THE ENUMERATION OF PERMUTATIONS WITH A
PRESCRIBED NUMBER OF “FORBIDDEN” PATTERNS

JOHN NOONAN AND DORON ZEILBERGER

ABSTRACT. We initiate a general approach for the fast enumeration of permutations with a prescribed number of
occurrences of ‘forbidden’ patterns, that seems to indicate that the enumerating sequence is always P-recursive.
We illustrate the method completely in terms of the patterns ‘abc’,‘cab’ and ‘abced’.

0. INTRODUCTION

The only increasing permutation on {1,2,...,n}, [1,2,...,n], has the property that it has no decreasing
subsequence of length 2, i.e. there are no i and j such that 1 <14 < j < n, and «[i] > 7[j]. Thus one measure
of how scrambled a permutation is, is its number of inversions, inv(r), which is the number of occurrences
of the ‘pattern’ ba.

This can be generalized to an arbitrary set of patterns. Given a permutation on {1,...,n}, we define a
pattern as a permutation on {1,...,r} where r < n. For r < n, we say that a permutation o € S, has the
pattern m € S, if there exist 1 < iy < iz < --- < i, < n such that # = [0(i1),0(i2),...,0(ir)] in reduced
form.

The reduced form of a permutation ¢ on a set {j1,j2,...,jn} Where j; < jo < --- < j, is the permutation
o1 € Sy, obtained by renaming the objects of the permutation o in the obvious way, so that j; is renamed 1
and j2 is renamed 2 and so on. Thus the reduced form of the permutation 25734 is 14523 and the reduced
form of 57 is 123.

To simplify things, when discussing a particular pattern, we will use its alphabetic equivalent. Thus an
increasing subsequence of length 3 is an ab pattern, an inversion is a ba pattern and a decreasing subsequence
of length 4 is a  ba pattern. ther patterns we will discuss include ab , ba and ab.

The number of permutations which contain no increasing subsequence of length three (i.e. ab avoiding)
is nowntobe , 5 2: , the atalan numbers. t is also nown [ ] that given any pattern of length
three, the number of permutations avoiding that pattern is also .

erb  ilf raised the question For any pattern 7, what can you say about a (n), the number of permu
tations on {1...n} that avoid the pattern 7

t follows from the obinson chenstead algorithm and the hoo length formula[3] that for any 7, the
number of permutations with no increasing subsequence of length r, is a certain binomial coe cient multisum,
from which it follows immediately [ ] that it is recursive (holonomic) (i.e., it satisfies a linear recurrence

with polynomial coe cients in n).

ypeset by -



natural conjecture is For any given finite set of patterns, , the sequence

a (n) o € S, o has no occurrences of the given patterns
is  recursive. ore generally, for any such set of patterns {a1, asq,..., a,} and any specified
sequence of integers , one for each pattern € ,
a (n) o €S, ohase act occurrences of the pattern a , 1 <i<r |

is  recursive.

n this paper, we will present a method for the ‘fast’ (polynomial time in n) enumeration of such sequences
a(n), that seems to support our conjecture that it should always be recursive (holonomic) in n.

ntil later in the paper, we will consider only one pattern, as the main ideas are already present there.

The natural object is the eneratin function
n() (n)

where (o) denotes the number of subsequences, 1 2... ,, present in ¢ that reduce to the given pattern .
e will later show how to derive a recursive functional equation, from which it should be possible to extract

e cient recurrences for the coe cients (n) of , () for small i. s we said above, our approach seems to

indicate that each (n) is recursive in n. t is easy to see that it cannot be also recursive in 4.

nother possibility is to expand the polynomials around 1, so that we have

ere b (n) is the total number of permutations, n . bi(n) is the total number of = 1 2... r patterns
present in all the permutations of set S,,. The average number of ; 5... , patterns present in the permu
tations on {1...n} would simply be M t is easy to see [ ] that it is always a polynomial in n, as are all
the other coe cients b (n), for each ﬁx(?d i. Thus, we can compute the first few coe cients b (n)of ,,( 1)
by brute force. owever to get the full ,, () we would need the full ,,( 1), and the coe cients b (n),
while always polynomials in n, get increasingly complicated as ¢ grows bigger.
nstead we will answer a more general question  ow many permutationson {1...n} avoid = 1 2.4+ 7
and{m } , where {7 }is aset of other forbidden patterns for which one or more of the entries in the forbidden
subsequence is specified. mong the 7 might be the pattern ab4 which simply describes an ab pattern in
which the last entry is 4. nother might be a 3b pattern which would be a non inversion in which the first
entry is 3.
nce we have such a method, we would also li e to compute the number of permutations of a given size
which avoid a given set of patterns and compute the number of permutations of a given size which have
occurences of patterns from the given set, a prescribed number of times. e may as how many permutations

on {1...n} avoid both ab and @b how many avoid ab and have exactly 1 ab etc.
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.0 DE INITION

