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Rutgers University
Course Syllabus for MATH 495- Section 02

Multilinear Algebra and Tensor Networks

Fall 2026
General Information
Instructor Mariano Echeverria Meeting: TIL-251 TTh 6
5:40 pm-7:00 pm
Email mariano.echeverriaQ@rutgers.edu

Important Information

Prerequisites

Multivariable Calculus (251 or 292) and Introduction to Linear Algebra 250.
However, 250 is more important than 251. In case you haven’t taken taken 251 or
292, fill out the Prerequisite Override Form for assistance with registration.
https:/ /rutgers.cal.qualtrics.com/jfe /form/SV 9HIFGkA49Z7BpBk
Also, since this is a topics course, being interested in these topics is equally important.

What is Multilinear Algebra?

From Linear Algebra you may recall that there are two convenient ways to describe a
matrix.

The concrete way is as a collection of numbers a;; which form a rectangular array A.
This interpretation is very convenient in Data Science or Statistics, where the numbers
a;; may not have an obvious geometric meaning.

The abstract or geometric way is to think of a matrix A as representing a linear
transformation A : V; — Vo, where Vi, V5 are vector spaces. From this perspective, the
matrix doesn’t exist on its own, since to specify it one needs to know how it acts on a
given vector. This interpretation is more convenient in Physics or Geometry, where one
wants to do certain things to vectors.

Regardless of the interpretation, the main actors in Linear Algebra are the matrices.
In Multilinear Algebra, the main actors are the so called tensors.

Just as in the case of matrices, are two ways to think about a tensor T". The more con-
crete way is a collection of numbers T;,;,...;,, which are specified by [ indices i1, @2, - , 1,
instead of the two indices 7, j of a matrix. Again, this interpretation is quite convenient
in Data Science and Statistics.


https://rutgers.ca1.qualtrics.com/jfe/form/SV_9H9FGkA49Z7BpBk

The abstract /geometric way to consider a tensor is in terms of a transformation
T:ViVe®---®V; =V, where V1, Vo, --- |V}, V are vectors spaces, and V1@ Vo®---QV]
denotes an operation between vector spaces known as the tensor product. The impor-
tant condition that a tensor must satisfy is that it is entry-wise linear, which is usually
referred to as being multilinear. Hence the name Multilinear Algebra. Tensors appear in
many contexts in Physics (General Relativity being the most well known example), as
well as in Geometry, and we will spend some considerable amount of time understanding
the geometric interpretation.

What are Tensor Networks?

As you may recall, a square matrix A = (a;;) with n rows and n columns has n? entries.
Likewise, a “cubical” tensor T = (Tl]k) with n rows, n columns and n “tubes” has n3
entries, and in general, a “hyper-cubical” tensor T' = (T},,..;,) would have n! entries.
Thus, from a storage perspective, the number of entries of the tensor grow exponentially
with the number of indices! This exponential growth behavior is similar to the situation
in Data Science where one faces the curse of dimensionality.

Thus, it is important to develop ways to compress the information carried by a Tensor.
One such option uses Tensor Networks (TN), which are a convenient diagrammatic
representation that allows one to combine several tensors into a single tensor. For exam-
ple, shown below is a TN representation of the Singular Value Decomposition (SVD) of
a tensor.
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Modern Deep Learning consists almost entirely of operations on or between tensors, so
easily understanding tensor operations is very important for these systems. In particular,
when trying to reverse-engineer the algorithms learned by a neural network in order to
understand its behavior, graphical notation makes it easier to parse things (see examples
below for some examples of graphical tensor notation from the QUIMB python package).

Interesting enough, Tensor Networks were developed first in Quantum Physics, espe-
cially in Many-Body Quantum Physics and Quantum Information Theory, because in



these areas the systems which are being studied increase exponentially in size as a func-
tion of the number of degrees of freedom (for example, a system of N qubits uses a vector
space of dimension 2%V).

In Quantum Physics, entanglement is the main manifestation of this exponential
growth phenomenon, and as mentioned before, in the big data world, the correspond-
ing phenomenon is sometimes referred to as the curse of dimensionality. Thus, Tensor
Networks are an important tool in trying to understand these phenomena.

Main Topics
1. Introduction to Tensors
Diagramatic Representation of Tensors
Tensor Product and Tensor Rank
Multilinear Algebra
Matrix Multiplication and Strassen’s Algorithm
Examples of Tensors: function spaces
Singular Value Decomposition and Applications
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Schmidt Decomposition for Operators
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. Review of Probability Theory
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. Braket Notation and some notions from Quantum Mechanics
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. Entanglement
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. Tensor Unfoldings
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. Tensor Train Decomposition
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. Multivariable Calculus and Tensor Networks
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. Optimization on convex sets and KKT conditions
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. Some applications: non-negative rank, matrix completion, nuclear norm.

References

There won’t be an official textbook for the course. If you go to our canvas site, you will
see tons of references, and whenever I want to supplement some of the discussion that
took place during class, I will refer to them.



Grading Criteria and Class Structure

There won’t be any exams on this course. In exchange, we will have (mostly) weekly
assignments, and even though most meetings will consist of lectures, hopefully there will
be plenty of interactions between all of us to make the class feel more active than a
traditional course.




