra)/
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LEMMA 3.4. The following estimates holds:
/ o 2)2]dS < g RI"
oI’y

Cpalog Ry, n=3,

ol P IVT|? + a2 |0a |V |)dS <
[ Gl IV + ol (95 < ¢ fe e M

/ (1z]| V0] + T [VTa])dS < Clopa)" 2,
I's

/ @2]dS < Clopia)",
Iy

C,U/oclogRom n=3,

/+ (Ma’l’F’V@a’ ’vgq_)a’ +Ma’x‘|v’l_)a‘2)dv = {C,Uom n>4,

Bg.,

I,

Ro

Cuqlog R, , =3,
(| 2|50 | V200 + ptaTa|Via|)dV < { H 08 n
Cla n>4.

Proof. Tt follows easily from (3.4), Lemma 3.1, and some elementary calcu-
lation.

Proof of the sufficient part of Theorem 0.1. We draw a contradiction from
(3.16) using Lemma 3.3 and Lemma 3.4. Since the left hand side is clearly
much larger than the right hand side in (3.16) as a tends to infinity.

4 Proof of Theorem 0.2

We now begin to prove Theorem 0.2 by a contradiction argument. Suppose
Theorem 0.2 were false, we would have Va > 1,

= it [y IVgul?dog + a [y, u?dvg + a [, u?dsg - 1 .
H(M)\{0} (Jos lulPdvg)?/P 22151 (41

As shown in section 1, we know that there exists some nonnegative
uo € HY(M) such that

Ca:/ |Vgu]2dvg+a/ u2dvg+a/ uds, / ubdvg =1.
M M oM M (4‘2)

Therefore, u,, satisfies

—Aguq = Caug_l — Qg , in M,
5= —QUg , on OM .
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For any € > 0, it follows from (4.1), (4.2) and Proposition 1.1 that there
exists some B(e) such that

€ S (28 + e)Ca

1
* 22/n8,

= (22/n51 + E)vaUOAH%,M
+ (2781 + €)|[uall3 or + (2% S1 + €)|[uall3 11

2/p n
> ([ al) ™ @+ Ol
M

+ [a(2¥S1 + €) — B(€)] l|uall3 s
=1+ a(2"S1+6)||uall3 orr + [(2¥"S14€) — B(e)]l[uall3ar -
Thus

2/n :
722/7151 > (2951 + €) ll(ryn_)solip Ca

> 1+ (22/"8) + €) limsup al|ua |3 oar

a—00

1+

+ (22/n51 + ¢€) lim sup OéHuaH%,M )

a—00

1+

€ 2/n im i
>
samg, = (2751 + o) liminf
a— 00 ’
+ (278, + ) lim inf o[ ug |3 4 -
a— 00 ’

Send € — 0, we have

. 1
A Co = g (44)
Jim ollual3 o =0, lim aflua|3 s =0. (4.5)

It follows from Cherrier [Chel] that u, is smooth up to boundary. Let

o be some maximum point of uqy, we set g = uq
Now we prove the following asymptotic behavior about p,.

LEMMA 4.1.
lim ape =0. (4.6)

a—00

Proof. The proof is similar to that of Lemma 2.1. First we claim

liminf ||uqa||g.00 > 0. (4.7)
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If the claim were false, i.e., ||uqa||qons — 0 along a subsequence av — oo,
then, in view of (4.1) and (4.2), there would exist u € H{ (M) such that u,
weakly converges to w. It follows from Proposition 1.3 applied to u, — w,
the compact embedding of H*(M) to L?(M), the definition of ¢, (1.7) and
(1.8), that for € > 0

Ca:/ |Vgua|2+a/ ui—i—a/ ui
M oM M

z(l/sl—e—ga)/ |ua—ﬂ|p+Ca+a/ u§+a/ w2+ o(1),
M oM M

where o(1) — 0 as o — oo. Take e small enough, we derive ||uq—Tl|p 1 — 0,
therefore ||@||, a7 = 1. But from (4.5) we know |[@||2,»s = 0. Contradiction.

Similar to the proof of Proposition 2.1, we have

PROPOSITION 4.1. There exists some constant C such that for all o > 1
Ua/Po < C for x € M, (4.8)
where ¢, was defined in (2.22).

