An Inelegant (but Short(!)) Proof of a Major Index Theorem of Garsia and Gessel
Doron ZEILBERGER!

Recall Adriano Garsia’s favorite notation: x(A) = 1 if A is true, and x(A4) = 0 if A is false.
For example x(MathlsFun) = 1, x(HeleneBarcelolsAGoodEditor) = 0. Also recall that the
magor indez of any list of integers m = (my,...,7m,) (in particular a permutation) is defined by
maj(m) = Z?:_ll ix(mg > miy1). Let 6 = 0;...0, and 7 = ;... 7 be two disjoint lists of
distinct integers. Let S(6,7) be the set of (a+b)!/(alb!) mergings (suffles) of 6 and 7. Let
(@)n =1 =¢q)(1—=¢?)--- (1 —¢q"). Moti Novick|[N] has recently found an elegant bijective proof of
the following

Theorem (Garsia and Gessel[GG]):

T gmed) = (@ats gmad(O)+mai(m) (Moti)

i (@)a (@)

In this short note I will present an inelegant, induction proof, by proving, more generally:

Lemma: Let S1(0,7) be the subset of S(6,7) whose last entry is 6,, and let S3(0, ) be the subset
of S(0, ) whose last entry is 7, then

T e = (Dato=1 mas(o) tmas(m)+oxm>0.) (Adriano)
s€51(0,7) (Q)a—l q)b
T i) = (@) atb—1 gm0 rmag(m) tax(m<ba) (Ira)

oc€S2(0,m) (Q)a(Q)b—l

Note that adding-up (Adriano) and (Ira) gives (Moti). Let’s call the left-sides of (Adriano)
and (Ira) Fi(a,b) and Fy(a,b) respectively, and let’s call their right-sides G(a,b) and Gz(a,b)
respectively. It is immediate that (Fy, F3) = (G1,G2) when a = 0 or b = 0, and the fact that
(F1,Fy) = (G1,G2) for all a,b > 0 follows from the fact that both (X1, Xs) = (F1, F>) and
(X1, Xs2) = (G4, Go) satisfy the recurrence

X (a,b) = q(a+b71)x(9a—l>9a)X1(a —1,b) + q(a+b71)x(7rb>9a)X2(a —1,b)
Xs(a,b) = g0 IXO>m) X, (0, b — 1) 4 ¢t DX M=) Ko (a, b — 1)
Remarks: 1. Moti Novick’s elegant bijection also preserves equidistribution over Inverse Descent

Classes. 2. It would be interesting to bijectify the above inductive proof, along the lines of [MZ],
and see if the resulting bijection is identitical, or similar, to Moti Novick’s elegant bijection.
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