A WORDY PROOF OF A COMBINATORIAL LEMMA THAT AROSE IN OPERATOR THEORY
Doron ZEILBERGER!

Albert Einstein used to be amazed how effective mathematics is in science. Myself, I am amazed
how effective combinatorics is in mathematics. Especially fruitful is the ‘formal language approach’
of notre bon Maitre, Marco Schiitzenberger, pursued so vigorously and successfully by the Ecole
Bordelaise (see [B] and references thereof).

Recently, Baillon and Bruck[BB] proved a long-standing conjecture in operator theory, by reducing
it to a hypergeometric identity that they proved using the package EKHAD? (accompanying the
forthcoming book [PWZ],) They asked for a ‘computer-free’ proof. Such a proof was later given
by Peter Paule[P]. However, the reduction of their result to the identity proved by EKHAD and
Paule required considerable human effort on their part. In this note I will give a much shorter (and
purely human!) proof by playing with (Motzkin®) words, dear to Viennot and his disciples.

Proposition([BB]): Let ¢(m, n) be defined by ¢(m+1,m) =0, (m > 0), ¢(0,n) =1, (n > 0), and
for 1 < m < n, by the recurrence

c(m,n) = pc(m — 1,n) + pc(m,n — 1) + (1 — 2u)c(m — 1,n —1)

then the generating function of the ‘diagonal’,

is given by

Proof: Consider all words w in the alphabet {N, E, D}. For any word w let y(w) be the number
of Ns plus the number of Ds and let z(w) be the number of Es plus the number of Ds. Let M be
the set of words w = l4l5 .. .1, such for any prefix w; :=l1l5...1; (1 < i < r) one has y(w;) > z(w;).
Let M(m,n) be the subset of M for which z(w) = m and y(w) = n.

Let the weight of the letters N and E be u, and the weight of the letter D be 1 — 2u. Introduce
two weights on the words of M. The normal weight, weight(w) is simply the product of the
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weights of all the letters. For example weight(NNDE) = uu(1 —2u)p = p3(1 —2p). The modified
weight, weight’ is as before, ezcept that the initial string of Ns is given weight 1. For example
weight (NNNDEDE) = 13 - (1 — 2u)p(1 — 2u)p = (1 — 2p)?p?. Let

C(m,n) := Z weight' (w)
weM(m,n)
Since, for n > m > 0, we have M(m,n)=M(m — 1,n)E U M(m,n —1)N U M(m — 1,n — 1)D,
and M(m + 1,m) is the empty set, while M(0,7n) consists of the single word N™, taking weight’,
we see that ¢(m,n) = C(m,n).

Let M be the set of all words w in M such that z(w) = y(w), in other words (sic!), the set of all
words in M with as many Ns as Es. Let WEIGHT (w) := t*weight(w), and W EIGHT' (w) :=
t*Wyweight' (w). Since the ‘syntax’ of M is given by:

M = {empty wordf UDMUNMEM

taking WEIGHT and WEIGHT' respectively yields that ¢(t) := > - WEIGHT(w) and
Y(t) =D e WEIGHT' (w) satisfy the equations

$(t) = 1+ t(1 — 2u)p(t) + p’te(t)*

P(t) =1+ 4(1 = 2p)p(t) + ptep(t)(?)

Now use the second equation to express ¢(t) in terms of 9 (¢), plug into the first equation, clear
denominators, and solve the resulting quadratic equation in (), getting the expression for (t)
claimed in the proposition. O

Remark: For their application, Baillon and Bruck were only interested in the asymptotics of
c(m,m), which is just as easily derived from the expression in the proposition above (which is
Th. 5.5 in [BB]) as from their integral representation (Th. 6.1 there). However, one can eas-
ily prove (albeit using EKHAD’s services) that these are equivalent, by typing (in EKHAD):
AZpapd (sqrt (1+4*mu* (1-mu) *t/(1-t) ) /t** (m+2) ,t ,m) ;

and AZpapd (sqrt (t/(1-t))* (1-4*mu* (1-mu) *t) **m,t ,m) ;
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