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We will give a new proof of the following identity of G. Andrews [Al], 
see also [B]), which immediately implies the first Rogers-Ramanujan 
identity upon taking IZ + co, and using the Jacobi triple product identity. 
(Throughout this paper s = q”, t = qk, (q)O = (1 - q)( 1 - q*) . . . ( 1 - qa), for 
~20, and l/(q),=0 for a<O.) 

THEOREM [Al]. For every non-negative integer n we have 

=c (_ l)kq(5k2--kV* 
k (q)n-k(q)n+k ’ 

U-R) 

Let L(n) be the left side and R(n) be the right side of (FRR). It is readily 
checked that L(n) = R(n) for n = 0, . . . . 4. We will show that both L(n) and 
R(n) are solutions of a certain fifth order linear recurrence equation, and 
the result will then follow by induction. Let N be the shift operator in the 
n direction: Nf(n) =f(n + 1). Let 
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P,(s,q,N)=q-(l-sq2+S2q3+q)N+(1-Sq2)N*, 

P,(s, q, N) = q9 - q5( 1 + q2 + q + s2q8 + sq5 + qY)N 

+q’(l+q+q2+sq5+s3q~3+q6S+S4q~6+.s2q8)N2 

+ (sq5+ l)(qV - l)N3. 

(i) P,(s, q, N) L(n) = 0, and thus P,(s, q, N) P,(s, q, N) L(n) = 0. 

Proof of(i). Let F,(n, k) be the summand on the left side of (FRR). We 
cleverly construct G,(n, k) = s2tq2Fl(n, k)/(sq - t), with the motive that 
P,(s, q, N) F,(n, k) = G,(n, k) - G,(n, k - l), (check!) and (i) follows by 
summing w.r.t. k. 1 

(ii) P,(s, 4, NJ P,(s, 4, NJ R(n) = 0. 

Proof of (ii). Let F2(n, k) be the summand on the right side of (FRR). 
We cleverly construct 

(1 - stq’ + sq6t4 - q2t5) s5q14t4. F,(n, k) 
(1 -stq5)(1 -stq4)(1 -stq3)(1-stq2) ’ 

(1 - stq)( f - sq4)(sq3 - t)(sq2 - t)(sq - t) 

with the motive that 

P2(q, 3, N) P,(q, s, N)F2(n, k)=G2h k)-G2(n, k- 11, (check!), 

and(ii) follows upon summing with respect to k. 1 

Remarks. (i) The above proof was independently generated by the two 
authors by executing a MAPLE program, that is based on the algorithm 
in [Zl ] for proving terminating q-hypergeometric (alias q-binomial) iden- 
tities. The program is available from Doron Zeilberger upon request. Using 
this program we were also able to prove the second Rogers-Ramanujan 
identity. 

(ii) (FRR) was discovered, and proved, by George Andrews [Al] by 
observing that it is a limiting case of Watson’s q-analog of Whipple’s trans- 
formation. He asked for an elementary proof that was given by David 
Bressoud [B]. The program of [Zl ] should also, in principle, be able to 
prove the full q-Whippie transformation, but our memories did not suffice, 
although we did prove the ordinary Whipple transformation using the 
algorithm of [Z2]. 

(iii) The title of this note is an allusion to Hardy’s criticism of most 
of the proofs of the RogerssRamanujan identities as being “essentially 
verifications”. A conceptual proof was recently given by Leon Ehrenpreis 
[El, and his method was further used by Friedman [F] to get nice 
analytical proofs of results of Andrews [A2]. 



THE FIRST ROGERS-RAMANUJAN IDENTITY 311 

ACKNOWLEDGMENTS 

We thank Doron Zeilberger for help in writing this paper, and Gert Almkvist for 
introducing us. 

REFERENCES 

[Al] G. E. ANDREWS. Problem 74-12, SIAM Rev. 16 (1974), 390. 
[A21 G. E. ANDREWS, Generalizations of Durfee squares, J. London h4urh. Sot. (2) (1971) 

563-570. 

[B] D. M. BRESSOUD, Solution of Problem 74-12, SIAM Rev. 23 (1981), 101-104. 
[E] L. EHRENPREIS, The Rogers-Ramanujan theorem, “Proc. of the Summer Institute on 

Theta Functions,” Grosswald Memorial Vol. (M. Knopp, Ed.), to appear, 
[F] J. FRIEDMAN, “Identities for Some Functions Important in the Study of Number 

Theory,” Dissertation, Temple University, Philadelphia, 1989. 
[Zl] D. ZEILBERGER, The method of creative telescoping for q-hypergeometric series, in 

preparation. 
[ZZ] D. ZEILBERGER, The method of creative telescoping, 1. Symbolic Computation, to 

appear. 

582a/54/2-12 