D Given o € S, an ab pattern is a sequence i,j, where < i< j< <nando(i) <
o(j) <o( ).
D (o) the number of ab patterns of o.
For example (4321) (1234) 4, and (2314) 1.
D Given o € S, an aj pattern is a sequence i, where <i< <nando(i)<o( ) j.

For example (15342) 2.
D (6)  the number of aj patterns of o.

D " (n, ) is the number of permutations on {1...n} with exactly » ab patterns and no

aj patterns for j <

ewilluse (n, ) to denote (n, ), i.e. the number of permutations on {1...n} with no ab patterns
and no aj patterns for j <

sing the above definitions, the polynomial ,, ( ) described earlier would for this example be defined as

n ()
o,eg, () 1, () 2, () 5 , () 1 32
D For o € S,,, define
(o) 2 i
For example, (2314) ', !
D
n( 2, 5--:5m ) (U)

n is the ‘generalized’ form of 2 . omparing the two we see that 12 () ,(1,1...,1 ).

HE UNCTIONAL E UATION

n order to illustrate the present method, we will treat the simplest non trivial case, by rederiving the
well nown formula for the number of permutations on {1...n} with no ab patterns by first obtaining a
method to compute the number of permutations on {1...n} with no ab patterns and no aj patterns for

j < where is any integer between and n. e then merely set and obtain the desired sequence.



n order to find explicit or recursive descriptions for the coe cients of 2 | we will establish a recursive
functional equation for ,. et o € S,, 0(n) ¢ 1. et o1 be the permutation on {1..i 1,4 1l.n}

obtained by removing the last entry of o, i.e.

Then

hence

(o) O - 1)
fo(n) 1, then defining o7 as above with ¢ 1, we have
(@) (o1)

umming over all o € S,, on the left hand side of (1) is equivalent to summing first over 4, then over o1 € S,, 1
on the right. a ing the necessary shift in variables to account for the fact that o1 above is a permutation
on[l,..,i 1,i 1,..,n], we have

n

(0) (0) (01)
1
n
! ()
2
where S, ; is the set of permutations on {1,2,...,5 1,4 1,...,n 1,n}.
ence
n
n( 2, s--r5om ) n 1( 3 9ttty oM ) ! n 1( 25 RN 1, 1,---5 n ) (2)
2

This recurrence for , is the basis for all that follows.

RECURRENCE OR (m, )

1 n 1

e note that from our definition of ,, ,( ,_, . _, , lj . :1 ) is the number of permutationson {1...n}

with no ab patterns and no aj patternsfor j < . o ,(1,1,...,1 )isaia (n), the number of permutations

1 n 1

on n elements with no ab patterns, and ,( ,_, . _, ,1T . :1 ) (n, ). e first tac le the question of

a recurrence for aiz (n) 2(1,1,...,1 ). sing (2), we have
N 2 n 1
AL 1) (11,1 ) n1(s e 51,010) (3)
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t would be too much to hope for a nice clean recurrence on the first try, we seem to have pic ed up a few

uninvited guests, namely the , 1(, ,..., ,1,...,1 ). y (2) again,
1 n 1 2 n 1 n 2 n 1
n(’ P 51""51 ) nl(’ P 517""1 ) nl(ﬂ P 517""1 )' (4)
1
n terms of (n, ), (4) becomes

n n

(n, ) (n 1, 1) n 1,4 1) (n 1,4 1). (5)
1

The number of permutations on n elements with no ab patternsis ,(1,1,...,1 ) (n,1) a2 (n).

