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A 2.5n-LOWER BOUND ON THE
COMBINATIONAL COMPLEXITY OF BOOLEAN FUNCTIONS*

WOLFGANG J. PAUL?

Abstract. Consider the combinational complexity L(f) of Boolean functions over the basis
fl={]’l]’: {0, 1}2-->{0, 1}}. A new method for proving linear lower bounds of size 2n is presented.
Combining it with methods presented in Savage 13, (1974)] and Schnorr 18, (1974)], we establish for
a special sequence of functions [: {0, 1}"+2 g(n)+x --> {0, 1}: 2.5n <=L(f)<-6n. Also a trade-off result
between circuit complexity and formula size is derived.
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1. Introduction. The interest in lower bounds for the combinafonal com-
plexity of Boolean functions stems from two facts:

(i) practical interest: the hardware of a computer consists largely of switch-
ing networks;

(ii) theory of algorithms: proving lower bounds for the run time of algorithms
has been reduced to the problem of proving lower bounds for the combinational
complexity of Boolean functions [2], [15], 1-17]. However, for this purpose lower
bounds of size greater than O(n log(n)) would be needed.

Several functions with exponential combinational complexity are known [8],
[20]. If one measures the complexity of the definition of a sequence of functions
f,,: {0, 1} -->{0, 1} by the complexity of a Turing machine which accepts
{Xlflength(x)(X)--1}, then all functions which can presently be shown to have
exponential complexity are defined by Turing machines of exponential tape
complexity.

The proof relies on the fact that (for reasonable functions s" ->) a Turing
machine with tape complexity s(n) log s(n)or a formal system with equivalent
descriptive powercan construct an optimal circuit with complexity s(n).

There is however a great interest in nonlinear lower bounds for functions
which are definable by Turing machines with polynomial time complexity or even
with complexity around n log n (e.g., multiplication). Also, if by proving a lower
bound on circuit size one wishes, say, to settle the P NP? question [1], [4] in a
negative sense, one has to prove a lower bound which grows faster than any
polynomial for a sequence of functions definable in NP. The best lower bounds
known for sequences of functions definable in NP and relative to the full basis of
2-input 1-output gates are of size 2n [18].

We first list some basic notations and facts. In Theorem 1, with known
techniques a 2n-lower bound is derived for a function which describes reading in a
storage of n cells of 1 bit each.

To prove a lower bound better than 2n, new methods are needed which
unlike the known onesassert the existence of gates which are not necessarily
near the inputs of the circuit. Theorem 2 is proven with such a method. Applied
alone, the method yields 2n-lower bounds.
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In Theorem 3, extension of the known techniques together with the new
method are applied to prove a 2.5n-lower bound. This proof turns out to be
considerably more difficult than proofs of 2n-lower bounds.

In the last section we point out a relation to Neciporuk’s test [9] and prove a
trade-off result between formula size and circuit complexity.

2. Basic notations and acts. Let K {0, 1}.
’=.{f[f: K2-> K} is the set of basic operations. A switching circuit N is a

directed, acyclic graph, each node having indegree 0 or 2. A node with indegree 0
is an input node. A node with outdegree 0 is an output node. X, {x, , x,} is
the set of input nodes of N.

Each node with indegree 2 is labeled by an f e . Associate with each node C
of N a function resu(C): K" --> K in the obvious way. In the same way associate
functions resu(e) with the edges e of N. If it is clear, which circuit is meant, the
subscript N in resv( is dropped.

For f: K --> K, N computes f if there is a node n in N such that res(n) f.
Define the combinational complexity of f by L(f)= min{# nodes in N which are
no input nodes N computes

Assigning values 0 or 1 to the variables of a subset S X, allows us to
concentrate on subfunctions as well as on the subcircuit of N, which consists only
of paths from an xi S to a terminal node.

A partial assignment (P.A.) is a set of assignments a=
{Xi:--CilCi K, 6J_ [1 n]}.

Givenf: K" --> K, a P.A. a implies in a natural way a subfunctionfA K"-# -->
K of f. Functions res (C) will be of special interest.

