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A classical theorem of Liouville says that a positive harmonic function in R” must be
a constant. The Laplace operator A is invariant under rigid motion: For any rigid motion
T:R' — R*, and for any function u : R* — R,

A(uoT) = (Au)oT.

Recall that T is called a rigid motion if Tx = Oz + b for some orthogonal n X n matrix
O and some vector b € R".

Instead of rigid motions, let us look at M&bius transformations of K*U{oo}, and we look
at operators invariant under Mobius transformations. A map ¢ : R* U {oo} — R" U {0}
is called a Mobius transformation, if it is a composition of a finitely many of the following
three types of transformations:
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A translation : x — x4+ Z, where Z is a given point in R”,
A dilation : xr — ax, where a is a positive number,

A Kelvin transformation : T —> #

For a function u on R”, let
n—2
Uy = |J,| 2 (uop)

where J, denotes the Jacobian of ¢.

Let H(s,p, M) be a smooth function in its variables, where s > 0, p € K" and M €
S™*" the set of n x n real symmetric matrices. We say that the second order fully
nonlinear operator H (u, Vu, V?u) is conformally invariant if

H(uy, Vuy, V?u,) = H(u, Vu, V) o ¢

holds for all positive smooth functions v and all Mdbius transformations ¢.
It was proved in [11] that a conformally invariant operator H (u, Vu, V?u) must be of
the form
H(u, Vu, V?u) = f(\(A"))
where

[Vw|®

AY = wVw — 1, with w = u_%,

A(A") denotes the eigenvalues of A%, I is the nxn identity matrix, f()) is some symmetric
function in A = (A, -+, \p).

Let ¢ be a Mdobius transformation, then for some n x n orthogonal matrix functions
O(z) (i.e. O(z)O(z)* = I), depending on ¢,

At (z) = O(x) A"(¢(2)) 0" (2).
Thus f(A(A%)) is a conformally invariant operator for all symmetric functions f.
Taking f(A) = o01(A) := Ay + - - - + Ay, we have a simple expression:

2 _ng2
01 (MAY) = —u " Au.

In general, f(A(A")) is a fully nonlinear operator, and is rather complex even for f(\) =
k() = Yi<ii<cip<n iy ** Aiy,, the k—th elementary symmetric function. The expres-
sion for oy is still quite pleasant:

72 (\(A") = o (01(A") — (A")'4"),
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where (A%)! denotes the transpose matrix of AY.
For a Riemannian metric g,

1 R
A, = Ric, — ——2
g n—2< " Q(n—l)g>
is called Schouten tensor. Let gpyq. = d;;dz’dz’ be the Euclidean metric, and let, for
4

a positive function u, g := un-2gg,y be conformal to the Euclidean metric, then A" is
associated with the Schouten tensor A, as follows:

4 .
Ay =un-z A;‘jdaﬁ’dx].

The so called oy-Yamabe problem was studied in [19] and [20], which involves the
Schouten tensor A,. Equations involving o9 and A,, with applications in topology and
geometry, were studied in [2].

Let
I' C R" be open convex symmetric cone with vertex at the origin (1)
satisfying
Lp={A | X>0ViicTc{A| D \>0}=T. (2)
i=1

Naturally, I" being symmetric means that (A;,---,A,) € I implies (\;,,---,A;,) € T for
any permutation (A;,---, ;) of (A1, -+, ).
Theorem 1 ([15], [16]) Let u be a positive function in Cyt (R™) satisfying

loc
A(A*) € O in R™ in the viscosity sense. (3)
Then u = Constant.

A positive continuous function u is said to satisfy (3) when the following holds: if
To €ERY, Y € C?, (u—1v)(z0) =0, u—1 < 0 near g, then \(A¥(zy)) € R*\ T if v € C?,
(u — ) (o) = 0, u — 1 > 0 near g, then A\(A¥(zy)) € T.

It is not difficult to see that if u is a positive C*! function in R* satisfying A(A*) € T
a.e. in K", then u satisfies (3).

Fully nonlinear second order elliptic equations with A(V2u) in such T" was first studied
by Caffarelli, Nirenberg and Spruck in [1]. Equation (3) is a fully nonlinear degenerate
elliptic equation. The proof of Theorem 1 makes use of the method of moving spheres, a
variant of the method of moving planes as in Gidas, Ni and Nirenberg [5].



For u € C?, \(A%) € OT'; means Au = 0, and Theorem 1 says that a positive harmonic
function in R™ is constant — a classical theorem of Liouville.
Let
Ip:={AeR" | 1(A) >0,---,0,(A) > 0},

then I' = 'y, satisfies (1) and (2)..

Such Liouville theorem was proved, and used in deriving global apriori C° and C*
estimates for solutions, in [3] for u € Cjy}, T'=T and n = 4; in [10] for u € C;}, T =T,
and n = 3; in ([14, v1]) for u € C}, T satisfying (1), (2) and n > 3. Our proofs of the
Liouville theorems in [14] and [15] are entirely different from arguments in [3] and [10]. In
particular, the proof of Theorem 1 in [15] uses only the following properties of the set of
C’loo’c1 (R™) viscosity solutions of A(A*) € OI': It is a subset of the set of positive continuous
superharmonic functions in R”, it is conformally invariant, it is invariant under positive
constant scalar multiplication, and some weak comparison principle holds for functions in
it.