)
nfortunately when we try to use (5) to find (n,1) we are required to define (n, ). To do so, one needs

only loo as far as (2). y (2), we have

(n,1) n 1,1) (n 1,i 1).

omparing this with (5) we see that we should define (n, ) (n,1). sing this definition, (5) is valid
forn 1,2> . To complete the scheme, we need some form of initial conditions. These are readily supplied
by the observation that the number of permutations on n elements with no ab patterns and no aj patterns
2 < j < mnis 1, namely the permutation [n,n 1,...,3,2,1],s0 (n,n) 1.
Finally, we may simplify (5) by examining
(n, ) (n, 1) " o (n 1,0 1) "o, (n 14 1) (n 1, 1) which gives us
1, if n
(n, ) (n,1), if ()
(n, 1) (n 1, 1), otherwise

sing this recurrence, we may quic ly generate a large number of (n, ).

T
alues of (n, )
n 1 2 3 4 5 7
1

1 1 1
2 2 2 1
3 5 5 3
4 14 14 4 1
5 42 42 2 14 b) 1

132 132 4 2 1
7 42 42 27 15 75 27 7 1

143 143 11 572 275 11 35

4 2 4 2 3432 2 2 11 42 154 44
1 17 17 11 34 7 72 3 4 13 37 2




This enables us to conjecture, and immediately prove (by verifying ( ) and the initial conditions), the

closed form (n, ) —% 2" the celebrated ballot numbers[3]. valuating at 1 yields yet another

n 1 n
proof of the well nown fact that the number of permutations on {1...n} with no ab patterns, a2 (n),

equals ,, the atalan number. This proof is longer and far less elegant than the combinatorial proofs of

[ ] ts only virtue is that it illustrates a enera method.

HE NU BER O ER UTATION ITH E ACTL ONE ab ATTERN.

ecently one of us [4] proved that the number of permutations on {1...n} with exactly one ab pattern

. 2
is = “"
n n

The number of permutations with exactly one ab pattern is the constant term of the derivative of the

e will now present an alternative proof using the present method.

function .y di erentiating (2) with respect to , we find a recurrence for — ,,

n

- n( 2,5 n ) - n 1( yrrty oM ) T— n 1( 2 IR 1, 1---5 n ) (7)
2

ere things begin to get a bit tric y and we will need to employ the chain rule. e will evaluate the right

side of the above equation in terms of partial derivatives with respect to the positions that occupies. For

example,
— (5, ) y— 2 2 2 2
2
The preceding notation means first find the partial derivative of the function = then ma e the necessary
substitutions for .  ontinuing we have
_n(277;n)_n1(777n)
n . 1 .
1 ,2< <1 - , 2< <t ( )
mt 1, i< <n ml Li< <n
2 2
e are now ready to tac le —
1, 2<i<n
" 2< <i ' 2< <i
S ) n 1 S )
— a1 1,2< <n 1 — a1 1, i< <n 1 1 i< <n 1
2 2

1

t is readily seen that (n, ), the number of permutations on {1...n} with exactly one ab pattern and

no aj patterns for j < can be expressed as

INA
IA
S =

1
(n, ) — n 1 1
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Furthermore, to simplify notation, let

l(n) n ,ZS

1
1, 1< <n-

INA

The actual meaning of ' (n, ) is immaterial, but the astute reader will see that combinatorially, ' (n, )
is the number of permutations on {1...n} with no ab patterns, noa patternsfor < , 7, and exactly

1

1 aj pattern if j < or at east one aj pattern if j > . The recurrence for (n, ) follows from ( )

n 1

Y(n, ) Y 1, 1) Yo 1,0 1) "imoo1,6 1) . ()

isregarding for a moment that we do not yet now what ! (n, ) is, we can state ‘initial’ conditions
Y(n,m  2).

(n,n 2)is the number of permutations on {1...n} with exactly 1 ab pattern and no aj patterns for j <

for this recurrence. First we should define ! (n, ) 1(n,1). e can easily compute
1

n 2. foisonesuch permutation then o hastheform [n 2,n 1,n 3,...,n 4,n,n i 1,...,2,1], for some

i. There are exactly n 2 such permutations, hence ! (n,n 2) mn 2. ur ‘initial’ conditions (perhaps

they should be called ‘boundary’ conditions) for this recurrence are ! (n, ) L(n,1), '(n,n 2)

n 2.