A path (n :ff n’) is a path from node n to node n’. Let p be a path (n :ff n’).
Denote by In, n’]p the set of nodes of p. If there is only one path (n n’), the
subscript p is dropped. Define

In, n’)p [n, n’]p-{n’},
(n, n’]p In, n’]p {n },

(n, n’). [n, n’}.
For sets of nodes S, S’ define

::! path (S :ff S’): :In 6 S, n’ 6 S’::I path (n :ff n’).

Example. In Fig. 1, ::! path (A : C); :1 path ([A, C]:ff [D, F]).

A D

C F

FIG. 1
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Denote by /, V, 3 and -q logical AND, OR, +mod 2, and negation,
respectively.

For Boolean variables or funcVons x and a K, denote by

xa=(X_n ifa= 1,
x if a=0.

We sum up some simple facts which will be used later, often without being
mentioned explicitly.

LElViMA 1.
(i) (--aa)b a(-nb) -q(a)b).
(ii) In an optimal circuit all labelings of nodes are of the form

(yfi,y)C (AND-type gate)
or

(YlY2)d (-type gate) (a, b, c, d K).
(All other gates compute trivial functions and can be "absorbed" into
adjacent nontrivial gates.)

So one can consider an optimal circuit as consisting of/, @) and --n, where L
counts only the number of/’s and ’s. A function of two variables, which can be
computed by an AND-type gate (-type gate) we call an AND-like function
(-like function).

(iii) No AND-like function is -like and vice versa.
(iv) An opdmal circuitfor a singlefunctionfhas exactly one output node t with

res (t) f.
From now on the letter t stands always for the output node of the circuit

under consideration.
(v) If one output of a gate is constant, independent of the assignments of

values to the input nodes, this gate can be eliminated.
(vi) In an optimal circuit no two edges, startingfrom one node, go into the same

node.
(vii) If two functions f and g are equal, then f, g, for all P.A.’s a.
In the various upcoming figures the symbolism of Fig. 2 will be used.

Occasionally branching points of splitting paths will be treated like nodes without
cost. Negations will not be drawn in figures.

3. 1o 2n-iower aouads. The first theorem has a practical aspect. It gives an
answer to the question: how much does it cost to read from storage.9 On the other
hand, its proof introduces some techniques, which will be used later.

For a a a K* denote by

(a) binary number represented by a + 1.

THEOREM 1. Define f,,: Kn+lg(n) K by:

fn(al, alog(n), Xl, Xn) X(a).

7hen 2n 2 <-_L( f,) <- 3n 3.
Proof. We first prove the lower bound. Define for 1 _-< s _-< n the statement E:
E: For any function f: K"+g" K with the property [=IS _[1 :n], # S s
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X th input node

AND-type gate

-type gate

any gate

path

splitting path,
branching point

FIG. 2

edge

such that for all a with (a) s S: f(a, Xl,. Xn) X(a>] holds" 2s 2 <-

L(f).
E is trivially true. We show that E holds if E_ holds.
Consider an optimal realization N of a function f as defined in E"
Case 1. =li S: outdegree(input node x)_-> 2. Thus setting x :=const. elimi-

nates at least two gates. The new circuit N obtained by elimination of the gates
computes a function f’ for which E_ applies with S’= S\{i}. If N was cheaper
than 2s- 2, then N’ is cheaper than 2(s- 1)- 2, thus contradicting E_.

Case 2. Bi S" outdegree(input node x) 1 and the edge from x goes into an
AND-type gate C, i.e., res (C) (X/yb) with a, b, c K and y some function of
the other input variables. Claim: C (recall that was defined to be the terminal
node). As s _-> 2, B/" S such that j i. Fix the variables in a such that (a) j. Call
this P.A.a. By definition of f, f =res () x. But setting x := (-a) yields
(res (C)),,:-_(.)= (-c) independent of x. Hence C t. Fix x := (-a). This
eliminates C and its successor.

Case 3. :li S: outdegree(input node x) 1 and the edge from x goes into a
-type gate C. For the P.A. a of Case 2, res () is independent of x. But res (C)
depends on x, hence C .