Let Q. € OM be the closest point to z,. By choosing an appropriate
coordinate system centered at ), we can assume without loss of generality
that Qo = 0, g;;(0) = &, B (0) € M, {(2/,0) : |2'| < 1} C OM.

Let Ry = 1/(apta), ha = gij(pox)dz'da? in BI)RQ (0), and

Ua(z) = "2y (ugx)  for z e B%Ra (0).
It follows from (4.6) and (4.3) that R, — oo as a — oo, and 7, satisfies

_ p—1 _ .
—Ap Vo = CaVh T — a2 v, in BI)RO (0),

8ha Vo

ot = —QflaTa on {(2/,0):|2'| < 10R.},
0 < Ba < 182 2u0(0). (4.9)
Clearly,
|hd(x) = 6] < Cluaa],  |T5(2)] < Ca in Biyp (0),
(4.10)
where F,’fj is the Christoffel symbol of h,.
As in section 2, we know
H@a_v’|02(3$1{a) —>O, (411)
where v was defined by (2.13).
Also from Proposition 4.1, one can see that
_ C P
Ua(.f) < W for z € Bfopba (0) . (412)
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In turn, we derive as in section 3 the following estimates of |V©,| and
|V29,| by applying standard elliptic theories.
LEMMA 4.2. For all a > 1, x € B}, (0), we have
C C
V7o < — A&y < —
| /UOL(:Z:)‘ — 1 + |$|n71 ’ | Ua(x)| — 1 + ‘$|n7

where |V20,| = > =1 |02,/ 0027 |, and C is some constant independent
of a and x. For n = 3, as « large enough, we also have

1 -
——, V B, ,.(0).
civppy 7€ Py

As in section 3, we can derive from (4.9) the following.
A(ha,V0) = —J(Ra, Vo) — I(Ra, V), (4.13)
where J(Ry,Vq), I(Rq,Us) are defined by (3.8), (3.9) respectively;

2
Alhasa) = Alhasva) +aid [ 2av - 202 [ aZjaias,
Bj,ga 2 Ty

V() >

A(hq,Uq) is defined by (3.12), T'; and T'y are defined in a same way in
section 3.
Therefore we have the following Pohozaev type identity

ozua/ agdszo(/ @gyx\dSJraug/ @gdv+au§/ @3|x\ds)
Fl FQ BEQ F2

+o(/ fia|2|?| V4] |V2”Da|dV) +0(/ ualeWanv)
Bf; Bl

+0(/BE& ,ua|x|17a|v217a|dv> +0(/B+ ua@awaauv)

Rq

+O</ (|2]|Val? + Ta yv@ay)d5> (4.14)

I'>

+O(/ auafii\ﬂdé’)
ory
+O(/ [tta|2' 2|V |? + ta|2 [T |V@a|]ds).
1N

From (4.11) and Lemma 4.2, we have the following lemma.

LEMMA 4.3. For n > 3, there exists some constant C > 0 independent
of a, such that fr v2dS > 1/C for all « > 1. Moreover for n = 3,
Jr, 92dS > (log R,)/C for all a > 1.

Also, by (4.12), Lemma 4.2 and some elementary calculations, we have



Vol. 8, 1998 SHARP SOBOLEV INEQUALITIES INVOLVING BOUNDARY TERMS 85

LEMMA 4.4. The following estimates hold.

/ aﬂa@§|$’ds < O‘NOsz_n )
ory

aui/ 02|z|dS < L(apa)"?,
'

Chlia n=3,
ap? /B+ v2dV < < Cap?log Ry, n=4,
Ra Cau?, n>5,

Cuglog R, , =3,
/ (Hal2' 2[V0al? + ol [0 |wa|)ds{ o 08 oo 1
1N

uav n 47

/ (12]|VTa? + Ta [VTa])dS < Clapa)™ 2,
I's

[ atlalds < Clam).
1)

Cpalog Ry, n=3,

|72V V200 + 1o |]| Vs |?)dV <
[ (el I 19200+ pafel | VaufP)av < e 08 Her 720

Ra
CuglogR,, n=3,

ol2|0a| V00| + p1a0a| Vo |)dV <
[, (nalelal 9] + ol 95 ) {%’ e

Ra
Proof of Theorem 0.2. By Lemma 4.3 and Lemma 4.4, we easily derive a
contradiction from (4.14) as « tends to infinity.
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