To obtain a recurrence for ' (n, ) we must return to (2) and ta e the partial derivative with respect

to . e begin for the case when j 3.
- n( 2 s n )
1
1 ,2< <1
B n 1 1 \ | n 1 1, i< <n 1
" 2< <
2
— n 1 71, Z_< Sln 1 (.7 1) n 1( 25 ) 15 1, yon )
1
For j 3 it follows that
1
fm) N 1, ) W Lio D) G ) G>) (L D).

where ( a n) e see that in (), we only need to now the valuesof ' (n, )

for which j < so we have

hen j 2 we have



sing (11), the recurrence (1 ) simplifies to
B T T e T T U A S A
(n j 1, j 1)

ow we can summarize our results so far in a recurrence for ! (n, ) (see ( )).

n 1
Y(n, ) Yo 1,0 01) (n ji j) . (12)
1
From (12) it follows that
n 1 1
SN0 I (RS VR (S R ) (n gi J) (n 4i J)
1 2
Yo 1, 1) (n 1,4 1)

The last equation follows from (5). Finally we have the following recursion for ! (n, )
L (n,1), if
Yn, ) n o2, if n 2
Y, 1) Ytn 1, 1) (n ,2), otherwise

T
alues of ! (n, )

n 1 2 3 4 5 7 1
1
2
3 1 1
4 2
5 27 27 12 3

11 11 55 1 4
7 42 42 22 1 27 )

13 13 12 33 13 3

1 1 354 114 12 11 4 7
1 2325 2325 13 3 447 2 1 7 257 57

From this, one conjectures that ! (n, ) is given by the expression
(n, ) 2n 1 2n 1 2n 2 2 2n 2 2 2n 2 3 2n 2 3
n7

n n 3 n 4 n 1 n 4 n 2
ince it is readily verified that (n, ) also satisfies the same recurrence and initial conditions, we have a

rigorous proof that ! (n, ) (n, ). lugin 1 and we find that a,5 (n) (n,1) = 2" as first

proved in [4].
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e now will compute a;, the number of permutations in S,, containing exactly two increasing subse

quences of length 3. f

n a2 (n) a112 (n) 0122 (n) 2

then

261122 (n) ayp (n)

0 a,> (n) is half the constant term of imilarly, by our definition of " (n, ) (definition 1.5), we

see that
1
2 12
() 5’ )
where
2 .
2 , 2< <1
(n, ) 5 n 14< <n 1°
e will find a recursive formula for 2 (n, ).
From ( ), we have
2 2
Y n( 2 ) Y n ) T a9 mn 1( ) ’ ’y n )
n 2 i 1
1 , 25 <i o , 2< <14
2 n 1 1, 1< <n nl 1, 1< <n
2 2
' 2< ) ' 2< <
,2< <i e ,2< <i
) - nl 1 ZS <n 5 nl 1 ZS <n (13)
. 2 :
2 , 2< <4 2 , 2< <4
et [ (n,) —— 4 1 i< <n 1 and n,) ———— . 1 i< <n 1° Then
from (13) it follows that
n 1 1
2 (n, ) 2 1,0 1) 2 ¥ (n 1,0 1) > (n 1,0 1)
1 1

ubtracting successive terms

‘) P, 1) P(n 1, 1)

2 % (n 1,0 1) (14)



e note now that to compute 2 (n, ) we must also compute (n, Yand ? (n, ), but we do not

2
1
need to compute these for all n, ,j, . e need only compute them for j, < . e use () to obtain a

. 2 .
recursive formula for | (n, ), j <

- "( 2, yon )
1 1
1 ,2< <i o ,2< <i
2 2 " ' 1, 1< <n 1 " ! 1, 1< <n
n 1
) o ,2< <i ,2< <i
1 2 m L i< <n wt L 1< <n
' 2< ) 2< )
] 2 - ’ = <.7 N ’ —= <.7
(J 1) 9 nt 1 .7 S <n nl 1 .7 S <n
" 2< <4
,2< <i
) t— n 1 1, 7/3 <n - B n 1 1 (15)
From this, we have
, ", o, 1,0 1) m 1, 1), ifj 2
1 (n, ) n 1 . 2 . .
1 (n 1,5 1) PR (R 1), if2<j<
2< < . . . .
where (n, ) — n T < This recurrence can be further simplified using (12) to
2 1 . . " .. .
1 m j 1, Jj 1 (n gi ) ,forj< . 1)
2 1
e may do the same for > (n, ) and obtain
; if j
2 (n 1, 1), if j 3<
2
2 (n’ ) 101 (TL 1, 1)7 if J <
YLl 1), if j > 2
2 1 1 (n 1, 1), if ji> <
which collapses down to the 3 cases
, if j 2
2 ) 2 1, § 1), ifj < (17)