Consider Fig. 3. Identify x with y. In the new circuit N’, rest, (C)= const.
This eliminates C and its successor, resN, (t) is again a function in the sense of E_
with S’= s\{i}.

This completes Case 3 and the proof of the lower bound.
In order to obtain the upper bound first observe that if n is not a power of two,

f, is not completely specified. We give a realization of a function which takes the
same values as f, where f is specified.
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c

FIG. 3

Let n n + n2 where n is a power of two and 2nl-> n. Let k [log (n2)].
Then
],(a, ,aog(,,),x, ,x,,)

((-a)/,(az,’", aog (,), x,..., x,))
V(aa/,(alog(,)-+, , a,og (,), x,+l,’’’, x,)).

Thus L(fn) -<- L (f,1) +L(fn2) + 3. Also L(fa) 0. By induction follows L(f,) -<
3n-. 3 + 3n2- 3 + 3 3n 3. El

While the argument in the proof of Theorem i was limited to the top of the
circuit (i.e., near the input nodes), the next proof establishes the existence of
branching points, which may be deep in the circuit.

THEOREM 2. Ifforf K" K :IS [1" n] such that [Vi, j
2

ce/ which fix all variables except x and xi such that

),f(x, x;)= (xAx

L,](xi, xi)= (xixi)d (a, b, c, d K)],

then L(f) >-_ 2( # S)- 2.
We first prove two lemmas.
LEMMA 2. Let G be a directed acyclic graph such that"

(i) G has n input nodes;
(ii) G has rn output nodes;
(iii) Any interior node (i.e., which is not an input node) has indegree -<_2;
(iv) G contains p nodes with outdegree >-2.

Then G has at least n rn +p interior nodes.
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Xi

el

xi

")
e2

FIG. 4

Proof. Begin to construct G from the input nodes by inserting node after
node. In the beginning one has n "wires hanging down" from the input nodes.
One interior node decreases the "number of down hanging wi.res" ooly by one.
The number is increased during the construction by at least p. In the end it is m.
Hence G contains at least n +p-m interior nodes.

Lemma 2 will be applied several times to certain subgraphs of circuits. The
next lemma helps to esta.blJ.sh the existence of branching points in circuits for
functions of, to which the hypothesis of Theorem 2 a..oplies:

LEMI.A 3. Vi, ] S, ]: before a path (xi t) meets a path (xj t), one of
these paths splits.

Proof. Suppose the lemma is false for and/’. Consider Fig. 4. Let C be the
node wbere the paths meet. Let el, e2 be the input wires of C. Let res (t) be the
function comouted by the circuit. We show: if C is an AND-type gate, then all
subfunctions of res (t), which depend only on xi and xj are AND-like or constant.
If C is a @-type gate, all such subfunctions are (-like or coostant. But f has
subfunctions of both types. More precisely:

Take any P.A. a which fixes all inputs except xi, x. Asmby assumption--
neither path (x =) C) nor path (x =:) C) splits:

res (el) x or 0 or 1,

res (e2) x] or 0 or 1,

res (t) res (c)a or 0 or 1.

Suppose C is an AND-type gate. Then

res (t) (., a4^ as\a6/\x or0orlCf
by Lemma 1.3.

In the same way one excludes" C is a @-type gate.
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Proofof Theorem 2. There are # S- 1 input nodes xi, S, such that any path
(xi t) splits. Suppose that this is false. Then there are i0, ]0 6 S such that there is
only one path (Xio t) and one path (Xjo t). This contradicts Lemma 3. Hence on
# S-1 paths (xi = t) there are first nodes Di with outdegree (Di)->2. Again by
Lemma 3 these are mutually distioct. Now the theorem follows from Lemma
2.

That the branching points need not be directly under the input nodes is shown
in Fig. 5.

Example. For any c 6 [ 1 n 1] and any

L’K"-->K such that L(xa,"’,x.)=lifxi=c,

the following is true"

L(f)-> 2n 2.

4. A 2.5n.lower bound. Notation:

al al, alog(n),

a2=aog(n)+l" a2log(,) (ai6K).

