Alexander Burstein’s Lovely Combinatorial Proof of John Noonan’s Beautiful Theorem
that the number of n-permutations that contain the Pattern 321 Exactly Once Equals

(3/n)(20)!/((n-3)!(n+3)!)
Doron ZEILBERGER!

Alex Burstein[1] gave a lovely combinatorial proof of John Noonan’s[2] lovely theorem that the
2n
n+3
proof can be made even shorter as follows. Let C,, := (2n)!/(n!(n + 1)!) be the Catalan numbers.

number of n-permutations that contain the pattern 321 exactly once equals %( ) Burstein’s
It is well-known (and easy to see) that C,, = Z?;Ol C;Ch—1—;. It is also well-known (and fairly
easy to see) that the number of 321-avoiding n-permutations equals C,,.

Any n-permutation, 7, with exactly one 321 pattern can be written as micmabmrsamy, where cba is
the unique 321 pattern (so, of course a < b < ¢). All the entries to the left of b, except ¢, must
be smaller than b, and all the entries to the right of b, except for a, must be larger than b, or else
another 321 pattern would emerge. Hence o := m1bmaa is a 321-avoiding permutation of {1,...,b}
that does not end with b and o9 := cm3bmy is a 321-avoiding permutation of {b,...,n} that does
not start with b. This is a bijection between the Noonan set and the set of pairs (o1, 02) as above
(for some 2 < b <n—1). For any b the number of possible o7 is Cy, — Cp—_1. Similarly, the number
of possible o3 is C),_p+1 — Cp—p. Hence the desired number is

n—1 n

> (Cy = Co1)(Crpir = Cnp) = Y (Co = Cypo1)(Crpir = Cry)

b=2 b=1

= CCuvi1 =Y CoCuy =Y Co1Cnti1 + ) Cy-1Cuy
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3( 2n
=Chio—20,11 —2(Chi1 —Cp) +Cp = Cpyo — 40, 3C, = — . O
+2 +1 = 2(Crpa )+ +2 +1 n (n + 3) -
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