The motivation of our study of such Liouville properties of entire solutions of A\(A%) €
dl' is to answer the following questions concerning local gradient estimates of solutions
to general second order conformally invariant fully nonlinear elliptic equations.

Assume
f e ') nC’T) is a symmetric function, (4)
f is homogeneous of degree 1, (5)
of .
f>0,f = >0in T, flor =0, (6)
‘ o\

> fr,>46, inT for some d > 0. (7)

i—1

Note that (f, ) = (ak%, ['y) satisfies (4)-(7).

Question 1 Let n > 3, (f,T') satisfy (1), (2), (4)-(7). For constants 0 < a < co and
0<h<h<1,letubeaC? function in By, a ball of radius 2 in R*, satisfying

FOMA") =h, 0<u<a, (A" €T, in B, 8)

Is it true that
[Viegu| < C in By (9)

for some constant C' depending only on a, h and (f,T)?

A more general question on Riemannian manifolds is



Question 2 Let g be a smooth Riemannian metric on By C R*, n > 3, (f,T') satisfy (1),
(2), (4)-(7). For a positive number a and a positive function h € C'(By), let u € C3(Bs)

satisfy, with g := uﬁg,
F(A(Ap)=h, 0<u<a, AAz) €l, in By,
where A(Aj) denotes the eigenvalues of Ay with respect to §. Is it true that
|Viegul|l, <C in B
for some constant C' depending only on a, g, ||h|c1(s,) and (f,T')?

Theorem 1 is a crucial ingredient in our proof of the following optimal local gradient
estimate.

Theorem 2 ([15], [16]) The answer to Question 2 is “Yes”.

Such local gradient estimates have been studied by a number of authors. See [7] for
1
(f,T) = (of,Ty) as well as the efforts of achieving further generality in [11], [8], [6] and
1

[17]. If f is assumed in addition to be concave in T' which includes (o}, %), such local
gradient estimate, depending on ||h||¢c2(p,) instead of ||h||c1(p,), is a consequence of the
Liouville theorem for C)! solutions in ([14, v1]) and the estimates in [11], see [15], [16]
and [18]; a completely different proof of this is given in [4]. The concavity of f is not
assumed in Theorem 2.

In the rest of this note, we assume Theorem 1 and outline the arguments, in three
steps, which give an affirmative answer to Question 1. For details, as well as for the proofs
of Theorem 1 and Theorem 2, see [15].

A subtlety of (9) is that the constant C' does not depend on the lower bound of u.
Indeed we have

Step 1. ([12]) If we further assume in (8) that u > b in B, for some positive constant b,
then (9) holds for some constant C' depending only on a, b, h and (f,T).

This result was extended to manifolds with boundary under prescribed mean curvature
boundary conditions in [9], see theorem 1.3 there.

Next, we first estimate semi-Holder norm of logu instead of the gradient of logu.
Namely, we have

Step 2. For 0 < o < 1, [log u]a,B, < C(a).



For |z| < 3/2 and 0 < § < 1/8, let

o b =0
Plas(@) = \y—mi& ly —z|®

bl

(v, z; ) == o0 if [v]a,(z) <1,
T p where p € (0,1], p®v]au(z) =1 if [v]a1(x) > 1.
We establish Step 2 by contradiction. Suppose the contrary, then, for some positive

constants a and h; < 1, there exists a sequence of solutions {u;} to f(A(A%)) = h;,
A(A%) € T in By such that ienlg d(logu;, z; ) — 0. For simplicity, we assume
z 1

d(logu;, 0) := d(log us, 0; ) = inf §(logus, z; ) — 0.

r€B,
Rescale u;:
W) = ——uilew), Iyl <>
Ui\y) = — S Uil&Y), >
Yy uZ(O) Yy Y e
where
€; = 0(logu;, 0).
Then,

[log vi]q,1(0) = 1, (10)
and, for all 1 < 8 < oo there exists some positive constant C'(5) such that
logvilan(z) < C(B)  Vl|z[<B.

Since logv;(0) = 0, we have, for some positive constant C(5),

g S <0®  Vikl<p (11)

Since u; satisfies
f()\(Au’)) = hi, 0<uy <a, )\(Aul) € F,

v; satisfies \
FNA™)) = u,(0)7 hy, A(A™) €. (12)

Thus, in view of (11) and Step 1,

[Voi(z)| <C(B)  V[z[ < B



Passing to a subsequence, we have, for any o < v < 1,

v; = v in C} .(R") (13)

loc

L. . . 1
for some positive function v in Cut (R?).

It follows from (10) and (13) that

llog t]a1(0) = 1.

In particular, v is not a constant.
On the other hand, it is easy to see from (12) that v is a C! (R") viscosity solution

loc

of \(A") € OT'. By Theorem 1, v is a constant. A contradiction. Step 2 is established.
Step 3. [Vlogu| < C.
Step 2 implies the Harnack inequality:

supu < C'inf u.
Bs B3
b 2

Let
U
W= ——

u(0)

Then w satisfies

ol <w<C, in B%.
By Step 1,
|[Vlogu|=|Vlegw| < C  in By.

Step 3 is established.
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