THEOREM 3. For f: K"+2 og(,,)+ ._.> K,

f(al,"’, a2og<,,),q, xl,"’,x,)={ X(al)AX(a2) 1,

x(.1)@x(.2) if q 0,

2.5n-2<-L(f)<-6n +C (CNindependentofn).

Proof. Note that each of Theorem I and Theorem 2 implies 2n-lower bounds
for f. The upper bound is an easy consequence of Theorem 1. As in the proof of
Theorem 1, we first make f independent of all inputs xi, which allows us to

Xl X2 X3 X4

FIG. 5
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eliminate 3 gates (see Cases I-IV). When that is no longer possible, we will know
quite exactly how the "top" of the circuit looks. For the remaing s inputs, we
prove the existence of 5s/2-2 gates without an inductive argument. Define for
1 _<- s =< n the statement E:

E: For any function [: Kn+zlg(n)+l’’) K with the property

c__ [1" n], # s 11, I12 (11),S such that for with $.

lX(.1,/X(,.2) if q 1,]f(al, 112, q, XI," Xn)’-
LX(I1)X(Ii2) if q 0

holds, 2.5s 2 <-_L(f).
E1 is trivially true. To see that E_a implies Es, consider an optimal realiza-

tion N of a function f as defined in Es"
Case I: ::li S such that outdegree(input node xi) -> 3. This is similar to Case 1

in the proof of Theorem 1.
Case II: =li S such that outdegree(input node x) 2 and one of the edges

e a, e2 going out from x goes into an AND-type gate. This is almost like Case 2 in
the proof of Theorem 1. A small difficulty occurs in the case of Fig. 6.

If the edge (ga g2) does not split, N is not optimal. Hence it splits. Now the
method of Case 2 of the proof of Theorem 1 work, no matter if gl or g2 is the
AND-type gate.

Case III. S: outdegree(input node x)= 2 and both edges from x go into
-type gates A and Az. Consider Fig. 7. Let B (C) be the first place on a path
(A t) (on a path (A2 t)) which is an AND-type gate or a branching point. The
existence of B or C will be shown in a moment. Denote by
the functions associated with the other input wires to this path. By definition of B

gl e2

//
/

FIG. 6
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and C, there is only one path (AlZff B) and only one path (A2 C). Because of
Lemma 1 (part (i)) one can assume that all gates in [A1, B’] and in [A2, C’] are
0)-gates (all occurring negations can be removed by possibly negating [1 or gl or
both).

LEMMA 4. [A 1, B’] CI [a2, C’] .
Proof. Suppose not. Then the situation is like that in Fig. 8. Hence

res (D f @ @gq @X@X f @ @gq.

As no other path goes out of [A 1, D) and [A2, D), fl, ", gq are independent of
xi. Hence res (D) is independent of xi. By the same reasoning, res (t) depends on x
only via res (D). Hence res (t) is independent of x. But as S, f depends on x.

COROLLARY 1. B’ and C’ are different.
COROLLARY 2. B or C exists.

Proof. Suppose not; then B’ C’ t, contradicting Lemma 4.
LEMMA 5. IfB and C exist:

C’ B’path (B:ff[A2, ])) / --n ::l path (C[A1, ]))

if without loss of generality only C exists"

-path (B’zff[A2, C’]).

Xi

gl

A1 A2

FIG. 7
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xi

f g

FIG. 8

Proof. If B and C and both paths exist, the graph N contains a cycle.
If only C exists, the existence of a path (B’=> [A2, C’]) implies the existence

orB.
From now on without loss of generality C exists and if B exists, then path

(B =)> [A, C’]).
LEMMA 6. C# t.

Proof. Suppose C t. Then C is an AND-type gate and ::! path (A C). This
implies the existence of B. Hence if B does not exist, the lemma is true. If B exists,
proceed as follows: Since # S => 2, ::1 S, # i. Fix al, a2 such that (al) (a) ,
q 1. Fix all other variables except xi and xj arbitrarily. Call this P.A.a. Then
]’ (xi, xj) xj independent of x. We prove that the output res (t) still depends on
x and that, by fixing x to the right constant, one can produce a false output:

path (B [A2, C’]) implies gl, gt do not depend on x.
Hence

res C’) xi @ h (xj

where h is some Boolean function of one variable. Furmermore because C is an

AND-type gate:

res (C)= (res (C’)/y(x, x))
for some constants a, b, c K and some Boolean function y. Fix x := c and then
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xi :=d such that (Xi(h(C)) "-0. Then

res (C)(d, c)= (0/y(d, C)b) =W (--nC)Cf(d, c).