1 (n L 1, ifj> , <
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ne might thin that we have overloo ed a few cases here, for whatif j > > orj > xamining
(14) it is apparent that to compute 2 (n, ), we need only compute >  and f when j, < . e
now use (5),(12),(1 ) and (17) to simplify (14)
) (1, 1) (@, 1)
2 '(n ,2) 2 (n ,3) 2 @®m i 1,2) ( >1)2 (n 1,3)

e may now ma e the substitution % (n, ) 1 2(n, ). urrecurrencefor ? (n, ) can be stated as

? (n,1), if
n 3, if n 2
2 (TL, ) 2 2 1
(n 1, 1 (n, 1) (n 2
(n i 1,2 (n ,3) (>1) (n 1,3), if < <n 2,n>3
T
alues of 2 (n, )
n 1 2 3 4 5 7 1
1
2
3
4 3 3 1
5 24 24 12 2
133 133 74 23 3

7 35 35 371 141 3 4

2 7 2 7 1 7 227 51 5

11 4 11 4 727 324 11 334
1 475 475 3 34 14121 545 1771 44 7 7

sing of [1 ]or [5] we conjecture that
2 5n% 117n 1 2n
ary (n)

2n(2n 1)(n 5) n 4 °

t is very li ely that one should be able to conjecture an explicit expression for 2 (n, ), which would be
routine to prove, and from which the above conjecture would follow.

HE ETHOD

e may now outline the method described in this paper.

To determine the number of permutations on {1...n} having exactly r occurrences of the pattern

1 2.-- ,



etermine t e best a to obtain a recurrence for t is pattern

There are basically four ways to do this.
a) by removing the last entry of the permutation, as in the ab example.
b) by removing the first entry of the permutation, which is what we will do in the next example.
¢) by removing n from the permutation.

d) by removing 1 from the permutation.
dentif t e ot er parameters needed in order to describe t e recurrence

n our first example, we found a recurrence for the number of permutations with a given number of
ab patterns by loo ing at what happened to a permutation from which we removed its last object. s a
consequence, we were forced to consider the number of ab patterns present in each permutation, but also
the number of aj patterns present. ote that we could arrive at this requirement by noting the result of
removing the last object from the pattern ab . ab becomes ab. ince only some choices of b result in a true
ab pattern for a given , we must be specific, and count the number of aj patterns for every j. e count

the number of aj by using the parameter in our weight function.

e ne g, (o)
ere (o) (0) where (o) is the number of times the pattern associated with  can be
found in ¢ and (o) is the number of 1 ... ,ino.

etermine t e functiona e uation

sing the recurrence described in , determine a recurrence in n for .
a et er derivative of t e functiona e uation it respect to

et and 1 for a ot er parameters of

For all intents and purposes, you are now done, for you have obtained a (perhaps complicated) recurrence
for the number of permutations on {1...n} containing exactly 1 2--- 8. This recurrence probably
involves other terms, but each of these have their own recurrences which can be determined from the
functional equation. fter all is said and done, you frequently are able to simplify this recurrence, eliminating

many of these unwanted terms, but for now, you have achieved your goal.

HE ORBIDDEN ATTERN ab

DE INITION
s with each of the examples we examine, the definitions for , and  should be ta en as being
local to the problem at hand.
D Given o € S,, a ab pattern is a sequence i,j, where 1 < i< j < < mnando(j) <

o( ) <o(i).
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D For 0 € Sy, let (o) be the number of cab patterns of o.

The number of permutationson {1...n} having no ab patterns will be the constant term of the polynomial
s we saw earlier, we may add any number of parameters to this polynomial, as long
as we now what to do with them to obtain the constant term. n this case, we will use the parameters

92y -y n as we did with ab .

D Given o € S,

No ab

et o(n) 4. functional equation results from examining o1( ) o( ), 1 < < mn,

(o) (01)
umming over all ¢ € S, we have
n
n(325 7"'771,) n1(7 290 1, 13---;n) nl(a 3"'5%)'
2
1)
1 n 1
ot surprisingly, if we let (n, ) 2 5 ,.-.y ,1,...,1), then we obtain the following recurrence for
(n, ),
1 , ifn
(n, ) (n,1) , if

(n, 1) (n 1, 1), otherwise
hich is identical to ( ). o we have reproved that the number of permutations on {1...n} with no ab

subsequences is equal to the number with no ab subsequences.

