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Cassini’s Fibonacci identity ([1, 1.2.8])
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can be easily proved by either induction, Binet’s formula, or ([1, p. 80]) by taking
determinants in
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In this paper we give a bijective proof, based upon the following combinatorial
interpretation of the Fibonacci numbers.

Proposition. Let A(n)={(a,,...,a,);r=0,a,=10r2,a,+---+a,=n}.
We have |A(n)| =E,.,..

Proof. |A(0)| =1, |[A())| =1 and |A(n)| =|A(n — 1)| + |A(n — 2)|, since a,=1 or
2. 0O

Proof of (1). Let e=(2,...,2); define the bijection 7: A(n) X A(n)\(e,e)—
A(n—1) X A(n + 1)\ (e, e) as follows. Let [(a,...,qa,),(b;s,--.,b)] €A(n)X
A(n) and look for the first 1 in ay, by, a5, bs, . . ., 4y, by,....

Case 1. The first 1 is an a,. Delete a, =1 from the first vector and insert it
between b,_, and b, in the second vector.

Case 11. The first 1is a b, (then a, = 2). Exchange a; and b,. [

Reference

[1] D.E. Knuth, The Art of Computer Programming, Volume 1, 2nd ed. (Addison-Wesley, Reading
MA, 1973).

0012-365X/86/$3.50 © 1986, Elsevier Science Publishers B.V. (North-Holland)