Elimination step. Change the circuit N. Compute (gl 0)gt) for some
a 6 K and connect the result with xi. This increases the costs by t- 1. The new
graph N’ is cycle free because -EI path (B : [A2, C’]). But now resv (C’) --qa.

Hence delete [A2, C’], decreasing the costs by t. If C is a branching point, this
eliminates at least two more gates. If C is an AND-type gate, choose a such that
resw (C) const. This elimiv.ates C and a successor which must exist by Lemma 6.

Case IV. :li S: outdegree(input node xi) 1 and the edge from x goes into
a 0)-type gate g. This case is slightly easier than Case III" treat g and the
immediately fol!.owing it like [A2, C’] and don’t worry about [Aa, B’].

If none of the Cases I-IV are applicable, we cannot eliminate enough gates by
decreasing S. But we know: ’qi 6 S: input node x has exactly one outgoing edge.
This goes into an AND-type gate. Call this gate G. Defipe G {G[i S}.

LEMMA 7. Vi, j, j" Gi Gj.
Proof. The proof follows immediately from Lemma 3.
DEFINITION. A path n -> n --> -> nt --> n is free if ’qi: ni G. A superscript

f in expressions like [n, n’] will denote that the path, which defines this set of
nodes, is free.

LEMMA 8. V S ::i free path (Gi ::)> t).
Proof. Suppose for i S: :! free path (Gi::)’t). Then all paths (Gi ::> t) go

through a Gj,/" (Fig. 9).

FIG. 9
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Fix all variables except xi such that (al) (a2) i, q 1 and such that by the
induced P.A. a, res (Gj) const, for all ] i. Thenf xi but, as there is no free
path (Gi t): res (t) independent of xi. [-1

DEFNn:ION. Let p be a free path (n n’). p splits into a free path to n" if
=ICe[n, n’]p, De:In, l’]p I,.J:G, such that there is an edge from C to D and a free
path (D n").

DEFINITION. E {e [::li such that e is node on a free path (G t), e G}.
Clearly E f-I G . If we would show that there are # S- 1 nodes in E

where a free path (G t) splits into another free path to t, an application of
Lemma 2 to determine the size of E would yield a 3n-lower bound. But Fig. 10
shows that it might be the case that no free path (G (C) t) splits into another free
path to t.

By placing gates on places like a, whose other input is an appropriate function
of the a’s and q, one would still be able to compute xi/xj as well as xi 0)xi for all
and ]. But such gates contribute to the costs. Though we are not able to locate
these gates exactly in the circuit, we can find a certain number, say n, of distinct
places, where paths to such gates start. Then, we will conclude, there must be at
least n/2 such gates (as one gate has only two inputs).

The following lemma is the counterpart to Lemma 3.
LEMMA 9. Let x, x (i, ] S) be such that a free path (x => t) and a free path

(xi : t) meet before any of them splits into another free path to t. Let C be the node
where these paths meet; then

(i) either =l free path (Gi =: G) or =1 free path (Gi Gi);
(ii) each such path goes through a gate g, g [Gi, -C]fU Gi, C].
Proof. Consider Fig. 11. First note that by the hypothesis -n z! free path

([Gi, c)f (G, C)) or vice versa.

Xl X2 X3

FIG. I0

x4
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xi

Gi e G

//\
/

/

Xk,
D Xk2 I"

c

FIG. 11

Fix all variables except Xi, Xj and q such that (al) i, (a2) --J" and such that by
the induced P.A. a: res (Gk) const, for all k e {i, j}.

(i) Both types of paths cannot be present, because then the graph would
contain a cycle. Suppose no path (Gi ::> Gj) and no path (Gj ::> Gi) is present or all
such paths are not free. Then exclude, as in the proof of Lemma 3, the cases
C AND-type gate and C -type gate.