ER UTATION ITH ONE ab

Though the number of permutations with no ab ’s is equal to the number with no ab’s, we will find

that this is not the case when we examinee the number of permutations with one ab. we follow the same

procedure outlined for the ab case, with the goal of finding — , . Ta ing derivatives
1, 1<j<n

of both sides of (1 ) with respect to , we have

B . ,2< <i ,2< <i
" nl 1, 1< <n nl 1, 1< <n

5, 1< <n 1



e do the same for the derivative with respect to

1 1
L ,2Z5 <i , 2L <i
n ) n 1 1, 1< <n ) 1"1 1, 1< <n
n
_ y2< <u
1 nt 1 i S <n
erewelet '(n, ) — , < and Y, ) — . < e obtain the
L > L >
following recursions
, if n < rj<
1 ! (TL, 1)7 lf
(n, ) ;
(n 1, 1), if j
Y mo1, 1), ifj>
, if n 2
1 (n, ) ! (na]-)a if
" Yot 1,001) Y(n 1,i 1) , otherwise
e combine these two recurrences and localize to obtain
, if n 2
'(n, ) L (n, 1), if
Ln, 1) Y 1, 1) (n 2, ), otherwise
T
aluesof ! (n, )
n 1 2 3 4 5 7 1
1
2
3 1 1
4 5 5 2
5 21 21 11 3
4 4 4 1 4
7 33 33 24 2 2 5
12 7 12 7 25 45 153 41
5 5 5 5 32 17 5 715 235 55 7
1 144 144 13 13 77 314 11 341 71
sing [1]or [5] we conjecture that a },(n), the number of permutations on {1,2,...,n} con
n 2 2n 2

taining exactly one ab subsequence, %= 7t .
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OUNTING ab

est the reader thin that the methods outlined in this paper will only help us gain information about

permutations avoiding forbidden patterns of length three, here we examine the forbidden pattern ab

DE INITION

D n ab pattern of a permutation ¢ is a sequence 1 < i < j < < < n with o(i) <
o(j) <o ) <a().
D (¢)  the number of ab patterns which can be found in o.

s before, we have
D (¢)  the number of aj patterns of o.

ere we must also define the following.
D n abj pattern is a sequence 1 < i3 <ip <i <n with 0(i1) <o(iz) <o(i ) j.
D (o) the number of abj patterns of o.
D et 0 € S, then

n n

(o)

HE NU BER O ER UTATION ITH NO ab

et 01(j) o(j), 1<j<n 1. fo(n) ithen

(o) (01) ' 1)
et o Looosm 25005 n) (0). sing (1 ), we have
n
n( ) yn 2 777,) ! n 1( J ) 1, 1, ) n 2, J 1, 1, 7n)
2 n 1( yeer o yeeey m) n 1( yeees . yeeey m)- (2)

The number of permutations on {1...n} with no ab patterns is

n 2 n 1
W( 1,..,11,...,1) w1 e L 011,001 2, 0( 1,...,11,...,1).
e may use (2 ) twice more to find
2 n 1 n 1 2 n 1
W1 1) w1l e L1 0
n n 1
n 1( [N 717' '7117 71)
1
n 1



and

2 n 1 1 n 1 n 1 2 n 1
n(]- [ 717' 7]- [ 7]-7' 7]-) n 1( [ 7]-7' 7]- [ 717' 7]-)
1
n n 1 2 n 1
- - - - == - - 21
n 1( [ 717' '71 [ 717-- 71) ( )
n 1 2 n 1
n 1( ) ) 7]-7 7]- ) ) 717 31)
2 n 1 1 n 1
et (n, 1, 2) A1 .o, L1 o L0 ) for < {1, 2 < n. bserve that  (n,n,n)

is the number of permutations on {1...n} with no ab pattern, no ab pattern (for any ) and no aj