(ii) Without loss of generality :1 free paths (Gi ::> Gj). Suppose one such path
contains no gate ge [Gi, c]fu [G, C]f. Denote by D the last node this path has in
common with the free path (Gi ::> C) (the first candidate for D is Gi). Then there is
an edge e from D to G. Fix q :=0.

As (res(t))q ..=0 depends only on xi and xi,

(res(D) )q :=O X or0or 1.

If (res(D))q::o 0 or 1, then

(res(t), )q :=0 is independent of xi.

Hence (res(D))q :_0 X NOW fiX X :-’C such that

(res(Gj)){q :=o, x, c)

is independent of xi. Hence (res(t)){q:=O,x:=c} is independent of x. But
(L):=0,,:= x(R)c.

DZrINITION. For i, j S: iRj" :>free path (Gi :ff t) and free path (G :ff t)
meet before any of them splits into another free path to t.
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LEMMA 10. R is an equivalence relation.
R partitions S into, say, k groups: S S (.J (_J Sk. The free paths (Gi =)’ t)

of the group r meet in a point tr before splitting into other free paths to t. So the
free paths (Gi : t) for Sr form a tree with root tr. Call this tree the free tree of
group r.

If S {i}, then we consider the node Gi as the free tree as well as Gi tr.
Let A {gig is a node in the circuit and -::1 free path (g=)t)}. Clearly by

Lemtna 8 and by the definition of E:

Let T {i SlUr such tiaat Sr and # Sr 2}, k # {r[ # S _-> 2}.
LEMMA 11. gila --> # T- k)/2.
Proof. We claitn: on any free tree with n leaves (n _-> 2), there are at least n 1

nodes D such that a free path (D =)A) leaves the free tree in D. As for different
trees such sets of nodes D are disjoint, summing over all free trees one finds at
least # T- k paths going into A: hence #A _-> (# T- k)/2.

To prove the claim, observe that in the free tree of group r there is a node F
such that a free path (G => t) and free path (Gj => t) rneet in F; i, ] Sr but --n =ll S
such that a free path (GI t) goes through F. Apply to and ] Lemma 9. This
implies the existence of one node D--without loss of generality, D (G, F)f--a
gate gC:[G, F]eU[Gj, Fir and a path (D=), g). If there was afree path (g=), t), then

--hi Rj. Hence g A.
Now mark [Gi, F) in the free tree and repeat the above argument. As the

umnarked paths are disjoint from the marked ones, all new nodes D are disjoint
from the old ones.

Repeating this argarnent n- 1 times proves the claim. [3

Proof of Theorem 3. Consider free paths (t t) and suppose there is a free
path (t ff t) and a free path (t,ff t) which both don’t split into another free path to
t. Then there are two cases:

(i) The free path (t =), t) meets the free path (t,:ff t). Then by definition of R
and as none of the paths splits into another free path to t, neither tr nor t, is root of
a free tree.

(ii) There is a free path (t t/) or a free path (t, tr). Then tr or tr’ is not a
root of a free tree.

Hence all but one of the free paths (t t) must split into another free path
to t.

This implies the existence of a set B’ of nodes, in which free paths (tr =), t) split
into other free paths to t. Observe that there are s # T+ k roots t of free trees.

As in the proof of Theorem 2 oae concludes that these must be s # T+ k
1 first such nodes on free paths (t t).

Apply Lemma 2 to the graph which consists of input nodes G, interior nodes
E, and the free paths between them. By Lemma 7 it has s input nodes, t is the
output node. Hence

#E=>2s # T+k-2.
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Finally by Lemma 7 and 11:

L(f) ->- #G+ #E+ #A>-3s-

As # T<_- s the theorem follows.

#T-k

5. A traue-off result.
DEFINITION. A tree ne,wori is a circuit with the property that all interior

nodes (i.e., which are not input nodes) have outdegree 1.
Tree networks are isomorphic to Boolean formulas. For a switching function

f define

T(f) min { # interior nodes in a tree network NINcomputes f}.