patterns for any j. There is only one such permutation, namely [n,n 1,...,2,1], thus (n,n,n) 1 for
all n. Furthermore, it is clear from (21) that when 1 < 2, (n, 1, 2) (n, 2, 2). e may define
(ny, 1, ) (n, 1,1) and (n, , 2) (n,1, 2) for all values of n, 1 and ,. sing this notation, we
have
(n,1, 2), if 4
(n, 1,1), if o
(n, 2, 2), if 1< 4
(n, 1, 2) 1, if 4 2 N
n
(n 1,7 1,0 1) (n 1,9 1, 5)
1 1 , otherwise
n 1,1 1,4 1)
T
alues of (m, ,1)
n 1 2 3 4 5 7 1
1 1 1
2 2 2 2
3 5
4 23 23 23 2 14
) 13 13 13 2 7 42
513 513 513 4 372 252 132
7 27 1 27 1 27 1 253 2 15 24 42
157 7 157 7 157 7 145 4 1224 227 127 3432 143
435 435 435 73 74772 57 4 443 24 2 127 4 2
1 5 5 5 5 5 5 54 325 4717 5 37255 2 175474 113 4 2 17




T
alues of (m,1, )
n 1 2 3 4 5 7 1
1
1 1 1
2 2 2 1
3 3 1
4 23 23 12 4 1
5 13 13 5 2 5 1
513 513 2 11 3 1

7 27 1 27 1 15 4 1 42 7 1

157 7 157 7 23 3 2 1235 31 b) 1

435 435 5 4 2435 17 213 44 72 1
1 5 b 5 b 3527 5 1572 5 55235 15575 352 3 1 1

sing [1 ], we conjecture that a,, (n) (n,1,1) satisfies the following recurrence with

a;; () landay, (1) 1

(n 1)? 1 n? 42n 41
ap (n 2) (n 4)? a, (n) (n 4)? ap, (n 1)
OUNTING ER UTATION A OIDING ORE THAN ONE ORBIDDEN ATTERN

The method outlined in this paper can be used to find recurrences for the number of permutations avoiding
2 or more forbidden patterns. The method is essentially the same, though you have to eep trac of more
parameters, and recurrences can be more complicated. n the example that follows, we see the number
of permutations on {1...n} avoiding both ab and ba . et (o) be the number of ba patterns of the
permutation o. et (o) be the number of ja patterns of o (that is the number of inversions ‘caused’ by

). et
(@)
t may seem a bit wasteful to spend time defining both (o) and (o) when it is clear that (o)

(6) n 1 but we will see that this ‘complication’ in addition to the introduction of the parameters

will pay o in the end.



1 n 1 n

et (n, ) n( ! B Tl) ote that from our definition, (n, ) when

> 1. ndeed, (n, ) is the number of permutations on {1...n} containing no ab , no ba , no aj for j <
and no ja for j < . f there was a permutation for which this was true for an 1 then we merely examinee
the positions of the object 1 and 2 in the permutation. et (i) 1and o(j) 2. fi < j then o hasan a2
pattern. f j < 4 then o has a 2a pattern. Thus, o does not meet the requirements and so (n, ) for

> 1. e have the recurrence

(n, 1), if

, if >1
n, ] .
() 1, if n 1

" (n 1,i 1), otherwise

This recurrence reduces to
1, ifn 1
(n,1)

2 (n L,1), ifn>1"
o we have reproved the well now result that the number of permutations on {1...n} with no ab and no

ba is 2™.

ONCLU ION

e saw in the above examples that in order to compute the quantity of interest, a,, say, we naturally
introduced extra parameters 1, o,..., and a new quantity (n, 1, 2,...) such that a, was the special case
(n,1,1,...), in which all the extra parameters 1, 2,..., are set to 1. ince the system of linear recur
rence equations always seems to have constant coe cients, the generating function in all the corresponding

continuous variables

( 1, 27"') (na 1, 27"‘)n1 2 -
n

should be holonomic (multi finite) in all its variables (because of the nonstandard boundary conditions, it

is not always a rational function). t follows from the holonomic theory [ ] that any coe cient with respect

to 1, 2,..., in particular that of 1 ...  is still holonomic ( finite, i.e. satisfies a linear di erential
equation with polynomial coe cients), hence (n,1,1,...) is recursive.

The method described here wor s for many patterns and sets of patterns, but it does not seem to wor
for all patterns. The authors were unable to find a suitable set of parameters (see the method, step 2) to

apply this method to the pattern a b.

ENDI

maple pac age which confirms and illustrates many results from this paper is available and can

be obtained using your favorite world wide web browser at or
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