T is called the (minimal) formula size. if one allows only AND-like connectives in
circuits and tree networks, the minimal formula size of the parity function
Xl xn is n2- 1 [5] and the circuit complexity is 3n-3 [18]. We prove a
similar result for the case in which (-like connectives are also allowed in
formulas.

Notation. Let Nbe a crcuit, X the set of input variables and S X. A node C
in N is called S-node if there are nodes C1, C in N, C1 C (possibly C1, Ca S)
such that there is an edge (C1 = C), an edge (Ca= C), a path (S= C1) if C1 S and
a path (S :ff C2) if Ca S.

The following lemma is proved by a method very similar to the proof of
Lemma 3.

LErVMA 12. Letf: K --> K Oe a swttching function, X the set ofinput variables,
S Xand P.A.’s al,"’", aM which fix all variables in PS such that

f, fj fori j (l<-i,j<--_M).

LetN be a circuit for fi Then
(i) P := #{C[Cis an S-node in N}>-(log(M))/4 1.
(ii) (Neciporuk) IfN is a tree network, then

Y, outdegree x >log(M____2) 1
is 4

Proof. (ii) follows trom (1) and tlae clefimtion of a tree network.
(i) Let N’ be the subcircuit ofNwhich consists only of the paths (S (C) t). In N’

the nocles with imlegree 2 aIe exactly the S-nodes of hr.
Let a be a P.A. which fixes all variables in X\S. Then res (n) const, for all

nodes not in N’.
Let A be an S node or A e S, let B be an S-node or B t, and suppose :1 path

(A B) which contains no other S-node. Let e be the edge on this path which
goes into B. We call such a path (A :ff B) a programmable edge of N’. Why this
name?

Consider how res (e) depends on res (A) for different P.A.’s a. No matter
how many gates are on this path, one can "program"ruby choice of a--this
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dependence in at most 4 ways:

res (e)- res (A) or - res (A) or 0 or 1.

(Compare with the proof of Lemma 3.)
N’ contains at most 2Ps + 1 programmable edges. Hence there are at most

42es+ different subfunctionsf which can be "programmed" by different P.A.’s
By the hypothesis: 42es+a -> M. This proves the lemma.
We apply Lemma 11 to the function f: Kn- K, defined as follows: let

n log (s) log log (s) + 2s (s 22", 7" E N).
Partition the input variables into

{aa, alog(s)-loglog(s)}, {X1, Xs}, {Ya, Ys}.
Denote by a the string

Denote by b the string

al, alog(s)-loglog(s).

X(a) log(s)+l X((a)+l) log(s).

Define f(al," ", Ys)= Yb-
THEOREM 4. (i) T(f) >-- O(n2/log (n)). (ii) L(f) O(n).
Proof. (i) For 0-<i -< s/log (s)- 1 define

Si {xi. log(s)+1, x(i+l)log(s)}.

Fix a such that (a) and fix the x, j S, arbitrarily. Now each of the 2 different
assignments for the variables in Y 1," ", Y produces a different subfunction of f
which depends only on the variables in S.

Applying Lemma 12 (ii) yields

Vi Y outdegree(xj) >
s

x,s, =-1.
As Si f’lSj for #j"

T(f)>--E 2 [outdegree(xi)]
xjSi

>-(1/4-1)(s/log(s))=O(n2/(log(n)).
(ii) Realize f in a circuit as follows: for 1 -< k -_< log (s) realize the functions

fk gs/lg (s)+lg (s)-lglg (s) -’> K

fk (I1, Xk, Xlog (s)+k, X 2 log (s)+k, Xs_log (s)+k) X (a) log (s)+k"

By Theorem 1 each fk can be realized with cost 3 s/log (s).
Let {ca,"’, clog(s)} be a set of new variables. Denote by e the string

cl clog(s). Construct a circuit for

f" KS+lg(s)--> K: f’(c, Yl,’" ", Ys)=
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By Theorem 1 f’ has cost -<_ 3s. For 1 -< k _-< log (s) connect the terminal node of the
circuit fk with the input Ck Of f’. This gives a realization of [ with cost 6s and the
theorem is proven. 71
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